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is Physical Science? 



is the study of matter and its behavior 

Phy-fL!! cV- 

t'nysiCAi science is concerned with kinds of matte^r tnn 
be ^h:^geVrnto%:l:e%"®by 

cha-.ged^nto so:f:hiig\°uurdifLre“nrb® :oohing\r“ Ch^fn:^ 
thrt matter undergoes are also part of the study^rphysScaf science, 

If we push a brick off the top of a tall ^ n 

ffii,-''' "j “ " newspaper. in other words, the business of 

falling under gravity is common to all kinds of mii-to.' <n ■ i 

l /oTf door-knob, a stick of wo^d!^"^:';^ 

a golf-ball in a lighted oven, they all vet hot Th^w " ®* "t 

getting hot in a warm oven is also common to all kihds of^matter. 

On the other hand, if you try to burn a sheet of paper and a 
of iron, you find that only the paper will burn. ?ryou drop 
et of iron and a sheet of gold in a glass nf aniA ^-u 

dissolve but not the gold.® A pi?l"of wul ^e UevT 
headache but a oill nf cnaa^* ... ■; i i i,- iieve 

but water will not I r.*M‘°V Vinegar will curdle 

iling water but a golf ball will not. In other words we 

o"f“a^?:^ y^ra^r^^l^fnf ’'T^r^rils^^rflw^-h^''^ I 

"o"nf^ t‘S^^er?^i^ k‘Ld%-o^^"ftL^!“”- 

divisiLr '^Thoso^oh ‘divide physical science into two main 
involvpH •' physical happenings where the kind of matter 

involved IS not important to the discussion are usually said to 
belong to the study called ohvsics *.u • said to 

whert- thf> ^ . pnysics. Those physacal happenings 

yorsta^t L?h rt. I “ important, or where the kind of matter 

chL^st^y R.^ ihe study called 

a very fu^^iy one^a^d'^iora"^ ^al°? i:po"«a"n?':^*^r 

b«ause%i:ie 

basicfHy Thaid subject"" “ihlf L" torn”** i* 

Jh'efrfju "hro^lH nS^trJjMe'wlth 

-J:nc" L“;el y°a"^^ f T/ 

have two pencils^ when yL le^rn^rhL" ' ^n5; til pTncJJ^. 'yo°u"^" 

how^ L-^h" ^r^h^^followIS pa“Js":^'sr-e"""“^ cl^r"jj^^nde^:jand 

though they mean the same ?hing. reanrd"J«er" jrm^r^ingt"** 
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I don’t like spinach. 

I gave the wrong answer to every 
question on the test. 

Every shark is not a man-eater. 

Every gink is a foople. 

Did anyone forget to bring their 
lunch today? 

I painted all of the boats. 

The recipe calls for five 
teaspoons full of sugar. 

I was su hungry for cake that I 
ate the wncle recipe. 

My family like to go on picnics. 

Your sister is a beautiful dancer. 

I don’t have no money in my pocket 

Write nothing on the blackboard. 



I xi.Ke tne dov<; niflviri<ir •» « 



yard . 



I dislike spinach. 

I didn’t give the right answer 
to any question on the test 

Not every shark is a man-eater. 

Every foople is a gink. 

Did anyone forget to bring his 
lunch today? 

I painted all the boats. 

The recipe calls for five 
teaspoonfuls of sugar. 

I was so hungry for cake that I 
ate the whole cake. 

My family likes to go on picnics. 

Your sister dances beautifully. 

I don’t have any money in my pocket 

Write "nothing" on the blackboard. 

I like the bovs’ Dlavinc in th/a 
yard . 



Notice that none of these sentences is incorrect. It is 
simply that the two sentences in each pair have different meanings. 
Try to explain how the meanings differ. 



If you can see clearly the differences between the meanings 
of the sentences ab ov e a nd can learn to use English correctly, then 
you will have no trouble with physical science. The one absolute 
necessity in learning of physical science is the correct use of 



English — in reading, in writing, and in speaking, 
is easy 



All the rest 






But you ought to be warned at the beginning of one important 
thing. You cannot expect to read and understand a science book 
as fast as you can a story book or a comic book. Read only as 
fast as you understand . what you are reading. Don’t be ashamed to 
go back and read a difficult sentence as many.times as you have 
to to understand it. If you skip or fail to understand a sentence -- 
or even a whole paragraph! -- in a story, you usually can pick up 
the story without loss. But you cannot often do that in this book! 









■2a- 



Unit I. 



Making Measurements 



1. Comparisons 



Everyc*i.o h.as heard of comparisons and everyone makes comparisons 
every day. When you say "John is taller than Mike" - you are making a 
comparison between John's height and Mike's height and stating that John's 
height is the greater. Here are some comparisons the like of which you 
have probably yourself made at one time or anpther: 

I have more marbles than Sam. 



Mr. Smith's car is faster than Mr. Brown's. 
Charlie is heavier than Sue. 



Molly lives farther from school than Chuck 
A milk bottle holds more than a salt- shaker. 

Your living-room floor has more area than a sheet of notebook paper. 

A tractor can pull harder than a rabbit. 

It was warmer yesterday than it is today. 

A right angle is larger than the angle at the point of a sharpened pencil. 

Try your hand at writing out some comparisons like these. Try to make them 
comparisons of different kinds of things. 



In each of the above examples, notice that the sentence first calls your attentioi 
to some kind of quality that is possessed by two people or things. The sentence then 
reminds you that. the two people or things possess this quality to different degrees, 
finally it. tells you which of them possesses it to the greater degree. 

For instance, the first example comparing the number of Sam's marbles 
with mine says something like this: "Everybody has some number of marbles 
(Remember that zero is a number ! ). It is possible to find out this number 
both for me and for Sam. If you find out both Sam's and my number, you will 
see that mine is the larger. " In this case, the "quality" we are talking about 
and comparing is "number of marbles. " For the examples above, these are 
the qualities being compared; 
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Number 


(of marbles) 


Speed 


(of cars) 


Weight 


(of persons) 


Distance 


(of a point from other points) 


Volume 


(of containers) 


Area 


(of surfaces) 


Force 


(of things used to pull things) 


Temperature 


(of the air on different days) 


Angle 


(between pairs of lines) 



Be sure you understand that the sentence -comparisons abo/e speak of just the 
qualities in this list, and then list the qualities dealt with in the comparisons 
that you wrote yourself. 

Now examine these comparison- sentences: 

I have more influence than Sam.., . 

Mr. Smith’s car is nicer -looking than Mr. Brown’s. 

Charlie r is healthier than Sue. 

Molly's house is more pleasant than Chuck's. 

A milk bottle is better than a salt shaker. 

We had more fiin yesterday than today. 



'C^ 



At first sight, these comparisons look much like the first group, but there 
is a very important difference. You can best see this difference by looking at the 
list of qualities in the sentences - 



Imminence 

Niceness of appearance 
Health 

Pleasantness 

Goodness 

Fun 



(of persons) 

(of cars) 

(of persons) 

(of houses) 

(of containers) 

(of a person on different days) 



Do you see what the qualities in the first list have that the qualities 

o 
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in the second do 
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If you do not clearly see the difference, think of it this 
way. Think about the sentence about marbles above as an example. 

In order to find out whether it is true that I have more marbles 
than Sam, all I have to do is to compare the number of marbles I 
have with the number of marbles Sam has. O.K,, how many marbles 
do I have? By actual count, I have 87. Sam has 74. You know 
that 87 is greater than 74 and the sentence comparison is therefore 
corre ct . 

Or, vtfhen we talk about the speeds of cars, we can by actual 
trial find out how fast Mr. Smith’s and Mr. Brown’s cars can go. 

If Mr. Smith’s car can go 85 miles ner hour (not on a public 
highway, of course) and Mr. Brown’s only 78, the case is proved. 
Also, you can find out how many pounds Charlie and Sue each weighs, 
how many miles Molly and Chuck live from school, and how many 
teaspoonfuls of waTor the milkbcttle and the salt-shaker each holds 
How many square feet to your living-room floor? How many pounds 
can the tractor pull? V/hat was the temperature yesterday? How 
many degrees in the angle of a pencil point? 

Notice that all these questions can be answered. But can 
you really give an answer to such questions* as ”How much influ- 
ence does Sam have?”, "How nice does Mr. Brown’s car look?”, 

"Mow good is a mi Ikbott le ?” , and "How much fun did we have 
yesterday?"? These questions have some meaning, of course, but 
neither the questions nor the possible answers to them have the 
precision of which the others are capable. 

You recognize then that some qualities are very special in 
that tiiey can be measured or counted. Length, number, volume, 
weight, etc. -- all those in the first list above, aiid many more 
besides -- are such qualities. Tell how you might go about 
measuring or counting each quality in the list. On the other 
hand, there are other qualities -- like influence, niceness of 
appearance, pleasantness, and many more -- that cannot be 
measured or counted. 

When a quality is measurable or countable, its measure (or 
count) is called a quantity. For instance, a count of 87 (marbles) 
is a quantity. A speed of 56 miles per hour is a quantity. So 
are a weight of 105 pounds, a distance of 1 1/2 miles, a volume 
of 1 quart, an area of 272 square feet, a force of 31,2 pounds, 
a temperature of 72°F, and an angle of 15®. Each of the quantities 
we have met so far consists either of a number or a number plus 
a unit. The quantity of 87 marbles is expressed by the number 
87 alone. The quantity expressing Charlie’s weight, however, must 
be expressed by the number 105, plus the unit, pounds. Notice 
that to say "Charlie weighs 105" is not enough, for you do not know 
whether this means 105 pounds, 105 tons, 105 ounces, or 105 what. 
There are, of course, circumstances where everybody knows what 
units you :mean and it is unnecessary to name them. If Charlie 
steps on a penny weighing machine in the United States or Canada 
and gets a card reading "105", he knows that by custom it means 
"105 pounds". The same Charlie would get a card reading "7 and 7" 
in England, however, and one reading "47.6" in France. Do you 
know why? 
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Her© is a repetition to help you remember! Nearly every 
quantity is a number or a number plus a unit . Most quantities 
are of the second kind, requiring a number and a unit. In fact, 
the only quantities that ire numbers are numbers themselves! -- 
like six, two- and- a-half , or 3.7. In any other quantity the 
unit must be expressed. If you say "The line is 6 long", will 
anyone know what you mean? Is it six inches, six feet, six 
centimeters, or six miles? Length is a quantity that must have 
units attached or it is without meaning. On the other hand, "I 
drew six lines" is perfectly correct, for the quantity of number 
(or count) needs no units . 



There are some quantities that cannot be expressed by even I 

a number and a unit. These are more complicated and need to be 
expressed by a number, a unit, and something else. You will I 

get to such quantities later. Don't worry about them. now. I 

Physical science is inseparably concerned with quantities 
and relationships among them. 

f 

2 . Units of Measurement 

have been talking about measurements and comparisons, < 

but has it occured to you that a measurement is a comparison? I 

When you say "My desk is six feet lonp", you really mean this: 

"My desk is longer than a one-foot ruler. If I take a footrule 

and lay off one foot at a time along the edge of my desk, I I 

find that I can lay it off exactly six times,'" In other words, J 

saying "My desk is six feet long" means exactly the same as "My I 

desk is six times as long as a one-foot unit." I 



Also, to say "Charlie weighs 105 pounds" ‘means "Charlie 
weighs 105 times as much as a one-pound weight unit. When you 
say "My time for the hundred-yard dash is 12.3 seconds," you 
mean that it takes you 12.3 times as long as a one-second unit 
to dash a hundred yards. When you speak of a 5-quart jug, you 
mean the jug holds 5 times as much as a one-quart unit. 

Make up some other quantities and then make up similar state- 
ments about what they mean. In doing so, there are two things 
you will have to be careful about. 



First, notice that certain units -- like foot, pound, and 
second -- are "primary" units . They are not derived from any- 
thing else. The first person to decide how long "one foot" 



should be had complete freedom to make it anything he pleased. 
He could just make two marks on a sheet of paper and say "This 
is a foot, and everyone will have to agree with me". No one 
could say he was wrong, because he invented it. The definitior 
of one foot for legal purposes in those countries that use the 
foot is made in just this way. It is not defined by pencil 
marks on a sheet of paper, of course, but by scratches -on a 
bar of metal. Do you see why scratches on a bar of metal woulci 
be better than pencil on paper? The scratches are so fine that 
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/ou need a microscope to see them. Do you see why fine scratches 
•^.xe better than coarse ones that can be seen without help? 

.ne bar is kept in a safe place so that no one can tamper with 
It. Everyone then agrees tc abide by the law and so "one foot" 
means the same thing to everybody. Do you see why it is important 
Lhat everyone agrees on exactly how long a foot should be? 



There axe certain cjualities like volume and area, however 
where the story is a little different. You can do two things.* 
You can say that area is really closely related to length; this 
is what you do when you say that your desk top has an area of 
six square feet because it measures 2 feet by 3 feet. In Che 
same way volume is also closely related to length. You recognize 
this when you say that a box measuring 2 by 3 by 4 feet has 
a volume of 2 x 3 x 4 or 24 cubic feet. V/hen you do this you 
simply say that the unit you will use to express quantities of 
area is the area contained in the square that measures one foot 
each way. The unit of volume is the volume contained in a cube 
that measures one foot each way. This is the sensible wav to 
do it. 



You can also do a much less sensible thing. You can say 
"I have a perfect right to make up my own volume unit. I will 
call it a 'gallon' and it will be so big". This sounds like a 
silly thing to do when you have a ready-made unit in the cubic 
coot; but that's what the English system of units does, and, of 
course, we have become used to it. To use the gallon as the 
unit of volume and the foot as the unit of length means that we 
'.”st define two units. To use the cubic foot as the unit of 
ulume and the foot as the unit of length means that you need 
- cfine Only one unit. 



So you see, when you say that a certain tank holds five 
gallons, you mean that it holds five times as much as ai one- 
gallon unit. IVhen you say that a certain tank holds five 
cubic feet you mean that it holds five times as much as a cube 
vneasuring one foot each way. Units like the square foot and 
the cubic foot, which are really derived from other, already- 
defined units, are called derived units. To keen things as 
simple as possible, it is always better to use derived units 
(like the cubic foot) than to use a primary unit (like the 
gallon). Scientists usually use derived units when they can 
because it is simpler to do so. 



» \r 
V 



little more complicated derived unit is the unit of speed 



^ n A w« 41 1 
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You could say that a speed of 30 miles- 
P®t-hour means a speed thirty times as great as a unit speed 
<^f one mi le-per-hour , and to do so would be correct. But what 
is the unit, mi le -per-hour? Is it a unit like the gallon that 
someone just invented; or is it really a derived unit? A 
little thought will show you that j t is a derived unit, meaning 
a speed equal to the speed you wouj ^ have to make to go one 
mile-unit in a time of one hour-unic. Therefore it is more 
simple to think of a speed of 30 miles per hour as a speed such 
that you could cover 30 mile-units in one hour unit. 
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A better thing to io with speeds, however, is to use the foot 
that has already been defined, instead of bringing in the new 
and unnecessary unit of the mile. They are both distances, and 
only one of them is needed. A speed of thirty miles per hour 
IS the sampe as a speed of 44 feet per second. Can you show 
that they are equal? Using the f oot -per- se cond as a derived unit 
o speed is more simple than usinp "^he mi le-per-hour., of 
course. Once the foot and second are defined, why bother to 
define two new units, the mile and the hour? 

The other thing you will have to be careful about is in 
dealing with what are called "irrational" units. The only one 
you are likely to meet is the degree of temperature. The scale 
of temperature (both Fahrenheit and Centigrade) are irrational 
simply because "zero" on the scale does not really near; zero. 

•^hen you say that the thickness of a shadow is zero inches you 
mean it has no thickness at all. !'/hen you say that an empty 
candy-box contains zero pounds of candy, you mean it contains 
no candy at all. But when you say that the outdoor temperature 
IS zero degrees, you don't mean that the outdoors has no 
temperature at all. For you know that you can have a temperature 
of 5 below zero, which would then mean "less than no temperature 
at all". The question then comes up, what temperature means no 
temperature at all? This temperature, which is what really 
ought to be called "zero", leads to another means of measuring 
temperature which is not irrational. You may meet "absolute 
temperature" later in your study of science. Meantime, notice 
that saying "This water has a temperature of 50 degrees" does 
not mean that it is 50 times as. hot as some^’hiTi" o 4-am^o-,. 
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ment will not concern us in the present study. 

3 . Making ^teasurements 

You have seen that making a measurement is really nothing 
more than comparing an unknown with a unit. The main idea in 
making a measurement is then to have at hand an example of the 
unit to be used and an instrument for comparing it to your unknown. 
Often the instrument and the unit are combined into a single 
gadget, as with the foot rule. Sometimes they are not combined, 
as in the scales on which you have to put separate weights. V/e 
will at the present time talk only about making measurements of 
distance using the ruler. 

If we are going to make scientific measurements, however, 
we might as well use the same units as scientists use, Altliough 
in this country we commonly use the foot and the inch as units '* 
of distance, civilized people in most of the world and scientists 
all over the world use the centimeter. 

Get a centimeter ruler and examine it. It will look much 
like the sketch below. Notice on the sketch, which is drawn 
life-size, which are the numbered centimeter marks -- the longest 
lines. Each centimeter spacing is divided in half by a shorter 
line. Each half-centimeter is divided by four short lines into 
five parts. Each of these tiniest parts, having a length about 
the thickness of a dime, is a tenth of a centimeter. Do you see why? 



9 







Now take a pencil or other object and measure its length. 

To do this, place one end of the pencil exactly opposite the 
zero-end of the scale and let the pencil lie along the scale 
v;ith its other end falling wherever it will. Suppose that the 
other end falls between the 18 and the 19 cm. marks. You then 
know that the pencil is more than 18 but less than 19 cm long. 
The smallest marks will help you tell just where between 18 
and 19 the length lies. If the end of the pencil lies right 
on the middle-sized mark lying halfway between 18 and 19, you 
would record the length as 18.5 cm. If it lies on the second 
short line between 18 and 18.5, you would record it as J8.2. 

If on the third line past the middle, as 18.8. IHtc. If the 
end of the pencil does not fall exactly on any of the lines, you 
take the nearest one. It will almost always be true that the 
end of the pencil will not fall exactly on any line. You will 
therefore almost always have to judge which line to choose as 
the nearest one. 



If the nearest line happens to be one of thej main centimeter 
I markfj, like 18 or 19, you should record the length as 18.0 or 

19.0, Be sure you always write the ’’point-zero*' when the'lefi|th 
IS an exact whole number of centimeters. You wijLl later see 
the reason for insisting on being fussy about this. 



It is a curious thing that nearly every physical measurement 
you make is in the end made by reading a position on a scale. 

’Vhen you read a thermometer, you really read the temperature 
the same way you read a ruler. ’7hen you read the speedometer 
on your family’s car or the time on a clock, you are really 
reading a position on a scale, aren’t you? This is why it is 
so important to learn how to read a ruler properly. 

4 . Significant Figures 



IVhen you measured the length of your pencil, you probably 
found that the end of the pencil fell between two of the finest 
marks on the ruler, say between 18.6 and 18.7. Suppose that it 
lay closer to 18.7, though, so that you recorded the length as 
18.7 cm. VJhen you did this, you might have said co yourself 
"I can see that the length of the pencil is really somewhere 
between 18.6 cm and 18.7 cm. Maybe it is really 18.68 cm but 
my eyes are not good enough and the ruler is not divided finely 
enough for me to tell. Anyway, I don't need to know the pencil 
length that accurately, so I will just call it 18.7 cm, which 
is the line on the ruler nearest to the end of the pencil.” 
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You have therefore read the length of the pencil to the 
nearest tenth of a centimeter. Maybe the length of the pencil 
is a little more than 18.7 cm or a little less. But 18.7 is the 
nearest \;enth of a centimeter. You record the length as 18.7 cm. 
If your ffiend asks you "How long is your pencil?", you will 
tell him "My pencil is 18.7 cm long," 

Now suppose your friend tells you that his pencil is 18.7 cm 
long. vjhat will go through your mind when he tells you so? 

You might think like this: "He said his pencil is 18.7 cm long. 

He must have used a ruler to measure it because he gave me the 
length accurately instead of saying that it was about 18 or 
19 cm long. On the other hand, he must not have measured it 
with a very finely divided ruler and a magnifier, because he 
didn't say his pencil was 18.72 or 18.727 cm long. He measured 
it only to the nearest tenth of a centimeter and gave me the 
result of that measurement." 

In other words, when you say your pencil is 18.7 cm long, 
the number 18.7 really tells two things: 

(1) It tells how long the pencil, is. 

(2) It tells the person who is listening hov\r accurately 
you measured it . 

If you had measured less accurately than to the nearest tenth 
of a centimeter, you would perhaps say that your pencil is 
19 cm long. If you had measured it more accurately, you would 
have said 18,72, or 18,723, or even 18.7231 cm. (To m.easure 
something so accurately that yc could say it is 18.7231 cm long, 
you would have to measure it to the nearest 0.0001 cm. To do 
this you would need a very special ruler and a microscope to 
use it . ) 

Remember then that the quantity that results from a 
measurement always tells the person who sees it or hears it 
how accurately the measurement was made. It always means that 
the last figure is only the ne?arest figure, and not that it is 
exactly that figure. Now you can see why we are fussy and insist 
that you write 18.0 instead of just 18 if your pencil happened 
to have a length that fell nearest to the 18 cm mark on the 
ruler. If you say that the pencil is 18 cm long, it would 
mean that you measured it only to the nearest centimeter. If 
you took more care and measured it the nearest tenth of a 
centimeter, then you should be proud of your extra effort and 
say so by reporting the length as 18.0 cm. In fact, if you 
took very great care using a special ruler and microsope, you 
might report the length of your pencil as 18.0000 cm. This means 
that, even measuring to the nearest 0.0001 cm, the nearest 
mark was the main centimeter mark at 18. 
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Here is a list of quantities that mipht have been measured 
by some instrument or another. Tell how accurately the measures 
must nave been working in each case: 

A metal rod is 37.17 cm long 
A ball bearing weighs 3.267 grams 
A bobsled completes its run in 57.07 seconds 
A bottle holds 14.0724 cc of water 

Now let's think about measuring the length of that nencil once 
again. Say that you found the end of the pencil to lie between 
18.6 and 18.7 cm. You judged it to lie closer to 18.6, so you 
reported its length as 18.6 cm. In this case you realize right 
away that your report is only approximate. It isn't exactly 
18.6 cm, but only nearer to 18.6* than to any other tenth of a 
centimater. 



But suppose that the end of the pencil appeared to lie exactly i 
on the 18.6 line. If someone now came along with a magnifying 
glass and looked at your pencil and ruler, he mif^ht sav "Oh no 
Lock. The end of the pencil lies just a little bit pa^t 18.6. Let's 
get a ruler where the division of tenths of a centimeter (the 
finest ones on your ruler) are themselves divided into tenths and 
measure the pencil again". What would be the distance between the 
finest divisions on this super-ruler? Look at your ruler divided 
into tenths of a centimeter and try to imagine how close together 
the divisions would be if you had a super-ruler divided into 
hundredths of a cenfimeter. 

Suppose with this super-ruler you found the length to be 
18.62 cm. Would this be exactly correct? Probably not, because 
someone might come along with a microscope and a super-super-ruler 
and show that the length is really 18.623 cm. But you couldn't 
be sure that this reading is exactly correct either, could 
you? Can you explain why not? 

It is important that you realize that any quantity that is 
measured is never known to be exactly correct. The best you can 
do is to say that the real value lies closer to some certain mark 
on a scale than to the next markings before or after it. You 
never know whether someone else might come along and use a better 
measuring instrument than you did to get a more accurate value than 
yours. So you always report any measured quantity like this: 

Use as many figures as will make the last figure the one 
selected as "nearest" to some mark. 

This rule v;orks both ways. You must be careful never to 
use either too many figures ir too few. Suppose you measure 
your pencil to the nearest tenth of a centimeter and find it to 
be nearest to 18.2 cm. You would be unfair to yourself to report 
it as 18 cm because you really did better than that. But you will 
be bragging unfairly, if you report the length as 
18.20 cm when you didn't measure it to the nearest hundredth 
of a centimeter but only to the nearest tenth. 
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V/hen a measured quantity is properly expressed so that the I 

last digit is the "nearest” one, then the figures used are called 1 

significant. For instance the quantity 18 cm has two significant ! 

figures; the quantity 4.79 grams has three significant figures; 
and the quantity 18.0000 cm has six significant figures. Tell how 
many significant figures there are in each of the following 
quantities. 

A length of 17.22 centimeters 

A weight of 19.1765 grams ' J 

A volume of 180.60 cubic feet j 

A speed of 17.3 miles per hour 

Atimeof4500seconds | 

A thickness of 0.0012 inch 

?■ 

f: 

The last two of these are difficult and you may need your teacher 
to explain them to you. 

■j!. 

Now you are ready to do Experiment 1 in your laboratory manual. 

After you have finished the experiment, here are some questions ■ 
to discuss inclass. 

PointstoDiscussinClass i 

— I 

I 

How many places to the right of the decimal point are signi- ) 
ficant in these measurements? How many in the averages? j 

Did everyone obtain the same quantity when one and the same ) 

stick was measured bv several neonle? If not. whose measurement ^ 

was the correct one? Why did different people get different ? 

results? j 

If you had used a ruler divided more finely and a magnifying 
glass to read it, would everyone have got the same result? | 

Does it make sense to sneak of "the exact length” of a stick? 

Does it make sense to speak of the measured length as a \ 

quantity that everyone agrees on? Suppose that you own a company 
that makes and sells gold wire. I mail you an order for 37.5 cm i 

of gold wire of a certain size and you mail the wire back to me. 

We have never at any time met face-to-face to measure the wire 
together. When the wire arrives, I measure it to see whether I've j 
been cheated. Is there any reason to suppose that my idea of what I 

37.5 cm should be will agree with what you think 37.5 cm should I 

be? V/hy? How closely will be agree? ' 

The whole of physical science vests on a faith in this belief: 
That when two people make separate measurements of the same quantity^ 
if neither of them makes a mistake, the measurements will agree. 

Hov/ closely will they agree? 
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Suppose you have measured two pencils separately and you 
wanted to know how long the combination would be if you placed 
them in line end to end. You would compute the total length by 
adding the two measured lengths together, wouldn't you? If one 
pencil was 16.7 cm long and the other 17.2 cm long, the total 
length would be what? 



But now suppose that you measured one pencil with an ordinary 
ruler in the ordinary way and found its length to be 16.7 cm. 

Then you measured the other pencil with a microscope-and-ru lej‘ 
arrangement and reported its length as 17.232 cm. IVhat would you 
report as the total length? From what you have learn’^d in arith- 
metic, you might be tempted to set down the two quantities and 
add them like this: 



16.7 cm 16.700 

17,232 cm which means the same as 17,232 

33.932 cm 33 . 932 

You might report the sum as 33.932 cm, but this would be improper. 
Let's examine what we have done to see what is wrong about it and 
what itfe should have done. 



You remember that a quantity reported as 16.7 cm means that 
the last figure, the 7, was intended to mean that the end of the 
pencil did not fall exactly on the 7 but closer to 7 than to aiy 
other mark. The true length might have been 16.694, for instance, 
or 16.721. Because we didn't measure it that accurately, we simply 
do not know what we would have got if we had made the measurement 
to 5 significant figures. Since we don't know what the next two 
figures past 16.7 would be, we might write 16.7XX cm as the 
length. We are pretending that the length is written with 5 
significant figures, but we are admitting that we don't really know 
what the last two are by putting X's for them. We certainly do 

not, at any rate, know that the next two figures are zeros, as the 

above addition seems to suppose. 

Now, if we try to add the two quantities, we might set the 
addition down like this: 

16 . 7XX cm 
17.232 cm 
33.9XX cm 

and think as follows. In the units column all the way to the right 
"X plus 2" is how much? You don't know, so you v/rite down X. 

"X plus 3" is how much? Again you don't know: write another X in 

the sum. ”7 plus 2" you do know, so you write a 9 in the sum and 
then complete the addition in the usual way. The result is 33.9XX. 
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This means 33.9 with some more fipures that we don't knov;. But 
this means the same as 33.9. Therefore the sum of the two quan- 
tities 16.7 and 17.232 is 33.9. You are not entitled to any 
more than three sif^nificant figures and have no right to report 
more in the sum. 



When you learned how to add decimal numbers in arithmetic, 
you were probably told that 16.7 plus 17.232 is 33.932, as we 
got first above. Are you now being told that v.’hat you learned in 
arithmetic is wrong? Wo, you are not, though it might look that 
way at first. The difference is that in arithmetic you are 
asked to add two numbers, one of which is exactly 16.7 and the 
other exact ly 17.232. But exactly 16.7 means 16.7000 v/ith as 
many zeros as you wish, and similarly with 17.232. The sum of 
these, of course, is exactly 33.932 with as many zeros added on 
as you wish. But the me asured quantity 16.7 cm does not 

mean exactly 16.7 cm, but only means "some number of centimeters 

closer to 16.7 than to 16.6 or 16.8". This uncertainty in the 
number beginning with the second decimal n]ace creates an 

uncertainty (remember the "X + 3" in the addition above!) in the 

sum in the second decimal place. You therefore have no right to 
report 33.932 as the sum when all the figures after the 9 are 
uncertain. This uncertainty does not occur if 16.7 means exactly 
16.7, as it mifTht well mean if it is not a measured quantity. 

The general rule in adding measured quantities is nov; very 
simple. If you want to find the sum of 84.62 grams, 171.4 grams, 
and 42.119 grams, you set them down in the usual way v;ith the 
decimal points lined up. 



84.6 

171.4 

42.1 



2 gm 
gm 
19 gm 



Not'.' draw or imagine a vertical line to the right of the number 
known with the- fewest decimal places. In this examplp, the 
"poorest" number is 171.4, because it is known only to a tenth 
of a gram; all the others are knov/n to better than a tenth, 
lienee t^re draw the line to the right of this 4 as in the example 
above. Then add only the, part to the left of the line. Finish 
the example yourself, and don't forget to add the word "grams" 
when you read the sum! 



Nov/ you are ready for Experiment 2. 

When you have completed this experiment, you should discuss 
the following matters in class. 



Points to Discuss in Class 



Is it true that you can obtain the combined length of the 
three sticks by addin<^ the numbers renresenting the individual 
lengtiis? Answer this question by comparing the combined length 
you obtained by measuring, with the combined length obtained by 
adding. Remember that two measured quantities can be said to 
"agree" if they differ by only one or two in the last significant 
figure . 
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Does it seem ’'only coTninon sense" to you that the total length 
of tv/o or more sticks can be obtained by adding the numbers renre- 
senting the individual lengths? If it does seem obvious, here 
are some things to think about that may make you less certain: 



(1) What is the combined length of three sticks, one of which 
measures 2 feet, one 7 inches, and one 4 centimeters? Here is 
a case where you cannot add the nui'bers to get the total length, 
'What must be true of the units in each quantity before you may 
add them? 



(2) You may be thinking this way: If I put together a pile 

of 17 toothpicks and a pile of 12 toothpicks, the two piles 
together will total 29 toothpicks. If john weighs 80 pounds and 
Sam weighs 90 pounds, the two together will v/eigh 170 pounds. 

If I walk 40 steps, sto]), and then walk 50 steps more in the 
same direction, the two walks together will place me 90 steps 
from where I started. If Mr. Brown's farm is 5 acres and Mr. Smith's 
farm next to it is 6 acres, the two farms together will cover 
11 acres. If I pour 2 gallons of cider into an empty barrel and 
then pour in another 4 gallons, the two portions together will put 
6 gallons in the barrel. In fact, it often happens that putting 
two quantities together gives a result that agrees with adding 
the numbers. We may get into the habit of thinking that "together" 
means "add". But think of these questions; 



If one ocean liner can cross the Atlantic in four days and 
another can do it in five days, will it take them nine days to 
do it tojTcthsr? 



If I can paint a fence in 15 hours and you can paint it in 
10, will it take us 25 hours to do it together? 



If I have a glass of water at 75° temperature (about ordinary 
room temperature) and another glass of water at 100° (about body 
temperature) will pouring them together give me water at 175° (almost 
boi ling)? 



If I wdlk 40 steps, stop, then walk 50 steps more, must I 
end up 90 steps from where I started? 



You realize, of course, that the answer to every one of these 
questions is "No". Yet each question asks for the result when 
two quantities are put together. Do you agree that sometimes the 

word "together" does not tell you to add? All’ fight th^n what 
right do you have to say that putting two sticks together permits 
you to add the numbers representing their lengths to get the 
total length? In other words, hovj can you tell when "together" 
means "add" and when it does not? 



The answer to this question is deeper than you might think. 

But in the end it amounts to this: The only right you have to do 

so is that experience (that is, experiments such as you just 
performed) show that you always get the same result whether you 
measure the total length or add the individual lengths. Your 
experiment showed that you may do this under two con<51tions: first, 

the units must be the same; and second, the two lengths must be 
along the same straight line. 
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^ * Commutativity under Addit i o n 



regard - 



Did you ret the same total lersrth of the three sticks 

°n “P- P°es this surprise 

)ou? Do you have a riyht automatically to suppose that addiny 

three lengths will always give you the same result for the combined 
length no matter in what order you add them? You already know 
that you may add numbers in any order you wish and always get 
the same result. This property of numbers is called "commutativity 
under addition." You have shown by experiment that lengths are 
also commutative under addition. Not all quantities are’commuta- 
tive under addition. For some quantities, you get a different 
result when you add A + B from what you get when you add B + A. 



Would you like to see an example of a quantity which does not 
commute under addition? Get an ordinary matchbox and six common 
straight pins . Stick one of the pins in the center of the top 
of the box and another in the center of the bottom. You now have 
an axis around which you can spin the box. You can turn the 
box around this axis through any angle you wish. Hold the axis 
vertical in front of you with the label on top facing you >o you 
can read it. Now turn the box around the vertical axis clockwise 
(in l:he direction in which the hands of a clock turn) through 
1 riijht angle. The top of the box is still on top, but now a 
person would have to stand on your left to read the label. Now 
turn the box further through 2 right angles. The label is still 
on top, but now a person would have to stand on you right to read 

It. That is, if you add : right angle turn + 2 'fight angle turns) 

you jmt the box in a position with the label on top facing so 
that a person would have to, stand on your right to read it. Now 
retuin the matchbox to its original position with the label on 
top iacing you so you can read it. Then rotate the box again 
clockwise around the vertical axis; but this time. turn it first 
through 2 right angles (the box now has its label still on top 
but £. person must stand in front of you to read it) and then 

further through 1 right angle. The box now has its label on top, 

but to read the label a person must stand on your right. That is, 
it yC'U add ( 2 right angle turns + 1 right angle turn) you put 
the box in a position with the label on top facing so that a person 
would have lo stand on your right to read it. This is the same 
an before. You see then that when you add rotations, they do 
commute if the two rotations are around the same axis. 



But if the rotations are not around the same axis, they do 
not commute. To see this, stick a pin in the center of each end 
of the box and also in the center of each side. You now have six 
pinSi foiming three axes. Hold the matchbox in front of you, top 
up, and turned so that you can read the label. Hold it by the pins 
in tcp and bottom and rotate it around the up-down axis 1 right 
angle c.lockwise as before. The label is still on top. Now hold 
the box by the pins stuck in the sides of the box. These pins make 
an axis pointing right and left. Rotate the box around the left- 
right axis through 1 right angle toward you. The label now faces 
you. Therefore, starting with the label on top and faced so you 
can read, it, 1 right angle turn clockwise around an up-down axis 
pluj 1 right angl. turn away from you around a left-right axis 
leaves the box with the label facing you. 
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Now perform the two rotations in the other order. Start with 
the box label up and so you can read it. The pins stuck in the 
ends of the box form a left-right axis. Hold it by these pins and 
rotate the box through 1 right angle toward you. The lahei is 
now facing yon. Then hold the pins stuck in the sides of the 
box -- the up-down axis -- and rotate the box 1 right angle clock- 
wise. The label now faces to your left. Therefore, starting 
with the label on top and faced so you can read it, 1 right angle 
turn toward you around a left-right axis plus 1 right angle turn 
clockwise around an up-down axis leaves the box with the label 
facing to your left. Here are the two trials in a diagram form: 



Rotate 1 right angle 
clockwise, up-down axis 



Rotate 1 right 




1 End 


angle toward 




with 


you, left-right 




labe 1 


axis 




t oward 






you 



Start with 
label on top 




Rotate 1 right angle 
toward you, left- 
right axis 



Rotate 1 right 
angle clockwise^ 
up-down ^kis 





End 




with 




label 




to left 



So you see, adding these two rotations in one order gives you 
n result different from what you get if you add them in the other 
order. Rotations around different axes do not always commute. 



^ • Sign ! f leant F igures in Multiplying 



You now know how to add measured quantities and how to deal 
properly with their significant figures. Much the same thing 
happens when you multiply measured quantities. Suppose you have 
a r ctangular card whose width is 23.6 cm and whose length is 
37.4 cm. What is the area of the card? 



You will remember that you find the area of a rectangle by 
multiplying the length times the width. You wo”ld ordinarily do 
it this vray: 



37.4 cm 
23.6 cm 



2244 

1122 

748 



882.64 cm 



You would report the area as 882.64 square centimeters. But by 
^this time you are probably suspicious enough to guess that we are 
-going to find fault with this one, too! We are; let*s see why. 
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was measured 
to 37.4 than 



You know that ”37,4 cm” means a quantity that 
only to the nearest tenth of a centimeter: closer 

to 37.3 or 37.5. We might write this as 37, 4X, pretending that 
we know it to four figures but at the same time admitting that 
we don't really know the fourth one. In the same way, we 



write 23. 6X for the other number. Now let's 



will 
multiply them: 



37 .4X 
23*6X 



XXXX 

2244X 

1122X 

748X 



883. XXXX 



re is 


the w 


ay you 


perform 


thi 


rst , 


you mu 


Itiply 


X times 


37 . 


e s li 


ghtest 


idea , 


so you 


m igh 


ring 


of X's 


in the 


i first 


row . 



this St range - look ing multiplication: 

L . How much is it? You haven't 
as well admit it and write a 
Next you multiply 6 times 37. 4X. 
You say, ”6 times X I don't know”, and you write X all the way to 
the right in the second row. Then, "6 times 4 is 24”, write the 
4, carry 2, and complete the second line in the usual way. 
Following the same method, show how the third and fourth lines 
were obtained. 



Now to complete the multiplication, you start as usual all 
tl\e way to the right. You bring down the unknown X to 
line. In the second column from the right, you say, ' 
is unknown”, and write X at the bottom. In the next i 
say, "X plus 4 plus X is unknown”, and write X in the 
again. In the next column, you say, ”X plus 4 plus 2 
I don't know”, so you v\?rite another X at the bottom, 
though, you say to yourself, "I don't know exactly how much is ”X 

10 , 



usual 


al 1 


the 


bot t 


X plu 


s X 


0 lum , 


you 


bottom li 


plus 


X, 


This 


time 



plus 


4 p 


lus 2 plus X”, but i 


t 


almos 


t certai 


nly i 


s at lea 


becau 


se 


4 plus 2 is already 


6, 


and 


two more 


digi 


ts added 


will 


probably reach ten or m 


or 


e . ” 


So you write 


the X at 


bottom , 


because you don't know 


what 


the sum 


is e 


xac t ly , 


carry 


a 


"one” into the next 


CO 


lumn 


because 


you ' r 


e pretty 


it's 


at 


least 10. In the ne 


xt 


column, the 


car ri 


ed-over 


plus 


2 P 


lus 8 is 13. V/rite 


th 


e 3 c 


arry the 


1, a 


nd compl 


addi t 


ion 


in the usual way. 


Th 


ere are two ” 


decim 


al place 


first 


number and two in the 


se 


cond . 


You th 


erefore point 


decim 


al 


places from the righ 


t 


in th 


e result 


and 


get 883. 


This 


mea 


ns that you do not kno 


w any 


s ignif ic ant 


figures 


and therefore you should not 


report 


the pro 


duct 


any more 


than 


883 


square centimeters . 














The 


rule is easy: When 


y 


ou mu 


Itiply two qu 


antities 


produ 


ct 


should contain no mo 


re 


sign 


if icant 


f igur 


es than 


cont a 


ine 


d in the multiplier 


wi 


th th 


e fewer 


signi 


ficant f 


Somet 


ime 


s it is permissible 


to 


take 


one more figure than 



the 



1 plus 2 



ru le allows . 
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says you are entitled to. Notice that roundino 

arthrx::;tL5"ho:s°^orf;re^?i^L^rt^iay^ 

,.. .r::ir;i";.r“/u:.r.‘j; 5;n"“rb!;„."" ’■” *” 

Points to Discuss in Class 

crni meant by a scale drawing? Mention some examples of 

"o® i" business or schLl or 

nhier^^^f' “ Scale drawing have to be smaller than the 

object it represents? 

m»v» I°“ Circular card behind your back and ask me to 

make a scale drawing of your circle without seeing it. Since I 

orLrnL*?®"/"''’^ ‘>'® I ®‘‘" “0 is draw a circle 

of any size I please on my paper. Will my circle be a scale 
drawing of yours? 

make a scale drawing of your rectangle without seeing it. I draw 

any old rectangle on my paper. Will my rectangle be^a scale 
drawing of yours? e uc a »i,dxe 

Any circle is a scale drawing of any other. But any rec- 

i drawing of any other. The reason for this 

it^radi one quantity to describe a circle completely 

Its radius. But it takes two quantities to describe a rectangle 

the^sne^^L’ k”“d "T^ quantities are needed to describe completely 
the special kind of rectangle called a square? Is any square 

a scale drawing of any other? It takes three quantities to 
describe a triangle completely and this is part of the reason why 
y is a little harder to make a scale drawing of an irregular ^ 
triangle. Can you name some other shapes for which only one 
quantity need be given to describe it? Can you name some or 
which more than one quantity must be given? 

You can make a scale drawing only for a flat shape. Flat 
shapes are called "two dimensional". A body that has thickness 
or that sticks out above or below the flat is called ’’three- 
dimensional”. A spoon, a sphere, a rectangular box, and a 
cylinder are three-dimensional. What corresponds in three 
dimensions to a scale drawing in two dimensions is called a 
scale model. Name some three-dimensional objects which require 
only one quantity to be given to enable a person to make a scale 
model. Name some that need more than one. 

How many areas does a given rectangle have? Only one of 
course. Suppose two people compute the area of a ivon r-)ct'in 'L 
and get two different answers. Can they both be right? Then if 
there are two different methods for computing the area of a rectangle, 
they can both be correct only if they give the same result. O.K t 
Now, the formula says that you compute the area of a rectangle bv 
multiplying the length by the width. But is it definite which s^de 
of a rectangle is its length and which the width? Suppose you sat 
down at one desk and I at another, both to compute the area of 
a rectangle that we are told measures 12.3 cm by 14.6 cm. 
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You choose to call the 14.6 cm side the length and 12.3 cm the 
width. You therefore multiply 14.6 x 12.3 to get the Lea in 
cm . At my desk, meantime, I choose to call the 12.3 cm side 
the length and 14.6 the width. I therefore multiply 12 3 x 14 6 
to get the area. If we both do it correctly „e must boih ge^ 
the same result, because the rectangle has only one area. What 
guarantee have ije that we will get the same result? 

Does multiplication of a length by a length to get an area 
commute? Does multiplication of a number by a number to get a 
number commute? Suppose that the first of (hese commuted^but 

bv thfl'^rMi compute the area of a rectangle 

by the rule multiply one side by the other’^? 

r-.a- set the area of a circle you multiply the square of the 
radius by the number tt . What units doesTT h^.re? The value of fh 
IS 3.14159265358979 to 15 significant figures. Of course, no 

computes ^he area of a circle by using this many signif- 
icant figures for ii . You always round it off to as many significant 
figures as you need. How can you tell how many places to round 
It to for a particular problem given to you? 

A given triangle also has only one area, doesn’t it*? The 
formula tells you that the area of a triangl^ can be computed if 
y u multiply 1/2 times the base times the altitude. But you 

thr.fn^ff the base; there are thereLre really 

three different ways to compute the area of c triangle depending 

on which side you happen to choose as the base. With your triangle 

f®*, ®®"'® result no matter which side you selected as 
the base? What guarantee have you that you always get the 
same result regardle-s of the selection? 

ansiver to this question is not the same as 
question we asked above regarding the area of a 
rectangle. With a rectangle you are multiplying the same two 
n m ers (length and width) in two different orders; you get the 
same result because multiplication of two numbers commutes. But 

ILi-- ? there is no question of commutation; you 

multiply different numbers together (depending on the choice of 
base) yet you still get the same result. Why? We cannot answer 
this question here beyond pointing out that experimentally you 
did get the same result for the triangles you measured. That 

It is true for all triangles is proved by logic in the study of 
geometry. ' 

In computing the area of a triangle after having selected a 
particular side to use as base, does it make any difference whether 
you multiply half the base times the altitude; or half the altitude 
times the base; or the altitude times half the base; or multiply 
the base times the .altitude and then take half the product* etc ? 
(There are six possibilities; what are they all?) Does the multi- 
plying of three numbers together commute? 
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8. Decimal Estimation 



Novtf let us return once again to that oencil we»ve been 
Ts^rcm"® h' raeasure*d between 18.6 and 

iivronir/ i:v. 

length if lf^65 f 

miihr '^I' length was only a. little past 18.6, you 

t%nt' 18.61 or 18.62; and if almost 18.7, you might 

stimate it at 18.68 or 13.69. A great deal of experience has 

est ima human eye and brain acting together can readily 
estimate, with surprising accuracy, tenths of a division on an 
undivided scale. It takes only a little practice for mosTpeople 
to be able to do this quite reliably. ^ ^ 



The practice of reading any scale as though its finest 
actually still further divided into tenths is 
worff estimation". It is customary in all scientific 

«n..f ^ scale by decimal estimation. This amounts to 

squeezing out of the scale the very last bit of accuracy it is 
capable of. Experience has shown that a scale whose finest 
divi;,ions are in the neighborhood of 1/20 of a centimeter or 

reliably by decimal estimation as 
by having the finer divisions actually ruled on the scale -- 

tffu”bn°’'® because the closely ruled lines make for 



*’’® figure (the one that is 

b ained by estimating tenths between the finest divisions actually 

regarded as a significant figure, 
though you guess at it", remember that experience shows that 
the guess is just as reliable as if the scale were actually 
divided into tenths of its smallest divisions. ^ 

You are now ready to do Experiment 4. After you are finished 
Vie will have some more questions to discuss. * 

Points to Discuss in Class 

Did everyone get the same result on measuring, say, rod ^l*? 

®>'P®®t that everyone will always get the Lme result when 
different people make a certain measurement? Now if the only way 
you can learn the length of a rod is to measure it, and if different 
people get somewhat different results when they measure it, how 
can you ever tell what the "true" length of a certain rod is? 
answer, of course, is that you can't. It is worth repeating! no’ 
physical measurement is evfr known to be exactly correct No one 
can ever say "The true length of this stick is L-many centiLteL " 

^® considerable accuracy if highly refined 

?h*rf «."easure it, but it can never be known exactly 

There is one exception: a certain rod is known to be exactly one 
meter long. Do you know what this rod is and why it is an eLeption? 
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Notice that even a ruler, no matter how "good" it ic 

an exception? Since someone had to make t 

measure where to out the ma-rifc u the ruler, he had to 

".arks are not knoS^t^be corr^ct^^rnd 

is exactly 25 cm long." and one cannot say "This ruler 



"true"’'!en«rf5 "® iell an-one the 

possible to tell him the^"best" value we kno^ ‘>® 

people measure a rod -- or even if nno ’ several 

There is no truly logical HswertrJhis que^ior but^’t^' 

i: I thi%";e\%\^r:sTi? 

a series of measurements of a single quantitv^ri 

to believe that any of them is more reHaKi ^ there is no reason 

the "best" value of the thln^rnHsured if .k 

measurements. ® measured is the average of the several 



The reason behind this a prTP ATTl#a n t* -i «- ^ 4 i ^ , 

uf f if thLf df if if s will’lf gir f ™inna"df if f ns) . 

the average will . ty"f f sf'f h:^"tf f-ff lu^ " 

again ai.,out significant figures. 

9. Averages and Deviations 



Let's talk 



Suppose that two different people each make the como 
ment several timec qa,r cdcn maxe the same measure- 

.h= u.... 



18.74 



18 .72 



18 . 74 



18.75 



18.74 



18.73 cm 



““"fL"*? >• ”P'-« h. 

rod, even if he is equally'c^ef I f ef f f trf f tf fs fhe 
rage of ,.is results and reports the "best" length as 18.74 cm. 

his rlsultfafr"°" the same rod. also six times, and 



18.74 



18.70 



18 .77 



18.73 



18.68 



18.71 cm 



He reports, as the best value, the average of the six values. 18.72 cn 



lengtfof f: °ther 18.74 cm as the 

way-to settle the-ptflf VTto takf hefvef gef ^ fff ‘ 

and call the leopth 18 7 “? nm j ^ average of the two reports 

to’choosfbeffffffffp^ff® 

Of the tw^reportra^the bes t ''valie^-^^'B^t^w^^ average 

equally reliable? ’ wait a minute; are they 
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You will notice that the first measurer’s results run from 
a low of 18.72 to a high of 18.75 -- a range of 0.03 cm. The 
second measurer^s results range from 18.68 to 18.77 -- a range of 
0.09 cm. Now, if you had no other information, which measurer 
would you regard as the more reliable -- the one whose readings 
fell in the narrov>? range of 0.03 or the one whose results 
scattered out over 0.09 cm? 



There is no strictly logical answer to this question either 
Let us suppose, however that the true value lies somewhere between 
the extreme values obtained by both measurers -- that is, betv/een 
18.68 and 18.77. It is obvious then that the first measurer 
was making smaller errors than the second. If we suppose, for 
instance, that the true value is 18.73, then the deviations made 

DV the two me P c 11 r -r c o-ro* 



First: +0.01 -0.01 +0.01 +0.02 
Second: +0.01 -0.04 +0.04 0.00 
You can see that the second 

the first. ® 



+ 0.01 



0.00 (i 



-0 .05 



- 0.02 ( 



c?xxux:> tiicin 



V/e instinctively regard as more reliable the measurer who 
makes smaller errors. !Ve cannot be sure that the second measurer’s 
average is not better than the first. Maybe it is. Maybe the 
second measurer does make bigger etfGt^;'hut-^ayhea 
wrong on the too-big side as much as he is v/rong on the too-little 
side so that the average is quite good. Maybe the first measurer 
holds his head a little to one side of where he should, and there- 
tore nearly always gets results that are too small. Or maybe his 
ruler isn't as good as the second measurer’s ruler. But if we have 
no reason to be suspicious of the accuracy of either measurer 
most physical scientists feel that the measurer whose results 
are less scattered is more reliable. 



Now if you look at the deviations listed above for the two 
measurers, you will probably agree that the second measurer’s 
deviations are more scattered. Notice that we are now getting 
back to the material discussed in Section 1. We have the 
comparison--sentence: 



Number 2’s measurements are more scattered than Number I’s. 

We are comparing the quality, ’’scattering of measurements,” and 
saying that 2’s is greater than I’s. Is the quality called 
"scattering” a quality that can be measured? Or is it a quality 
like happiness, fun, or niceness of appearance, where we only feel 
that one may be greater than another? 







How do we tell that 2's scattering is greater than I's? We 
look at the deviations. We see that some of Z's deviations are 
ess than 1 s and some are greater. But on the average 2’s are 
greater. That is, we can average the deviations of 1 and the 
deviations of 2 and se^i which has the greater average deviation. 

Take the deviations shown above and average them for each observer. 

In doing so, pay no attention to whether the deviations are plus 
or minus -- just average the numbers. Show that the average devi- 
ation of Number is only 0.01 cm while the average deviation of 
Number 2 is about 0.03 cm. It seems reasonable to regard Number 
1 s measurements as more reliable because they are more consistent 
and less scattered chan Number 2’s. When we say ’’Number 2's 
measurements are more scattered than Number I's,” we mean that 
Number 2's measurements have a greater average deviation than 
Number I's. In other words, the average deviation of a set of 
measurements is a kind of sign showing how reliably the measurements 
were made. The smaller is the average deviation, the greater is 
the reliability. 

In fact, careful scientific measurements are often reported 
with the average deviation attached to the report. For instance, ' 

measurer Number 1 above might report the length of his rod as ”18.72 cm 
with an average deviation of 0.01.” This expression is often written 
in abbreviated form like this: ”18.72 ± 0.01 cm.” You read the 

abbreviated form: ”18.72 plus or minus 0.01 cm.” It means: ’’The 

average of several measurements was 18.72 cm. Some of the measure- 
ments were greater than the average (plus) and some were less 
(minus). The average deviation was 0.01 cm.” 

Let|s try an experiment involving deviations. After you 
h a v e finished, the class will discuss the following Questions* 



Points to Discuss in Class 



Who was the best guesser of the correct number of balls to 
place in a dish? If you look at the last two lines of Table I, 
perhaps you can answer the question. Suppose, for instance, that 
Sam was one of the guessers and that his average guess over all 



disllBS V/SS 22.^ Viallc* %t f. . 

^ ^ ^ ^ ^ CA o V/ uiictu iHdLiy Ann’s average 



was 21.6. You might say then that Mary Ann is a better guesser 
than Sam because her average guess was closer to 20 than was Sam's 
average. But this may not be true. 



It may be, for instance, that Mary Ann's guesses ranged all 
the way from a low of 5 to a high of 52 and that none of her guesses 
was any where near 20. Yet her average was quite close. You 
wouldn't want anyone as likely as this to be wrong to do your 
guessing for you, would you? On the other hand, it may be true 
that Sam's guesses averaged a little further from the mark than 
Mary Ann's; but all his guesses lay between 19 and 23. You may 
prefer Sam's consistency which averages a little off the mark to 
Mary Ann's wide scattering which a^’erages closer to the mark 
than Sam's but is never anywhere near. 



Comment on the statement: "If Mark stands with one leg in 

the freezer at -10°F and Oite • leg ‘ in* the oven at 150 ® F , hf s ‘av'drage 
temperature is a comfortable 70®." 



Comment on this one too: "Peggy is an excellent marksman 
with bow and arrow. She made one shot that fell fifty feet to 
the left of the bullseye and another that fell fifty feet to 
the right. The average for her two shots was right on the 
button . " 



The point is that the reliability of a measurement is really 
composed of two parts: (1) How close is the measurement to the 

true value? and (2) How consistently can we reproduce nearly the 
same value over and over again? The first of these is called 
"accuracy" and the second is called "precision." Accuracy 
refers to how close a measurement is to the "true" value. 

Precision refers to the consistency among many measurements of the 
same (Quantity. It is perfectly possible for a measurement to have 
high accuracy and low precision: consider the case of Peggy the 

marksman above. ^ It is also possible to have high precision and • 
low accuracy. For example, suppose you measured the length of 
a rod using a ruler graduated in tenths of a centimeter. You 
measured the length as 18.68 cm with an average deviation of 0.01 cm 
Sounds pretty reliable doesn't it, with a very high precision?. 

But someone later notices that the ruler you used was sawed off 
at one end and starts at 1 cm rather than zero. Then your 
measurements are all one centimeter off. Though the precision 
is high, the accuracy is very low.. 



In making measurements, one strives for high precision and 
high accuracy. The precision of a measurement is always known, 
because you can always calculate your average deviation. Usually, 
however, you can only guess at the accuracy, because usually 
you don't know the "true" value of a measured quantity. 



Suppose you have two round buttons. One is a polished metal 
button and the other is covered with cloth. You want to measure 
the diameter of each with as high precision as you can. Using 
a magnifying glass and a special ruler, you measure the diameter 
of the metal one as 2.173 cm with an average deviation of 0.002 cm. 
You try the same method on the cloth-covered button. But when 
you look at it under the microscope you find the surface very 
rough with ups-and-downs and particles of lint sticking out 
as much as 0.02 cm. Does it make sense even to try to measure 
this button with a precision of 0.002 cm? Think up some other 
examples of measurements where a precision can be so ridiculously 
great for the measurement as to be without real meaning. Does 
the hair on a person's head interfere with measuring his height 
to the nearest millimeter? Does the fact that a person eats, 
drinks, sweats, and breathes make it sensible to say that a 
prize-fighter goes into the ring weighing 184 3/8 pounds? (A' 
very small drink of water weighs an eighth of a pound, and a person 
looses about one ounce of water by the moisture in his breath every 
two hours, not counting water that he loses by sweating.) 












3 
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Again , Light ly 

Physical science is the study of matter and its behavior, 
cientists have studied physical science long enough to have 

behavior of matter is not haphazard 
but predictable and logical. Logical reasoning involves clLe 

attention to the meanings of words and sentences and often involves 
mathematics too. 

One way in which mathematics arises in physical science is 
through measurements. A quality that can be measured or counted 
IS called a quantity. A quantity may be a number alone, but it 
may also be a number with a unit attached. When a person speaks 
ot a quantity other than a number, the unit that goes with it must 

always be stated (or implied) so the person to whL he speaks 
Will understand. 

Thic ^ "*®asured quantity always, therefore, involves a number. 

quantity and also how 

precisely it was measured. The statement. "This rod is & 75 cm 
xong," not Only tells the length of the rod but also tells that 
the rod was measured to the nearest 0.01 cm and was judged to be 
closer, probably, to 6.75 cm than to 6.74 or 6.76. If the last 

writing a quantity is obtained by estimation (judging 
that digit to be closer to "right" than the next higher or next 

lower one), then all the digits used in writing the quantity are 
called significant. / «= 



I ■ 

r 



Attention must be paid to the number of significant fiaures 
in measured quantities when arithmetical operations are 
carried out on them. In adding measured quantites, the decimal 
points are lined up in the usual way. The numbers to be added 
are then examined to find which hastthe fewest signifdcant-.^figures 
after the decimal point. All the numbers are then rounded off to 
this many decimal places and the addition then carried out in 
the usual way. (If preferred, the addition may be carried out 
without first rounding off, then rounding off the sum to as 
many decimal places as in the number with fewest significant 
figures after the decimal point.) The sum of a set of measured 
quantities has as many significant figures after the decimal point 

member of the set with the fewest significant figures 
after the decimal point. The same scheme, of course, applies to 
subtraction. 



1 

h 






When multiplying the numbers in measured quantities, the 
number of significant figures in the product is equal to the 
lesser of the number of significant figures in the luantities 
multiplied. The same rule applies to dividing. The idea behind 
the rules concerning significant figures is simply that a sum or 
product or quotient cannot be "better known" than any of the 
numbers used to calculate the sum or product or quotient. 









n Just because a quantity involves a number, it does not there- 
fore, follow that a quantity expressed by a number and a unit is 
a number. We often find that two quantities can be multiplied — 
together by multiplying their numbers together, but this is not 
always true. When two or more quantities are added, their units 

same as the 

units of the individual quantities. When two quantities are 

multiplied together, their units need not be the same. The units 

of the product must then be given a special name, for the product 

will not have the same units as either of .the i two quant ities 
multiplied. n 

From the preceding paragraph, you wi U recognize that the 

Sn is a far less complicated matter than multiplying 

them. YOU nay be wondering "How will I ever be able to tell whe?hei 
the multiplying of two new quantities that I never met before can 
be handled by multiplying their numbers; does the order of multi- 
plying matter; and what are the units of the product?" Such 
questions you need not worry about; they will be answered for 
each case specifically when they arise. 

Every measured quantity has an uncertainty about it, because 
no measuring method is perfect. There is therefore no answer to 

f exact value of such-and-such a quantity?" 

It the quantity is a measured one. It is often important to know 
how much uncertainty is involved in a quantity. The uncertainty 
IS revealed in two ways: One is always used, the other sometimes. 

The first IS the simple matter of significant figures. If a 
quantity is quoted as 18.72 cm, it immediately notifies you that 

wUhirroHr witlun 1 Ih- thr'second decLarsi^cB-- 

ithin 0.01 cm. Less often, the average deviation is used, too. 

ILc is reported as "18.72 ± 0.03 cm," it means that the 

measurer tried to estimate to the nearest 0.01 cm -- this much is 
told you in the "18.72" alone. But it also tells you that the 
quantity was measured many times and the average is quoted but 
the results deviated from the average such that the average 
of the deviations was 0.03 cm. 

The number of significant figures quoted and the average 
deviation both reveal the precision of the measurement. The more 
significant figures used, the higher the precision. Of the two 
measurements, 18.72 cm and 18.723 cm, the latter is more precise 
because 0.001 cm is a "finer" reading than 0.01 cm. Of the 
two measurements, 18.72 t 0.02 cm and 18.72 ± 0.03 cm, the former 
IS more precise because the range of numbers leading to the average 
IS smaller. Precision refers to fineness and consistency of 
measurement. 

Accuracy refers to the closeness of a measured value to the 

always tell how accurate a measurement is. It is entirely possible 
to have very low accuracy and very high precision. The reverse 
IS also possible but not likely. 
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Further Classroom Discussion 



f 




A bird watching club takes part in the annual Christmas bird 
census conducted by the Audubon Society. The watchers count 3 
virs:)s, 2 waxwings, a flock of terns estimated as 40, 2 robins, 

2 orioles, 6 blackbirds, 3 warblers, 5 doves, and a flock of 
starlings. There is some argument as to how many starlings there 
are in the flock. The low estimate was 1000 and the high estimate 

decide to report it as 2000. They aiSo- repolrt the 
total, birds observed as the sum of the individual species, 

namely 2063. Does this report of total birds seen make sense? 



The manufacturer of a cleansing tissue cuts the flimsy 
papei;* into sheets of 9 1/2 inches by 8 7/8 inches. He marks on 
the l;iox that the individual sheets measure 9.500 inches by 8.875 
inches. Is this sensible? 



A French scientist estimates that a meteor would begin to 
gloii? when ic comes to within 100 kilometers of the ea'^t'h's 
surluce. An American newspaper prints the story, but to make 
things easier for its American readers, converts kilometers 
to miles. The rewrite man finds in the dictionary that one 
kilcireter is 0.62137 miles. The story then appears saying that 
the French scientist estimated that the glow would begin it a height 
of 62.137 miles. What would you have said if you had been the 
rewrite man? 



The average speed winning the *’I ndianapol is 500” automobile 
race in 1962 was officially reported as miles per hour. This 
speed ivas obtained by dividing the distance traveled (500 miles) 
by the time required for the winner to go from start to finish, 
measured as hours. Do you think the time was measurable 

this accurately? To be entitled to six significant figures in 
the speed, both the distance and the time must be known to six 
significant figures. = Assume that the time really was known this 
accurately. What about the distance? To know 500 miles to six 
si. g nixie ant. figures means that the distance is known to 0.001 mile. 
This is about five feet. 

A calorie chart for foods says that a medium-sized potato is 
equivalent to 265 calories. Comment on this rating. 

An American scientist builds a sun furnace and estimates that 
he can obtain a temperature of 4000°C. Our rewrite man above 
handles this story* too, finding that a temperature of 4000°C 
is the same as a temperature of 7232®F. He prints that the 
scientist estimates that he can obtain a temperature of 7232®F. 

What would you have reported? 






Unit II. 



Constants, Variables, and Equations 



1. Constants and Variables 



You now know that a quantity is the numericad measure of any physical 
quality that can be measured or counted. Remember that most quantities must 
have units attached before they become meaningful. 

Let us now look at two lists of quantities; 



First List 



Second List 



The number of sides in a triangle 
jH[ow tall the flagpole at your school is 
]fiow far you live from your school 
The diameter of Jack’s bicycle wheel 
The weight of a certain croquet ball 
The area of your teacher's desk 
The freezing temperature- of water 



The length of any triangle’s side 
The length of any piece of pipe 
How far from one house to another 
The diameter of any circle 
The weight of any ball 
The area of any rectangle 
The temperature outdoors 



Do you see anything special about the first list that does not apply to the 
second? The important difference between the two lists is this: Every quantity 
in the first list remains always the same; each quantity in the second list 
rnay change from one value to another. For instance, there are always three 
Slides to a triangle, but the length of a side may be any length at all; your 
sichool's flagpole is some particular length, but a pipe may be any length at 
<ill; your house is always the same distance from school, but you can find 
two houses that are almost any distance apart that you please; a particular 
croquet ball always has the same weight, but you can find some ball that has 
almost any weight you please. 



So you recognize that some quantities have the special property of 
remaining unchanged in value while other quantities may have any value 
at all (within limits, perhaps). A quantity is called a constant if its value 
remains fixed during the time you are interested in it. “ if a quantity may have 
<iifferent values during the time you are concerned with it, the quantity is 

called a variable. Try to list a few constant quantities and a few variable 
ones that you are familiar with. 



You might notice that some particular quantity may under some circum- 
stances be considered a constant and under other circumstances a variable. 
h or instance, suppose you were playing with onmeone on a seesaw. You have 
carefully positioned yourselves so iJiat the board is exactly balanced and then 
you begin to teeter. As you know, you can now teeter up and down as long as 
you feel like it. But if your weight suddenly increased and decreased crazily 
and unpredictably, you wouldn’t be able to have much fun on the seesaw, would 
you? During the short time you play on a seesaw, your weight and your friend’s 
weight remain constant. But you know very well that, over a period of years 
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as you grow up, your weight steadily increases. For the purpose of seesawing 
one afternoon, you may properly consider your weight a constant. But over 

a longer period of time, you would have to consider your weight as a variable 
quantity. 



You will have to prepare yourself to accept a peculiar thing about con- 
stants: some of them have always the same value, others have a fixed value 
only during some particular investigation, but may have another value that 
stays unchanged during another investigation. Constants that always have the; 
same value are often called absolute constants; the number 6, 1/2, 0. 022, 
and 7. 96 are examples of absolute constants. Constants whose values stay 
fixed during any one investigation (like your weight, for instance), but may 
change from one investigation to another may be called temporary constants. 
We will have more to say about temporary constants later on. 

Right now we will try to measure a certain absolute constant. You are 
ready to do Experiment 6. After completing it, we will have some questions 
to discuss. 



Points to Discuss in Class 

Did you find that the ratio, diagonal/ edge, of a square is always the 
same, regardless of the size of the sqiare? Does it seem reasonable to you 
that this ratio would not depend on what color the square is, what it is made 
of, how thick it is, how heavy it is, who measured it, where or when it was 
measured, or on anything other than that it is a square? If you answered 
. yes to both these questions, you have said that it is a property of being 
square -- a "pure” property that depends only on being square -- that the 
ratio of diagonal to edge is always the same. In geometry, it is proved that 
this is true; you have shown experimentally that it is true, at least for those 
squares that you measured. If you have not already done so, compute the 
average of your values and write the average at the bottom of the table. 

What units does this ratio have? Suppose th<it you had measured both 
edge and diagonal in inches instead of centimeters; would the ratio be different? 
Try it, by having your teacher draw two or three large squares on the black- 
board and making the measurements in inches with a yardstick. If you do this, 
you will probably find out quickly why the metric system is so much easier 
to use than the English system. 

The ratio is a number, without units. It is a peculiar number in that it 
is not an integer (that is, a whole number), it cannot be written as a fraction 
no matter what integers you use in the numerator and denominator, and it 
cannot oe written as a decimal no matter how many places you carry it out. 

It is very nearly equal to 10/7; a closer value is 17/12; and a still closer 
value is 99/70. But no fraction involving integers only is exactly right. In 
decimals, the value is about 1. 4142, but no matter how far you carry it out, 
it is never exactly correct. Well then, if you can't hope to represent it by an 
ordinary fraction or a decimal, how will you name it? The number is asually 
named "v/2, " which you read "square root of 2. " 
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This number has very many interesting properties, one of which is the 
origin of its name, "square root of 2. " It is the number which, when multi- 
plied by itself, gives 2. See how close you came to the "correct" value (that 
is, how nearly exactly square were the "squares" you used and how accurately 
you measured them) by multiplying your average ratio by itself. Why did your 
Fii^asured value not come out exactly correct? 



Since, when you multiply this number by itself, you get 2. it foUows that 
2 is the square of this number, or this mnriber is the square root of 2. Calcu- 
late the square root of 2 to four decimal places and compare it with your 
average value. Your teacher vdll show you how if you don’t already know. 



P^ 2 .y with nvimber s, here is another interesting property 
You will notice that tT2 is not quite / j , but it is more than /j . 



\ I f you like to 
of You will no 

It is the fraction, "1 and one somethingth, '■ where the denominator in "one 
somethingth" is bigger than 2 but less them 3. How about / ^ ? Well 

/ Z-i- * 

I I ^ ^ z 

I 24 happens to be too small but / Ji;' is too big. The denomin=itor of the 

fraction should be "2 and one somethingth, " the "one somethingth" being 



between and -4 
I J 



How ^bout 






? This turns out to be a little too 



large while 



I 



^ ~ too •mall. The correct last denominator should be 



more than 2 but less than 3 - say ^ ^ . The fraction then would be 




Now it turns out that this is a little too srtiiall, but 

I // 

closer value is 





is too big. A 



which nevertheless is now a little too large. If 



you keep on writing this already very mesnsty fraction, ^ays changing the very 
last 2 to 2 1/2, you keep getting closer aiiui closer to J 2, Try working it out 
using, say, six 2’s and then seven 2*s. The correct value will be between your 
two results. Your teacher will help you if you get mixed up. You will find 
a guide for doing the work systematically on page 20 cf your workbook. 

j^You must not get the idea that ccsuld be calculated by using 3's in 
placed of the 2's in the continued fraction for JT You can’t. Perhaps when 
you study more mathematics you will learn v/hy vTT can be calculated this way' 
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2. Arithmetic with Quantities 

In Experiment 6 you calculated the ratio of length of diagonal to length of 
edge for a square. That is, you divided the length of the diagonal by the length 
of the edge. But how could you do this? When you learned how to divide, you 
were taught only how to divider^yp ^number by another number . Lengths are not 
numbers -- they are quantities , consisting cf a number plus a unit. How can 
you divide things other than numbers? Can you divide an umbrella by a box- 
car or a picnic by a jar of olives? Clearly you cannot divide any old thing 

by any old other thing. When then does dividing one quantity by another mean 
something } 



Notice that it could hardly be an accident that dividing the number of the 
quantity expressing the diagonal length of a square by the number of the quan- 
tity expressing the edge-length of that square should always give the same 
result. In other words, in this experiment the dividing of one length by another 
at least appeared to mean something. We can give no strictly logical answer 
to the question of when you may multiply or divide quantities that are not 

But we learn, sometimes by e2q)eriment and sometimes otherwise, 
that certain quantities can be multiplied or divided to give meaningftil results. 

For instance, you already know that you can multiply the length of a 
rectangle by its width (both quantities but not numbers), and get the area of 
the rectangle as a result. You know that you can multiply your wages per 
hour by the length of time you work (again quantities that are not numbers) to 
get your total pay. These are cases where you can perform arithmetical 
operations on the numbers appearing in quantities and get meaningful results. 
But suppose you divide the speed of a motorcycle by the number of buttons 
on the jacket of its driver; or multiply the weight of a bird by the number of 
leaves on the tree -branch it's sitting on. You can perform these arithmetical 
operations, too. But do the results mean anything? One cannot say logically 
that either of the two. last operations is really nonsensical. One cannot, 
that is formulate a logical rule that will tell you when a certain mathematical 
operation upon physical quantities is useful and when it is not. One of the 
important goals of physical science is to seek out those cases where mathe- 
matical operations on physical quantities are useful and meaningful. 



The case for addition and subtraction is one you are already familiar 
with. Try to recall Experiment 2, where you added the lengths of some sticks 
and found the resulting quantity equal to the length of the train of sticks laid 
down end-to-end. You are also aware that adding the weight of one rock to 
the weight of another wiF give you the weight of the pile made of the two rocks 
together. Now it is cleaj that the train of sticks has some length, and the 
pile of rocks has some weight, and that this length and this weight have 
meaning even if the individual sticks and rocks are not measured. That 
is, you don't have to know the individual weights or lengths in order for the 
total length and total weight to have meaning. You don't even have to have a 
defined length-unit or weight-unit in order to tell someone the length or 
weight. (You can tell someone how long the train of sticks is by holding your 
hands the right distance apart and saying "This long. ") All this discussion 
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says that the length px the train and weight of the pile are quantities all by 
themselves. They are meaningful quantities whemer they are thought of 
as sums of componants or not* They are meaningful quantities whether a 
uhit of measurement happens to be handy or not. 



S^ven train of sticks, moreover, has always the same length. Its 
actual length does not depend on what units you choose to measure it in. 

You may say the train is 24 inches long, or 2 feet long, or 61 cm long, TIics 
are all the same length, for giving the length different names does not give 
it different values , xn the same way, you realize without any need to explain 
that "my father, " "Dad, " and "Mr. Brown" all may refer to the same person. 



Now Icc us consider a specific case of adding two stick lengths. A stick 
25. 4 cm long and another 38. 1 cm long will, laid erd-to-end, produce, a train 
63i'«5 cm long, . : you were asked whether these two sticks laid end-to-end 
would span a distance of 61 cm, you would say "Yes. " Now this property of 
the two sticks of being able to over span a distance of 61 cm has nothing 
whatever to do with the fact that you made the measurements in cm. K 
someone else came along and met the same problem, he might ask "Will these 
two sticks together span this distance of 24 inches?" (24 inches lu ipens to 
equal 61 cm, v/ithing they^ recision of two significant figures. ) To find out, 
he might measure the tv/o sticks, find that they have lengths of 10 inches and 
15 inches, notice tha.t the sum of 25 inches is greater than the given 24 
inches, and thcxi answer "Yes, they will span the given distance. " An uncivil- 
ized man who never heard cf a ruler and has no concept of arithmetic might 
arrive at the same conclusion without making any measurements..at. all. A 
highly civilized man from -cuter space may make the necessary measurements 
in units you never heard of and ceme to the samewconclusion. The point is 
that the sticks either do or do not span the space. The sticks do not Imow whrt 
means you are going to use to find the answer, and do not change themselves 
so that they give one answer for one method and another answer for another 
method. The behavior of the sticks is a property of the ph^ sical world, not 
of the methods tnat man uses to study the world, flemember this, for it 7 lli''.s~ 

^ .*ates the most important precept of all of physical science: The behavior of 
the Universe. is independent of the means used to study it. If you have a 
probix.**iA wv an tii^s anewsr you get depends upon the nethed you used to 

solve it, then you cannot be sure that that answer is right. 



i 






But suppose that two different people measured the two sticks, one 
using inches and the ether using centimeters. One stick is 10 inches long 
and the other is 38. 1 cm long. WiVB. the two sticks span a distance of 61 cm? 
Notice tha,t tne prcblein has not changed; we are still talking about the same 
two sticks and the same distance to span. By this time, also, we are con- 
vinced that one can obtain the total length of two sticks laid end-to-end by 
adding the quantities representing their individual lengths. Therefore the 
sum of the quantities "lOh.nches" and 38. 1 cm" must be the quantity repre- 
senting the total length. 
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Now if we aod 10 + 38. 1 we would get 48. 1, would see that 48. 1 is less 
tean 61, and would conclude that the two sticks would not span the distance. 
^ the other hand, we concluded from earlier discussion that the two sticks 
spsm the distance. Here we have two different answers to the same Tro’-. 

lem, depending upon how we worked it. That's not allowed! What is the 

trouble ? 



If we stick exclusively to cm we find that 25. 4 cm plus 38. 1 cm is 
63. 5 cm which exceeds 61 cm, and the sticks ^ span the distance of 61 cm 
K we stick exclusively to inches, we find that 10 inches plus 15 inches is 
„ inces which exceeds 24 inches and the sticks ^ span the given 24 inches. 
If we stuck exclusively to miles, or feet, or versts (used in Russia), or 
grixes (used on the planet Nonesta) we would never have trouble: we can 
find the sum of two quantities, under these conditions, by adding the numbers 
representing the quantities. When the two quantities use different units, how- 
ever, you cannot get their sum by adding the numbers representing the quan- 

vX cl 6 S • 



You must understand that there is nothing whatever wrong with "adding 
2 inches and 3 centimeters. " This is a quite reasonable and meaningful 

^ ®^ters only v'hen you try to 

a the munber^ 2 and 3 and expect the number-sum to represent the length- 

^ words you can add two lengths together to get a total length 

w.hether or not the two lengths are e.xpressed in the same units; for this is 
a physical operation in which the sticks have no way of knowing what some 
human ueixxg chooses to call their lengths. But as soon as that human being 
wants to compute their combined length by adding numbers , the quantities 
must be expressed in the same units. If you wanted to add 10 inches to 
38. 1 ern to get a single quantity representing the sum, you can do it only 
if you change 10 inches to centimeters or change 38. 1 cm to inches and 
then added the numbers. You can make this change if you Imow that one inch 
IS 2. 54 cm. Adding weights some of which are in the metric and some in the 
ng ish system is also possible when you know that one pound is 453. 6 grams. 

Finally, suppose that you wanted to add 3 gallons and 4 hours, what 
wouxvx you get ? Realizing that numerical addition is forbidden unless the 
quantities are in the same units, you seek first either to change 4 hours to 
gallons or to change 3 gallons to hours. But this cannot be done, for the 
gallon IS a unit of volume and the hour a unit of time. There can be no wav 
o converting the one to the other because they measure different things. 

Their sum could not then possibly be a quantity, because a quantity is the 
measure of a quality, not the measure of two or more qualities. There is no 
meaning to the sum of two quantities that are measures of different qualities. 

All this discussion can be summarized in the following 

Rule: Two quantities can be added (or subtracted) numerically if they 

are measures of the same quality and are expressed in the same units. The 

sum (or difference) is another measure of the same quality and has the same 
units. 



o 
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It is important that you understand whei^e this :tule comes from. The rule is 
not a law that was passed by Cohgress, or that your teacher or the President 
of the United States dr tlie Pope decl^eed you must follow, or that the Bible 
Of some testtbook said everyone must obey* The rule comes from a logical 
examination of the meanings of words and of fundamental principles. It is 
a rule fotced on us hy the hatua^e of the world, not forced on you by someone’s 
say-so. 



Here is a word of caution. Do not underline the Rule above or box it 
carefully in red inl^ as something important to remember. It is impiortant 
to remember j of course. But if you did not understand the discussion that 
led up to the rule, you miss the whole point by merely memorizing the rule. 

If you did understand the discussion, then you know the rule without m^ norizing 
it. Memorizing is very unimportant in physical science. 



You must work a few examples to make sure you understand the ideas of 
adding physical quantities. 



1. How far would three steel rods stretch if laid end-to-end. One jnod is 
14 cm long, one is 2. 62 cm long, and one is 10. 941 cm long? 

2. A stack is made of four thin aluminum plates laid flat one on top 
of another. One plate is 0. 0346 inches thick, one is 0. 123 cm thick, one is 
0. 00248 cm thick, and the fourth is 0. 001756 inches thick. How thick is 
the stack? 



3. A flask contains 22. 71 cc of water. An irregular lump of glass is 
placed in the flask and the water level rises to 57. 22 cc. What is the volume 
of the lump of glass? 

4. A flask contains 34. 65 cc of water. An irregular lump of marble 
weighing 17. 212 grams is dropped into the water, so that the total volume is 
now the sum of the volumes of water and marble. What is the total volume? 



5. Three pieces of brass are placed in a box weighing 586 grams. One 
'48 pounds and the second weighs 13. 42 ounces. The box with 
clH three pieces weighs 2271 grams. What is the weight of the third piece of 
brass ? 



nr Vie 1 
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3. Multiplying and Dividing Quantities 



The logic involved in deciding when you may multiply or divide physical 
quantities is somewhat simpler than for adding and subtracting. The corres- 
ponding rules are therefore a little less restrictive. You will remember the 
basic restriction. It was that adding two quantities together always means 
lumping one portion of a certain quality (like length, volume, weight, etc. ) 
together with another portion of the same quality. The nature of addition is 
such that we can attach meaning to a sum only when we add measures of the 
same quality. This is not the case with multiplying. 











For instance, remember again that you can multiply the length (say in 

feet) by the width (also in feet) of a rectangle to get its area in square feet. 

s X s a c a s e wlxe ^ ^ t* o 1 1 i •.r** ^ 4*11 -.-w-* 

__ . — , ^ ^ iiAcckoux c £> ux uic Same quaiicy. 

But you can calculate the distance a car travels by multiplying its speed by 

the time it takes to make the trip. Three different qualities (distance, time, 

and speed) are involved here, all with different units. You can multiply the 

area of a box-top (square inches) by the height of the box (inches) to get its 

volume (cubic inches); again three different qualities and three different units 

being involved. 



The questions now are: What quantities may you multiply together 

numerically? what units may the quantities have? And what units does the 
product have? The first of these questions must be answered for each partic- 
ular case and will be touched '..on more thoroughly in Section 5 below. In 
general there are no restrictions at all on what quantities may be multiplied 
together. (That makes things easy, doesn't it?) The two questions about 
units are settled by the following 

. Rule: You may numerically multiply two quantities whether or not they 
have units or whether or not the units are the same. You attach to the product 
a new unit whose name is formed by joining the names of the two individual 
units together with a hyphen, either one first. 

There are a few conventions used generally in connection with this rule. 
For one thing, only the second member of the compound name is made plural. 
When both quantities have the same unit, the compound unit is usually named 
by Ufing the word "square" in front of the common unit. Thus the area of a 
rug measuring three feet by two feet is usually given as "6 square feet, " though 
there is nothing logically or grammatically wrong with calling it "6 foot-feet. " 
If only one of the two quantities has units, the units of the product are the 
same as the units of this quantity. 

You might now protest that we went to a lot of trouble to explain and 
justify the rule for adding quantities and even scolded the person who wanted 
TtiGTriOTizG the rule as a substitute for understanding it. W^hy now do we 
give this naw rule for multiplying without any justification, so that the only 
way anyone can learn it is to memorize it? You have a right to be given an 
answer to this question. . 

You will remember that adding two quantities is very much a common- 
sense process. You can add two herds of sheep together and obtain the num- 
ber in the combined herds by adding the numbers for the individual herds. 

You can do the same with baskets of apples or gallons of cider. Under the 
proper conditions, you can do the same with lengths of sticks, intervals ox 
time, weights of rocks, etc. Combining two portions of the same quality, 
as we said before, is almost an intuitive process that yields a larger portion 
of the same quality; that is,, the numerical sum. We saw, however, that condi- 
tions have to be proper. If the sticks are not laid end-to-end, if the time 
intervals are not consecutive, if we add the weight of a half a pile of rocks to 
the weight of the whole pile -- the numerical sums may not have as much 
meaning as we might at first think. The truth is that one has to be a little 
careful even in this intuitively "simple" process. 



Multiplication, however, is not so intuitive. There are times when 
multiplication is merely a compact way of stating a long addition. But there 
are times (in fact most times) when multiplication is not a kind of addition. 

In these cases, we have no immediate meaning to attach to the idea of the ' 
product of two quantities, and we are free to attach to it whatever meaning 
we wish that is consistent with experience. Each case of multiplying two 
p ysical quantities together has to be examined separately, as we shall see 
later, in the light of such experience. Since there is no automatic, common- 
sense, intotive meaning to the product, there is no automatic name for the 
umts in which the product is measured. We can call it what we want. Most • 
people feel tliat it is more reasonable to name the unit of the product after 
the names of the things multiplied together. But there is absolutely no logical 

reason why this should be done (and in fact it is not always done);, it is, toKf 

convenient to do so. Thus the rule for addition is a logical one and was 
carefully explained. The rule for multiplication cannot have a logical basis 
and IS only a cnnvenience that has to be learned. The situation here is some- 
what similar to, say, your eating habits. You have two rules for eating: you 
wash you hands before eating and you wash the dishes after eating. Why not 
fte other way around? There is a very good logical reason for washing your 
ands before the meal, but a much less sound one for washing the dishes 
after . The one "rule" is logical but the other is largely convenience. 



the 



The situation is Bimilar witli the process of dividing quantities. Here is 



Rule: You may numerically divide two quantities whetlier or not they have 
umts or whether or not tlie units are the same. You attach to the quotient a new 
umt whose name is formed by writing first the unit of the dividend (numerator) 
then the word "per", then the unit of the divisor (denominator). 

Again, there are conventions to be observed. Frequently in writing 
t e word ''per" is replaced by the diagonal slash "/", just like a fraction bar, 
which in fact refers to dividing the upper or first unit by the lower or second 
one. In speech, the slash is read as "per". Only the first unit named (numer- 
a or) IS made plural. When both quantities have the same unit, the quotient 
IS a quantity without units - that is, a pure number. (Very often, however, 
one sees units, like "feet per foot" or "gallon per gallon", used to emphasize 
fte umts from which the quotient was derived, though this is not necessary. ) 
When only the numerator has units, the quotient has the same units. When 
only the denominator has units, the quotient has the same units with the word 
per ' in front. In this case, the name is always singular. 

Notice that the person who says "You cannot multiply or divide one quan- 
tity' by another unless they are both numbers" is no more (or less) right than 
fee person who says "Oh yes you can. " There is obviously nothing to stop you 
rom multiplying the number of one by the number of the other. The important 
question is: is it worth doing? We answer this question this way: if the product 
has meamng, it is worth having done it. Physical science is much concerned 
with discovering when such arithmetical operations on quantities have meaning. 
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You have discovered that dividing the length of the diagonal of a square by 
the length of its edge has meaning, and is therefore permissible. 

These riiles are far less formidable than they may look. You only 

need a little practice to get the idea. Here are some questions to practice 
on: 



If an automobile can travel 180 miles on lO gallons of gasoline, what do 
you get when you divide 180 miles by 10 gallons? 

If you can travel 24 miles on your bike in 3 hours, what do you get when 
you divide 24 miles by 3 hours? 

If 55 gallons of paint weighs 495 pounds, what do you get when you divide 
495 pounds by 55 gallons.? 

If 15 1/2 pounds of hamburger costs 620 cents, what do you get when you 
divide 620 cents by 15 1/2 pounds? 

If an ^rplane needs 1350 gallons of gasoline to travel 135 miles, what 
IS the meaning of the quantity 1350 gallons divided by 135 miles.? What is the 
meaning of 135 miles divided by 1350 gallons? 

The glass for a large telescope mirror has to be cooled very slowly. In 
one case the glass was cooled from 800 degrees to 500 degrees in 30 days. 
What is the meaning of dividing 300 degrees by 30 days? 

A man strings 15 tennis rackets in 5 days. What is the meaning of 
15 divided by 5 days? “ 

A garden is 30 feet by 40 feet. What is the quantity 30 feet time 40 
feet and what does it mean? 



Thirty marbles cost 15 cents. What is the meaning of 30 divided by 
15 cents and what is the meaning of 15 cents divided by 30? 



An iron pipe 7 feet long weig 
divided by 28 pounds? What is the 



hs 28 pounds. What is the meaning oif 7 feet 
meaning of 28 pounds divided by 7 feet? 



A baseball player makes 72 hits out of 240 times at bxt. What are the 
meaning and the value of the quotient 72 divided by 240? The newspaper 

reports this batter as having a batting average of "300. " Where does this 
number come from? 



If you have not already done Esqjeriment 8, now would be a good time to 
do it. Then come back and we will have some more. 

Points to Discuss in Class 

How many significant figures are you entitled to in calculating the ratios 
of circumference to diameter? 



J 



5 ? 



'i 




-38- 



What are the units of the ratio, according to the rule? 

Did you find that you got the same ratio (allowing, of course, for a little 
experimental error) for every circle? Does it seem reasonable to you that 
this ratio should be independent of what the circle is made of, who made it, 
how thick it is, where it was made and measured, or anything else other 
than that it is circular? Table I shows you that it is purely a property of 
being circular that the ratio of circumference to diameteris always the same 
--at least for the circles you measured, and when the measurements are 
made in centimeters. 



Did you find that the ratio changed when you switched to inches for the 
measurements? When you switched to widgets? Does it matter what units 
you use to make the measurements? 

According to the rule for units of a quotient, when the numerator and 
denominator both have the same units, the quotient has none; that is, the 
quotient is a pure number. The quotient, in other words, does not tell you 
the units of the two numbers divided. Might this be because it isn't necessary 
to tell, because you get the same result no matter what units are used? At 
least you have shown experimentally that it doesn't matter for the units you 
used -- centimeters, inches, and widgets. Did anyone inyour class find that 
he got a different result for his invented unit? What does this show? Notice 
that the fact that everyone in your class got the same ratio even when very 
many different invented units were used does not prove that no one will ever 
invent a unit for which the ratio will be different. This sounds like a hard 
thing to prove, doesn't it -- that noone will ever find such a unit? Neverthe- 
less we will prove exactly that at the end of this Unit! 



The number TT is a tremendously important number in mathematics 
and physical science and elsewhere, too. The fact that it is the ratio of 
circumference todiam^fc^of a- circle is only one of very many places where 
it pops up. You will see a few more places as we go along. And, it is to 
be hoped, you will see many more in your future study. 



The value ofiTwas given in the discussion following Experiment 3 to 
fifteen significant figures. Of course, no one ever determined TT this accur = 
ately by experimental measurement. Even if you used a microscope and 
super -ruler that could measure to 0. 0001 cm, you would have to measure 
a circle about six times the diameter of the earth to get this accuracy! How 
then can Tf be determined so accurately? Simple -- you use some of its 
other properties. 



£lf you like to play with numbers, here is another property of TT by which 
you could compute its value to very great accuracy if you had the patience. 
Multiply 4 x (1/2), and you will get 2. 00, which you know is much less than 
*77" . In other words, to get TT> we would have to multiply 4 by something 
much larger than 1/2. Very well, we will add something to the 1/2 and 
try again. The thing we will add is 1/3: try 4xQ./2+l/3^. If you work 
this out, you will find it comes to about 3. 33, which of course is too large. 



^rzjDcrirac: 
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We overshot fte mark, so we will now subtract a little off: try 4 xFl/Z + 1/3 
- 1/15J. This comes to 2. 93, which now is too small; We oversh^ the mark 
wf/"’ coming closer! So we add a little back on, this time adding 

1/35. We find that 4 x H/2 + 1/3 - 1/15 + 1/35J is too big, but not very 
much and we are now closer to-7T than before. We can get still closer by 
subtracting a little away again, this time subtracting 1/63. This time we find 
ftat 4 X D/2 + 1/3 - 1/15 + 1/35 - 1/631 is too small, but closer than ever. 
We must add a little back on. Continuing in this way we keep getting closer 

and closer toTT » one time too large and the next time too small, but always 
closer than the time before. 



i; — 

L TJie trick, of course, is to know exactly what next to add or subtract 
iniside the parentheses. Obviously you cannot add or subtract any old thing 

expect to get closer tofT every time regardless of what you 

f 11 value ofTT ahead of time, we could always 

tell what has to be added or subtracted. But remember that we do not know 

Its; value beforehand. ) There is a special scheme to the series of fractions in 
the parentheses. 



D 



this scheme, notice first that every fraction has 1 for its 

numerator. The denominators of the fractions (after the first fraction, 1/2) 

are 3, 15, 35, 63, etc. Do you notice any pattern in these numbers ?Compare 

mis series to the series you would get if you increased each number by one. 
The new series would be 4, 16, 36, 64, etc. Do you see a pattern now? The 
MW series is simply the squares of the even numbers" in their natural order. 
T le next fraction to be added to the 1/63 last used above is 1/99 (99 is one 

less than 10 x 10) and the next one after that to be subtracted is 1/143 
(12x12= 144). And so on. 



r out TT this way. You would get Tf correct 

to two decimal places by taking six fractions, and correct to three decimal 
places by taking sixteen. The worksheet for ..Experiment 9 will help you to 
systematize the work. Perhaps if there is a company that uses an electronic 
computer near your_^hool, your teacher might arrange to have you visit there 
and have it compute fT for you from this series using perhaps 150 fractions in 

Llie nPTfantVio Qrxe T^Vi4 ^ ^ ^ ^ ^ 

correct to about 5 decimal places. The 



the parentheses^ This v/ouiu Hive i/ 

machine could do this for you very quickly, whereas it would take you with a 
pencil and paper many days. Actually this series is a very slow way of 
computing though a very simple one. There are very much faster and 
better ways to do it, though much more complicated. It is hard to see how the 
squares of the even numbers could be related in such an elegant way to the 
ratio of circumference to diameter of a circle. It is one of the beauties of 
mathematics that such relationships exist and can be proved to be true.'^ 



4. Symbols 



The number 12 is a constant, isn't it? But 3 x 4 is also 12, and so is 
6x2, and so is 24/2, and so is 7 + 5, and so is 17 - 5, and so is \/T^. Since 
12 IS equal to all these ( and many more, of course), is 12 therefore a temporary 
constant -- or even a variable? The answer is no. You must be careful to 



f. 
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distinguish between the v^lue of a number and the name of the number. For 
instance, "twelve" and **12" are different names for the same thing; in French 
they call it "douze, " in German **zwolf, " and in English we also sometimes 
say ' ’dozen"; -- but they all mean exactly the same thing. In the same way 



"3 X 4" is still another name for ‘‘twelve, " and so is "7 + 5, " and so is V I 44. 
They are all merely different ways of writing exactly the same number. 



Similarly, consider a ter tain rock weighing 12 o\mces. The weight of 
this rock is also 3/4 of a poijnd, or 0. 75 pound, or 341 grams. Does the fact 
that the weight of the rock ha|,s all these values mean that the weight is variable? 
No. Again "12 ounces, " "0. 75 pound, " and "341 grams" are simply different 
ways of saying exactly the Sc|me thing -- different languages, if you please. 

Be very careful to distinguis|h between a quantity itself and its name. The 
quantity, if it is fixed, has o|ily one value, but it may have many different 
names. One kind of name especially convenient to use for a quantity is the 
sort of name called a "symbol. 



II 



When one thing is used 



to represent another thing, the first thing is 
called a symbol. You have been using symbols almost all of your life, but 
you may not realize it. Take for instance a dog. A dog is a certain kind of 
four -legged animal that bark^, wags its tail, and likes to be petted. You 
refer to this animal orally by pronouncing the word "dog, " but you do not 
have any trouble confusing thk animal itself with the sounds you make when 
you pronounce the word "dog. " The sounds are a symbol representing the 
animal. In the same way, certain marks on a piece of paper -- the marks 
look like this: dog-- are a symbol for the animal, but are not the animal 
itself. 



You can see how useful symbols are. Wouldn’t it be troublesome if 
everytime you talked about your dog you could do so only by lifting him up, 
pointing to him, and saying "ugh"? Imagine how it would be if .you had to do 
that with every thing you talk about. All of your speech is really the use of 
symbols, and of course it takes a baby a long time to get used to using the 
same symbols that other people use so they can understand him. In the same 
way, when you learned to read you had to learn a whole new set of written 
symbols before you could understand what you were reading. 



Physical scientists find it very useful to use symbols in addition to the 
ordinary ones used in speaking and writing. Most of them are just new and 
easier names for the quantities they deal with. For instance, you have 
already seen that when you divide the length of the diagonal of a square by 
the length of its rdge, you always get the same number. We could write the 
sentence 



(Length of diagonal) (divided by) (Length of edge) (always gives) (same 
constant). 



where each separate idea in the sentence is put in its own parentheses. 



2 
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Now let us re\?^ite the sentence using symbols. Nouns first: Instead of 
writing "Length of Diagonal" (which is already a symbol anyway!), we will 
write simply "D'.': Instead of writing "Length of Edge"* we write "El'« We 

have already used vlT as the symbol for this particular "Same constant, " and 
we might as well continue doing so. The sentence now looks like this: 



D divided by E always gives 



Next, we will agree that "always gives" will be symbolized by "=" and "divided 
by" by ' 7". The sentence then reads 



D/E = JT 



You should not let this strange -looking sentence trouble you. It may look 
formidable or foreign, true; but perhaps you can remember the day that the 
sentence ^u are now reading looked strange and undecipherable. The sentence 

D/E - J2" is merely written in a foreign language, but it is a language that is 
very easy to learn. 



You have used symbolic statements like this before, of course, but it is 
important that you understand the exact meaning of such a sentence. (People 
also call them "equations" or "formulas" but they are really only sentences. ) 
Perhaps the most difficult thing about such a sentence is the meaning of "=V. 

To say that one thing equals another is not always exactly clear in meaning. 
Fortunately, however, when dealing with quantities, the meaning is quite 
exact. Two quantities can be equal only if they are quantities having the same 
magnitude and the same units -- only, in other words, if they are no more 
than different names for the same quantity. This statement is worth repeatting; 



In an equation involving physical quantities, the two sides of the equation 
are merely different names for the same quantity. This means that the whole 

equation (no matter how complicated it may look) and the 
right-hand side are different names for the same quantity. Do you see 
how fundamentally simple an equation is? An equation is nothing more than a 
sentence that says that one quantity is merely a different name for another 

. ^9 - . at the two — t.. es are really only one under different 

names. 



In the equation D/E - Sz fox instance, ,Jz is the name of a certain number 
which you learned how to work out. Experiment 6 showed you that D/E is 
another name for this number. For what does "D/E" mean? It means the 
quantity you get when you divide the variable D by the variable E. But D and 
E are both lengths. For example, D might be 14. 14 cm and E might be 10. 00 
cm. Then according to rule for dividing quantities, D/E is a quantity whose 
number is 14. 14/10. 00 or 1. 414. The units of thisnumber may be found by 
the rule: since D and E both have cm as their units, D/E has no units, or is 

a pure number. Thus D/E is simply 1. 414 -- as is also JT to the accuracy 

of our measurement. That is, "D/E" and jz are merely different names for 
the same quantity. 
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^ Write an equation like the one above for the relationship between the 

= ^ circumference of a circle and its diameter. Use "r." nn" 2 

for circumference and diameter. Is "C/D" an .other name for IT"? Does ? 

your eiqieriment tell you so? Does dividing C by D give a number without 
units ? 

'j* 

Just to show yourself how easy it is, try your hand at translating the i 

following sentences into symbolic equations. Use whatever you like as 
symbols for the quantities involved. * 

1. If you lay two sticks down ead-i;o-*end in a straight line, the total 
length can be found by adding the lengths of the right-hand and left-hand sticks. 

2. The average speed of a car during a trip may be found by dividing the 
distance traveled by the time for the trip. 



3. The cost of a pile of golf balls is the price of one ball multiplied by V-r- 
the number of balls in the pile. 

4. The radius of a circle is half its diameter. 

Also, make up formulas to show the relationship between 

5. The perimeter of a rectangle arid its length and width. 

u. xxie perxmeter 01 a square ana me lengtn 01 its edge. 

7. The weight of a pile of golf balls, Idie weight of one golf ball, and 
thenumber of balls in the pile. 

8. The cost of a pile of porkchops, the weight of the pile and the cost 
per pound. 



5. Multiplying and Dividing 



Of euurse you imow how to multiply two numbers together and how to 
divide one number by another. In fact you are probably quite skillful at it. 

Don't let the title appearing at thehead of this paragraph make you think you 
are going to have to go through all that agaj.n. Instead, the present section 
will try to tell you something about what multiplying and dividing mean. First - 
-- multiplying. 



It is easy enough to see what is meamt by multiplying two integers together. 
Integers, you remember, are the numbers you use in counting -- like zero, 
one, two, seven, forty-three, and one -hundred-twenty —one. Hut there are 
also numbers that are not integers but lie between two consecutive integers -- 

like 6 1/2, 14. 712, and What consecutive integers does each 

each of these lie between? 
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If you multiply two integers together -- say 6 and 7 -- the product is 
defined as that number wMch you would get if you add 7 and 7 and 7, etc. , 
six times. And it happens, as you know, that adding 6 and 6 and 6, etc. , 
seven times gives you the same result; that is, multiplying of integers is 
commutacive. oince you obviously can do this with any two integers (although 
with big numbers it may take a lorg time to do it), there is no trouble with 
the meaning of multiplying integers. You know, too, that whenever you multi- 
ply one integer by another, the result has to be an integer. 

Also when you multiply a non-integer by an integer -- say 6x7 1/2 ■=» 
you say that the product must be 7 1/2 + 7 1/2 + 7 1/2, etc. , six times. This, 
too, you can do for all cases. 

The trouble starts when you try to multiply numbers that are not 
integers; for instance, 7. 5 x 6. 3. The question here is not "How much is 
7. 5 X 6. 3? " Before we can say hov/ much it we must first decide "What 
does 7. 5 X 6. 3 mean ? " We have agreed on what is meant by multiplying two 
numbers of which at least one is an integer. We have not yet said what 
multiplying means when neither is an integer. Bufcther^.is really an even 
more basic question than that. One way to phrase the more basic question 
comes from realizing that "7. 5x6. 3" cannot mean 7. 5 + 7. 5 + 7. 5, etc. , 

6. 3 times. Thus the truth is that "7. 5 x 6. 3" doesn*t mean anything until we 
say what it means. Since "multiplying" has so far been defined only when at 
xeast one o. .le factors is an integer, we are quite free to make multiplying 
numbers other than integers mean anything we want. The most basic question 
then is "What do we want multiplication of two non-integers to mean?" 

When we look at the matter this way, we can see that tw'o requirements 
would be desirable if we could meet them. First, we would like the product 
of two non-integers to mean something useful -- else why bother to define it 
in the first place? Second, since we know how much are (7. 5x6) and (7. 5 x 7), 
we would like (7, 5 x 6. 3) to lie between (7. 5 x 6) and (7. 5x7) -- simply because 
6. 3 lies between 6 and 7. And we would like (7. 5 x 6. 3) and (7. 5 x 6. 2) and 
(7. 5 X 6. 4) to be defined in such a way that (7. 5 x 6. 3) lies between the other 
two. In-fact, (we're going to use symbols now) if G is any number greater 
than 6. 3 and L is nury number less than 6. 3, we want ‘If-imes" to be defined 
in such a way that (7. 5 x 6. 3) is more than (7. 5 x L) but less than (7. 5 x G). 

And of course tnc same kind of wants apply to multiplying any non-integers 
at elll. 



As you already know, the way you learned long ago to multiply 7. 5 x 6. 3 
4pes satisfy the desire that (7. 5 x 6. 3) lie between (7. 5 x G) and (7. 5 x L). 

The kind of multiplication you know therefore does satisfy the second desire. 
Does it satisfy the first desire -- that it be useful? 

This question can only be answered by experience, and experience shows 
that the kind of multiplying you know is very useful, indeed. In Experiment 3, 
for instance, we used the rule that the a ea of a rectangle can be computed by 
multiplying its. length times its width. For that purpose, then, the kind of 
multiplying that you already know is useful. The fact is that that kind of multi- 
plying is found to be useful in numberless other cases, too. This usefulness 
tells us that the kind of multiplying that you ioiow is an operation worth giving a 
name; we call it "multiplying, " We represent the operations you have to go 
through to multiply one number by another by the "times sign", x. 
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But notice that in physical situations, it often happens that two quantities 
pop up. Does it follow that multiplying them together will givo as a useful 
product? Only experiment can answer that question. Physical science is 
founded on experiments that show us when it is meaningful to multiply two 
quantities together and when to do many other things with quantities. 

Once we have set ;led on what multiplying means, dividing follows auto- 
matically. For instance, you know that (6. 3 x 7. 5) is 47. 25. But suppose 
you didn't know that. Suppose you wanted to know what number you have to 
multiply by 6. 3 to get 47. 25. You say to yourself, "Surely there must be 
some number which, when I multiply it by 6. 3, gives me 47. 25. What is that 
J^'ii^ber ? " We will lay aside the question -- ""egretfully, because it's an 
intriguing question -- "W hy must th.ere be such a number? Maybe I only wish 
there were one and there really is no reason to believe that it must exist. " 

We will lay aside this question and assume that it does exist. 

Now we will use symbols again. We say "There is a number that gives 
47. 25 when you multiply it by 6. 3. We don't know what the number is, so v/e 
will call it Q. Then, whatever Q is, it has to be true that 

6. 3 X Q = 47. 25. " 

Furthermore, whatever Q is, it has to be found by doing something or other 
with the two numbers, 47. 25 and 6. 3. This "something or other" is called 
"division. " Just as we represent, the operation of multiplying by the "Times 
sign, " we represent division by the "fraction bar", /. For instance, 

"6. 3x7. 5" means "the result when you multiply 6. 3 by 7. 5. " So also, 

'*47. 25/6, 3" means "the result when you divide 47. 25 by 6. 3. " But notice 
one very important thing; division is not commutative. Although "6. 3 x 7. 5" 
means the same as "7. 5 x 6,. 3, " in division "47. 25/6. 3" does not mean tlie 
same as "6. 3/47. 25. " Soraetimes the fraction bar is written horizontally: 



47. 25/6. 3 and bo th mean "47. 25 divided by 6. 3. " 

Of course you already know h ow to carry out the operation of dividing one 
number by another, but it is very important from now on that you now what 
it means. It is especially important that you know the relationship between 
multiplying and dividing. The relationship is very simple, but you must know 

it. 



First, notice that 47. 26/6. 3 means the resc't when you divide 47. 26 x 6. 3 
That is, 47. 25/6. 3 is one number, though it may look like two. Divide 47. 25 
by 6. 3 to see what you get; you ought to get 7. 5. In other words, "47. 25/6. 3" 
and "7. 5" are merely differeiit names for the same number. W? may write 
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wh©r 6 the equals sigiii as beforei means J'is merely another name for. " Now 
let us take this number and multiply it by 6 , 3. This we can dO| because we 
know how to multiply two numbers. Since "47. 25/6. 3" and " 7 . 5 " are merely 
different ways of writing the same number, we of course have to get the same 
result whether we multiply 47. 25/6. 3 by 6 . 3 or multiply 7 . 5 by 6 . 3, that is, 

6. 3 = 7. 5 X 6. 3 

6 . 3 

Now keep in mind that x 6 . 3 is one number and 7. 5 x 6 . 3 is also one 

number. Moreover, thiy \re the same number. Multiply 7. 5 x 6 . 3 and you 

will get 47. 25. In other words, 47. 25 is sty.1 another name for the number 

that may also be written "7. 5x6. 3” or x 6 . 3. " That is, 

6 . 3 

47. 25 

5 3 X 6 . 3 = 47. 25 

Look at this last expression. The thing on the left hand side of the 
equals sign means "The number you get when you divide 47. 25 by 6 . 3 and 
then multiply the result by 6 . 3. " But this result, says the thing oh the right 
hand side of the equals sign, is 47. 25. In other words, if you divide 47. 25 by 
6 . 3 and then multiply the result by 6 . 3, you get back unchanged the 47. 25 you 
started with. 

The result is true for any numbers at all. Let's use symbols. Suppose 
that A and B are any numbers at all. You know how to divide one number by 
another, and so you could calculate A/B if you knew what numbers A and B 
were. Since you don't know, we will say that you would get Q if you carried 
out the division. That is. 



A 

B 



Q 



and A/B and Q are merely different names for the same number. But remember 
also that "dividing A by B" means "finding that number which when multiplied 
by B gives A. " In other words, Q is the number which when multiplied by B 
gives A; or Q x B = A. Now we multiply both sides of the equations sibovd 
by B. The products have to be equal, because we are really multiplying the 
same number by B. It then looks like this: 



A 

3 X B = Q X B 



Be member that \v 3 are entitled to say these two things are equal because 
and Q are the sa:ne number; and if we multiply that number by B, we get® 
only one result, whether we call the result "i^x B" or "Q x B. " But Q x B = A, 
you remember; be absolutely sure you know ® why! 
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That is. A is still another name for "A ^ g„ ^ 3 ,, Therefore 

B 

A 

3 X B = A. 

In words: If you divide any quantity whatever by a second quantity, and then 
multiply the result by the same second quantity, you get the first quantity 
back again unchanged. 

is a very important conclusion. Notice that we proved it from the 
definition that A/B means a number (call it Q) such that B times Q is A. We 
will have much occasion to use this property that "dividing is an operation 
that undoes what multiplication does. " Be sure you understand that this last 
sentence (the one in quotation marks) is true not merely because somebody 
says so. Notice that we proved it must be true for any numbers, because 
we never committed ourselves as to what numbers A and B are. Then 
starting with the definition of what dividing means (what does it mean?), we 
showed that the quoted sentence has to be true. 

Let one number (say A) be divided by another (say B), to produce the 
quotient A/B. Then let A/B be multiplied by a third number, say C. We would 
write the final result. 



) 



B 



X C. 



Now, let A be multiplied by C to give the number A x C. Then let this res’il 
be divided by B. We would write the final result, 

A X C 
B 

You probably already know that you get the same result this time as the firr,^ 
time. That is, it doesn't matter whether you first multiply and then divide, 
or first divide and then multiply. In other words. 



SJ' 



A ^ - A X C 
B B . 






II 



C and 



A X C 



(I 



are different names for the same thing, it doeon't 



"A 

Since x w a.ua 3 

matter jwhich one you '^rite. We usually write it the second way ^ecause it 
Beems to look nicer. But remember when you have to work out it 

doesn't matter whether you first divide A by B and then multiply by C; or 
first multiply A by C and then divide by B; or first divide C by B and then 
multiply by A, The same idea holds even when you have a more complicated 
fraction like ^ To work out this fraction you may do any of the 

multiplications or cffvisions in any order you please. But the order is impor- 
tant if ome of the operations are addition or subtraction. 
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Why don’t you take some complicated fraction like 3 x 11 x 14 
multiply and divide in different orders to satisfy^yourseh^ftiat^you 3o always 
get the same result? C3.rry the division to three decimal places for each 
trial. 

6. Solving Equations 

”We studied all about squares and their diagonals today, " Tom told his 
brother Jerry when he got home from school. "We found that, for any square 

at all, the ratio of the diagonal’s length to the edge length is always the same 
number. " 

"Oh. Well how long the diagonal of a square?" asked Jerry. 

"It depends on the size of the square, " Tom replied. 

"But you said the length of the diagonal was always the same for any 
square ^t all, " Jerry said. 

"No, I didfdt. I said the ratio of the diagonal to thelength is always the 
same. The ratio is the square root of two. If you have a big square, " Tom 
went on to explain, "the edge and diagonal are both big. If you have a little 
square, the edge and diagonal are bothiilitile. But whether you have a big 
square or a little one, the ratio of diagonal to edge is always the same. " 

"Oh, I see, " said Jerry, beginning to get the idea. "If you have a 
bunch of different squares, you also have a bunch of different edge-lengths 
and diagonals. But if I take any one square and divide its diagonal by its 
edge, I always get the same number, no matter which square I choose. " 

"Right, " Tom assured him. 

"Then if I have two squares with different edges, " Jerry said, *’lhe 
diagonals have different lengths. I can see that. " 

"Right again. If the squares have different edges, the bigger ore has to 
have the bigger diagonal. You see, if they had the same diagonal, then 
when you divided the diagonal by the bigger edge you would get a smaller 
ratio than when you divided the same diagonal by the smaller edge. And 
that’s not allowed -- you must always get the same ratio. The only way you 
can get the same ratio is if the square with the bigger edge also has the bigger 
diagonal. " 

"Okay, " said Jerry. "Then if a square has a certain edge, there is 
only one diagonal it can possibly have in order to make the ratio exactly Jz. 

If the diagonal is bigger than that one thing, then the ratio would be bigger 
than J2 and if the diagonal were smaller than that one things the ratio would 
be less than JY. Am I right so far?" 
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*’Yes, " Tom answered, not sure what was coming next. 

”A square with a certain edge can have only one certain value for its 
diagonal, " Jerry repeated. "Then if I tell you the edge of a certain square, 
you should be able to tell me its diagonal, shouldn’t you?" he asked. 

Tom hesitated, then admitted, "I guess X ought to be able to, now that 
you remind me that a given square can have only some certain length for its 
diagonal. But I don’t think I see how to do it. " 



Tom and Jerry were right, of course. If you fix the edge length of a 
square at some definite value, the diagonal length is also automatically fixed, 
whether you want it to be or not. You can think of all the possible squares in 
the world. Then when you ask "What is the edge length of a square?", immedi. 
ately you realize that it can be any length at all, depending upon which square 
you are talking about. The edge length of a square ( any square, not some 
particular one), in other words, is a variable. The diagonal length of a square 
is also variable, because you can find a square having any length you please 
for its diagonal. You are free to choose, out of all possible squares, any 
edge length or any diagonal length you please, But you cannot do both. Once 
the edge length is chosen -- once you select some particular value for the 
edge length --the diagonal length is fixed whether you like it or not. 



Now let's see whether we can help Tom, who had a feeling he ought to 
be able to solve the problem his brother posed, but wasn't sure how to do it. 
Suppose we have a square whose edge length is 8. 73 cm. How long is its 
diagonal? First, we admit from the beginning that we don't know (yet) how 
long the diagonal is; but since we want to talk about it, we'll give it a tempor- 
ary name -- say D. Now when you divide D by the edge-length, 8. 73 cm, you 
m^t get 1. 414. (We have three significant figures in 8. 73 and therefore carry 
Jz to four significant figures to have one extra significant figure for safety. ) 
We therefore know that 



D 

8. 73 cm 



1.414 



^here D/8. 73 cm" and "1. 414" are merely different names for the same 
number. Next, we multiply both sides of this equation by "8. 73 cm. " Slice 
the two sides are the same number and we are multiplying both by the same 
quantity, the results must be equal. Hence 



D 



8. 73 cm 



8.73 cm = 1.414 x 8. 73 cm 



LiOok at the left-hand side of the equation -- do you see what we have done? 
The left-hand side says "Take D and divide it ^by 8. 73 cm and then multiply 
it by 8. 73 cm. " By this time you know that multiplying and dividing some- 
thing by the same quantity leaves that something unchanged. Hence 

_ ^ cm IS just another name for D, So in the equation above,* 

replace the Jut hand side by its other name D, and we then 'have 

D = 1. 414 X 8. 73 cm. 
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But this equation tells you that the thing we didn't know, D, is equal to 
1. 414 X 8. 73 cm, or, if you multiply it out, 12. 34 cm. Now Tom knows how 
to calculate the diagonal of a square if he knows the edge. Do youi' 

If we wanted to, we could carry out the whole chain of reasoning in the 
preceding paragraph using symbols only. Like this: It is always true that 



where D and E are respectively the diagonal and edge lengths of a square. 
Since Jz has no units, you know from the rule for dividing quantities that 
D and E must be expressed in the same units -- cm, feet, miles, it doesn't 
matter as long as they both have the same units. We can multiply both sides 
of this equation by E, getting 

§ X E = jY X E. 

Jlf 

The left-hand side, of course, is just D, so finally 

D = v/y X E. 



So, for any square, you can calculate the diagonal by multiplying the edge 
by .JY. D will then be in the same units as E. 



When we have an equation like D/E = J 2, and manipulcite it in such a 
way that we end up with an equation that has D all by itself on one side, we 
say that we have "solved the equation for D. " Much of physical science deals 
with the solving of equations for things, like D in Tom's problem, that one 
feels ought to be determinable, but are buried in an unsolved equation. You 
will see many examples of this as we go along. Here are a couple more. 
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Suppose you know the diagonal of a square; can you then calculate what 
the edge must be? For any square, D/E = JT. This is an equation, and we 
would like to solve it for E; for if we had the equation in the form "E- something 
or other, " then we could calculate ^he "something or other" and we would 
have E. Can this be done? Well, let's see. 






iii 



Start with 



Multiply both sides by E 



Drop the E's on the left side 
because E is merely D 



Divide both sides by J2 



zm::. 













DfE 


= ..fz 


£x E 


= J2 


E 




D = 


X E 


D 


J2 X E 


- 5T. " 
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Drop the i2‘s on the right 
side because ^ ^ ^ is 
merely E 



D 

_5T 



£ 



Write the equation in reverse, 
since if X = Y, then surely 
Y = X. 



E 



D 

JZ 



And there you have it! ^ get the length of the edge of a square, you need only 
divide the diagonal by 

Do you see the idea behind this method of solving an equation? Let’s try 
it once more, this time using symbols entirely. Suppose that A, B, and C are 
three quantities, and it is known that A/ B = C. Solve the equation for A. You 
think like this: 



D 
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1. I have 



A 

B " ^ 



I want the A all by itself, so I have to get rid of the B that appears on 
the left. I may not just throw the B away, because I could not then 
be sure that the equation left would still be true. But I know that the 
equation would still be true if I do the same thing to both sides. Is 
there anything I can do to both sides that will get rid of the B on the 
left? Sure there is: 



I 



Multiply both sides by B 

and now I can 



B 



X B = C X B 



3. Cross out both B's on the left 



A = C X B 



The A is now by itself and the equation is solved. 



You notice we have now many times made use of thv fact that an expression 
like — X Q or (where P and Q are numerical quantities) may be 



simpWied by noticing that any time a quantitiy, P, is both multiplied and 
divided by the same quantity, Q, the first quantity, P, is left unchanged. This 
fact is often esq^ressed by saying:, when any quantity appears, alone or as a 

i^ botn the numerator and denominator of a fraction, you may can~ 
cel out that quantity without changing the value of the fraction. 



Take the equation C/D - and see whether you can (a) show how to 
compute C if D is known, and (b) compute D if C is knovm. 



In general, you can solve an equation only if there is only one thing in it 
that is not known. You could not, for example, find the diagonal of a square 
from the equation D/E = if you didn't know the edge. 



Now you need some practice in solving equations, 
you to work on. In ail of them, remember the units. 



Here are some for 
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The area of a rectangle of length L and width W is A = JL x W. Solve this « 

equation for L and also solve it for W. Then find how long a strip of paper J 

has to be if it is 2. 54 cm wide and has an area of 86. 2 square cm. 

The area of a triangle is A = 1/2 x B x H, where B is the length of its | 

base and H is its altitude. Solve this equation for B and also solve it for H. 

Also show that for any triangle, B x H/A is always the number 2. What must ;i 

be the altitude of a triangle enclosing 32. 7 square cm if its base is 4. 96 cm 1 

long ? 

The area of a square is given by A = E^, where E is the length of its 
edge. Solve this equation for E. (Here is a hint; What is the square root ? 

of E ? That is, what must you multiply by itself in order to get E^? ) if a ■ 

square has an area of 2. 56 cm, what is its edge? ? 

The volume of a rectangular parallelepiped (this is the official name for S 

a thing shaped like a square -cornered box (like a cereal box, say), is given by i 

the equation V = E x W x T, where L is the length, W the width, and T the i 

thickness. Solve this equation for T. How thick must a slab of wood be if it 
is 9. 24 cm long and 4. 14 cm wide and has a volume of 46. 3 cubic cm? 5 

If a car travels at a uniform speed, S, then the distance it can travel ; 

in time, T, is D = T x S. Solve this equation for T and then compute how 

long it will take a body moving at a speed of 6. 71 cm per second to travel 
88. 4 cm. 



The area of a circle, A = j| r 2, where R is the radius. Solve this equa- 
tion for R and compute the radius of a circle whose area is 628 eq. cm. Use 
H = 3. 14 , which is correct to three figures. 

The price of a pile of hamburger is given by P = C x W, where C is the 
cost per pound (in cents) and W is the weight in pounds. What are the units of 

P? How many pounds of iiamburger could you buy for 248 cents if the cost is 
62 cents- per pound? 

7. Once Again, Eijghtly: 
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They are really variables whose values are only temporarily unchanging. On 
the other handi some constants are quantities whose value never change. Such 
a quantity is the ratio of circumference to diameter of a circle, whose value 
for any circle whatever, is always 7T. 

Just as one may do arithmetic with numbers, it is permissible to do 
arithmetic with quantities that are not numbers. One may add and subtract 
quantities on]y when they are measures of the same quality -- length and length, 
for instance, or weight and weight. But one cannot add length and weight, or 
temperature and time. Adding such quantities is forbidden, not by law, but 
by the simple fact that the sum of two unlike qualities seems to have no meaning. 
The sum of two quantities is another quantity of the same quality as the thihgs 
added -- length plus length gives a length, for instance. The numerical part 
of the sum of two quantities can be obtained, only if the two quantities added 
have the same units; the numericalpart of the sum is th. n identical with the 
number -sum of the numerical parts of the two things added. 

Quantities may be multiplied or divided, however, regardless of the units 
they have. The product (or quotient) of two quantities is a new quantity that 
measures a quality which is in general different from the qualities measured 
by the two things multiplied or divided. The units of the product (or quotient) 
are therefore- different frojcri,.th<jfse of the thingj multiplied or divided. Being 
"new” quantities, logic says you may give their units any name you please; 
but convenience (so that people can talk to and understand each other, for 
instance) says that it is better to have rules that tell how to form the names 
in a uniform way. 

It is important to distinguish the name of a quantity from the quantity 
itself. Thus a certain given stick has a certain length which is the same 
quantity to everybody. But one person may give this quantity the name of 
"36 inches", another may name it "3 feet", still another may name it 
"91. 5 cm. " These are all different names for the same quantity. When the 
numerical measure of a quantity is unknown or variable so that its numerical 
value cannot be stated, it is often convenient to give it a name not involving 
numbers. Such a name is called a symbol --as the quantity representing t^ie 
length of the stick above, either because it is unknown or changing, might 
be named "L". 



.ERIC 



When a quantity has bvo different names, a statement giving these two 
names is called an equation. The two names are called "sides" of the 
equation and may involve symbols and combinations of symbols as well as 
numbers. Using rules derived by logic from definitions, it is possible to 
transform an equation into '- her equations all of which are, by logic, known 
to be true. When such a t' iformation is carried out in such a way that a 
symbol which originally wa^ -ried in a combination now stands by itself as 
one side of the equation, the equation is then said to be solved for that symbol 



The body of ■**ules that tell how equations may logically be manipulated 
belongs to xnathomatics. Physical scisnce consists of finding equations to be 
manipulated and discovering the meanings of the new equations so obtained. 
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Further Classroom Discussion 









Barbara measures a certain stick and later David measures it too. Pete looks 
at the stick and sees that it has a certain length. He asks Barbara how long it 
is, and she tells him 25. 5 inches. Then he asks David who tells him 67. 3 cm. 
Pete can see that the stick has only one length, yet Barbara and David gave him 
different answers. What is the trouble? 



According to the rule given in Section 3 of this unit (which you also 
learned long ago anyway! ), when you add two quantities they must be in the 
same units. What can it mean, then, when you are told that a certain base- 
ball player is "six feet and two inches" tall? Doesn't this mean you are adding 
six feet to two inches ? What about the label on the can of sauerkraut that says 
it contains "two pounds and three ounces"? 

The most natui I units of area are those formed by multiplying a length- 
unit by itself, like "foot-feet" or "centimeter -centimeters. " (These, of course, 
are usually called "square feet" and "square centimeters. ") The least natural 
are those made up out of thin air, like acre. What would the area unit, the 
inch-foot, be? 

Similarly with volume. The cubic foot (or "foot-foot-foot") and the cubic 
centimeter (or "centimeter- centimeter-centimeter") are the most natural and 
the gallon and bushel the least. Conservationists often use the "acre-fDot" to 
tell the volume of water in a reservoir or lake. What is an acre -foot? 



Here is an English lesson for you. The unit of any quantity is a noun, and 
the number of the quantity is an adjective. When the number is greater than 
nne, the unit is put in the plural. Just as you say "three men" rather than 
"three man", you should say "five feet" and "sixteen tone. " It is improper to 
say "That man is six foot tall" or "I need three ton of coal. " When the whole 
quantity (number and unit) is used as an adjective, however, the \xnit is put 
in the singular. Just as you say "There are tv/o men on that bicycle, " but 
"That is a two - man bicycle, " so also is it proper to say "I know a five-foot 
quarter back" and "ten-ton truck. " When the unit is a compound, you pFuralize 
only the last member: "The reservoir holds 22 acre-feet of water. " 



It is also ixiiproper to use the name of the unit for the name of the quality. 
You do not say "What is your year? " when you mean "What is your age? 
nor do you say "This stick has a bigger foot than that one", when you mean 
"This stick has a bigger length than that one. " What did the automobile 
engineer mean when he said "I bored out the cylinder in order to increase 
its cubic inch"? 



You can determindiPfe speed of a rifle bullet by measuring the length of 
time the bullet takes to travel a certain distance and dividing the distance by 
the time. If the distance is measured in feet and the time in seconds, what 
units will the speed have? Ballisticians often express the speed of a rifle 
bullet in "foot-seconds. " How should they express it? 
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The speed of a ship is often expressed in knots. What is a knot? 

Try this experiment. Get three bowls of water, one containing Wciter as 
hot as you can comfortably stand it, one containing water as cold as you can 
stand it, and one at room temperature. Place one hand i.i the hot water and 
one hand in the cold water and leave them there for about 30 seconds. Then 
quickly remove both hands and plunge them into the water at room temperature. 
Make two judgements of the temperature of the water in the third bov/1, one 
by feeling it with your right hand and one by feeling it with the left. Do they 

"feel" the same temperature? Is the temperature of the third bowl then a 
variable ? 

A company was founded 35 years ago, and this year three of its employes 
retired. Tv/o had been with the company since it was founded and the '-other 
for 30 years. At their retirement banquet, the president of the company 
commented that together they represented a century of service to the company. 

Does it make sense to speak of a century of service to a company that is only 
35 years old? 



You will remember in Experiment 8 how you showed that the ratio of 
circumference to diameter of a circle was alv/ays the same, whether you 
measured it in centimeters or inches or widgets. It looked as though the 
ratio would be the same no matter what u;nits you used. Of course you could 
notprove this to be true even by carryir - out the experiment a million times 
different units each time and alw v - finding that the units made no 
difference in the ratio. You could nev( be sure that the very next unit tried 
woitidn't give a different ratio. (Notice, though, that you would have very 
well-founded reason to believe it, even though you hadn't proved it. ) 



Suppose that the circumference and diameter were measured in centi- 
meters, and found respectively to be C a.id D. Then 

Ratio for cm measurements = .19, 

D 

Now take some other unit of length, any at all. If this unit is a fixed amoimt 
(what good would a unit of measurement be if it were not fixed in size? ) th.en 
certainly some number of them v^ould be contained in one cm. This number 
might be more or less than one, but it has to be some fixed constant. Call 
this number N, just to give it a name, so that there are N of these units in 
one cm. How many of these units will there be in C cm? How many in D cm? 
--if there N in one cm. The answers are respectively N x C and N x D, of 
course. In other words, if the circumference had been .leasured in the new 
units, since it measured C cm it would have measured N x C new units. 
Similarly, the diameter would have measured N x D units. The ratio, circum 
ference/diameter, in the new units would then be 






u 



k 

■‘i 



Ratio for new units = ^ ^ ^ 

D X N 
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gow notice that the rig>t-hand side of this equation is a name for the quantity 

— multiplieji by N and then divided by N. By this time you know that the result 

IS simply - unchanged. Then £ is another name for and we can write 

^ D X N 

Ratio in new units = ^ 

D 

« 

where remember that C and D are the numerical measures in centimeters. We 

have then shown that the ratio in centimeters is the same as the ratio in any 

other units. Now you don't have to carry out that experiment a m:Lllion times 

and even then not eliminate the fear tliat the million-and-first one may go 

wrong. You have proved that the ratio must be the same no matter what units 

you use, as long as both circumference and diameter are ms asured in the same 
units. 
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Unit III 



I 



Functions and Proportionality 




1. What is a Functipn? 

The idea of a function is one of the most basic ideas in all of physical 
science, though you musi; not suppose that functions are confined to physical 
science alone. While the notion of function is not at all a difficult one, it 
might be best to grow into it gradually. Basically, functions deal with rela- 
tionships between two (or more) variables. 

First, you should remind yourself that you often run across cases where 
two variables are related to each other. You are aware of such a relationship 
when you say that one thing depends on anbther. We are particularly concerned 
with, relationships between quantities, however; that is, on one quantity's 
dept.-^iing on another. Suppose, for instance, someone asked you how long 
it takes for your electric train to run around a certain track you've laid out. 

You would probably say "That depends ", wouldn't you? Depends on what? 

Well, the time it takes the train for one circuit of the fixed track depends on how 
fast the train goes, doesn't it? 

How long is the diagonal of a square? It depends on how long the side 
is. You ban have any length at all for the diagonal, and any length at all for 
the edge; they are both variables, if you consider all possible squares. Yet 
once you have chosen a certain edge -length, then the diagonal length is fixed; 
and this is what we mean by saying that the diagonal -length depends on the 
edge -length. (Of course, the other way around, too. ) Or, if you have a 
variable -speed train, you can have any length of time you want for circuiting 
the track (at least between certain limits; there is a fastest speed you train 
can travel and there may be a slowest speed too), or any speed you want. But 
once you have chosen the speed, the time for one circuit is fixed; you no longer 
have an choice. This is what you mean when you say the time depends on the 
speed. 



Or, suppose you were walking up a ramp. How far above ground are 
you as you walk up the ramp? Well, it depends upon how far along the ramp 
you've walked. Within certain limits, you can walk any distance along the 
ramp you please, or you can be as high off the ground as you please. But once 
you have chosen a certain distance to walk along the ramp, you will be as 
high off the ground as that point brings you, and you have no further choice in 
the matter. 



How far will this spring stretch if I hang a fish on it? It depends on the 
weight of the fish. I can have any weight fish that I please, or can stretch the 
spring any length that I please (within limits, of course). But if I choose a 
certain weight for the fish, then I no longer have any choice about the spring 
extension. Each weight has its own extension whether I like it or not. Also 
the other way around. If I choose to extend the spring by a certain amount, .• 
then there is only one weight that will extend the spring exactly that much. 
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Now the Idea of a function is very simple. When one variable depends 
on another, the first one is said to be a function of the other. More exactly 
when two quantities are so related that, as soon as one of them is fixed in 
vMue, the other one is too, then the second one is called a function of the first. 
The function is the one that is automatically fixed by making a choice for the 
otii6r. In ths examples above; 

The time it takes for an electric train to make one circuit of a given 
track is a function of the train's speed. 



The length of a square's diagonal is a function of its edge-length. 

The distance you are above ground-level as you walk up a ramp is a 
function of how far along the ramp you walk. 

^ The amount by which a spring stretches is a function of how much weight 
IS attached to it. ® 



It is often (but not always) true that when one quantity is a function of 
another, the second is also a function of the first. This is the case with 
each of the four discussed above. 

Try to cite some other pairs of variables which are functions one of the 

other. 



You might now go back to Section 6 of Unit II and read again the saga of 
Tom and Jerry. You will remember that Tom and Jerry had noticed that you 
can have any length at all for the edge of a square, or you can have any length 
^ all for tfce diagonal of a square. But you cannot have both at the same time 
<-®oeyou choose a certain value for the edge, the diagonal length is no longer ' 
subject to choice; it is fixed at some certain value whether you like it or not 
The two boys then carried their thinking one step further. They said: if the 
diagonal of a square is fixed when 1 am told what its edge-length is, then I 
ought to be able to figure out the diagonal-length when I am given the edg^ -length. 

What Tom and Jerry were saying is this: "The diagonal-length is a func- 
tion of the edge -length. If I actually draw a square with an edge -length you 
give me, then the square will automatically adopt exactly the right diagonal- 
length. If a square is clever enough to do this without thinking, then surely 
I ought to be clever enough to figure it out without drawing it. Drawing it 

would be "cheating" because that’s really the same as havinv the « — 

it out for me. " ° 



We learned that, for all squares, the quotient, diagonal -length divided 
by edge-length, is cjways .SZ, This we learned by experiment. Then by 
logic we deduced that D = E x izT Thus by a combination of experiment and 

ogical thought, we found a way of calculating the unknown diagonal-leneth fio m 
the given edge -length. ® 
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There you have in a nutshell the whole goal of physical sciance. If you 
know (or suspect) that some quantity is a function oi some other, try to find 

some way to calculate the first quantity when the second one is given to you. 

For instance: 

You drop a stone from the top of a tall building and notice that the longer 
you wait, the farther the stone falls (until it hits the ground). You conclude that 
the distance traveled by a falling stone is a function of the time of falling. Can 
you find out how to calculate distance fallen when time of fall is given? 

You notice that tne weight of a piece of copper depends upon the size of 
the piece; that the weight of a piece of copper is a function of its volume. 

Can you discover how to calculate the unknown weight of a piece having a 
given volume ? 

that the distance that a spring extends is a function of the 
weight attached to it. How can you calculate the unknown extension of a 
spring to which a given weight is attached? 

You can see that the distance above ground attained by a p^-rson walking 
up a ramp is a function of how far along the ramp he has walked. How can you 
calculate the height when the distance along the ramp is given? 

Now would be a good time to do Experiment 10. Afterward we will 
have the usual 

Points to Pis cuss in Class 

How does the very nature of the experiment indicate that the height is a 
function of distance along the ramp? Notice that once you chose a distance 
there was only one height to measure corresponding to that distance. 

What curious circumstance did you find about the ratios of height 
divided by distance for the straight ramp (last column in Table I)? V/ithin 
the error of measurement, would it be fair to say that the ratio of height/dis- 
tance is a constant for any one straight ramp? 

What would you suggest doing on the first line where you had to divide 
zero by zero? What d' es it mean to divide something by zero? To try to 
see what it means, recall the definition of "dividing. " The quantity, A/B, 
means that number (say Q) which when multiplied by B gives A. That is 

A 

-1 = C means that A = B x Q 

B 

whatever numbers A and B might be. Now suppose that B is zero. This 
would mean that A/0 is the number which, when multiplied by 0 gives A 
That is 




A 

0 



Q means that A 



0x0. 
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Suppose first tha.t A is not zero., Zero times any number is zero, isn’t 
it? Therefore, 0 x Q is zero regardless of what number Q may be. Hence 
A, which is equal to 0 x Q» must be zero. But we supposed that A is not 
zero. Now clearly A cannot be both zero and not zero, and som.ething there- 
fore must be v/rong with our argument. What is wrong? 

We started by supposing that A/0 is some number Q and A is not zer o; 
and ended by finding that A ^ zero. Since this is not possible it must be that 
our supposition is wrong. Now we supposed two things: 

A is not zero 

A/ 0 is a number (which we called Q) 

Certainly there is nothing wrong with making A anything we please, including 
9 or any other mimber not zero. There is nothing wrong with the 
first assiirnption. Therefore the second assumption must be wrong: A/0 
cannot be a number if A is not zero. This is worth repeating: 

When A is not zero, ^ is not a number. 

This is a statement sometimes loosely quoted as "You can’t divide by zero. " 

Now suppose that A zero. It still must be true (using the same old 
definition of dividing that 

^ = Q means that A = B x Q. 

B 



If A and B are both zero, this last sentence becomes 



£ = Q means that 0 
0 



0 X C. 



Now notice that the last equation is true for any Q at ali. Hence 0/0 may be 

any number at all: it is not defined or determinable. This too is worth 
repeating: 

~ is not defined. 

Since 0/0 is not defined by the process of dividing, you are of course free 
to make it mean whatever you would like it to mean under the particular 
circurnst8,nc6 s wh 62 re vou find it 



What would you like "0/0" to mean on the first line of your Table I, in 
order to make all the lines consistent? Now you can make the statement for 
all distances, including zero; "The ratio of 'height above ground' divided by 
'distance along the ramp' is a constant. " (When the ramp is straight! ) 









■f 
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This question arises: Cail you predict (tliat is, calculate without 

measuring) the height above ground for a given distance along ramp? You 
have a suspicion that it inight be possible, because you ran into a similar 
situation before: You folind that the diagonal— length of a square is a function 
of its edge length, and then found a way to calculate the diagonal-length when 
you knew the edge— length. Can you calculate height when a distance is given? 
Of course you can! Let H represent "height above ground" and let D represent 
distance along ramp. " Then from your experiment, you seem entitled to say 






H 

D 



some constant 



For your ramp what is this constant? Take its value as the average of the 
ratios in the last column of Table I. Flace your value in place of "some con- 
stant" in the last equation above and then solve the equation for H. Now you 
can predict the height above ground that would be attained by walking along the 
ramp any distance you please. Calculate the height above ground for a distance 
along ramp of 15. 00 cm. Record this valv 3 on data sheet #2 of Escperiment 10, 
in the box "Calculated value of H for D = 15. 00 cm. " 



Did you find the ratio for the crooked ramp fsk Table II also constant? May 
you for the crooked ramp write an expression like "H/D = some constant? 

Notice that for the straight ramp you may write the expression 



H = k X D 



where k is some measurable . constant; but for the crooked ramp you cannot. 
You can easily calculate H when given D for the straight ramp, but you have no 
way of doing that f'^r the crooked ramp. 



I 



Now for both ramps, height is a function of distance, isn’t it? Why? 
Because for any given distance along either ramp, there was always one and 
only one height to measure. In the case of the straight ramp, however, we 
found an easy way to calculate the function (height) from the variable (distance). 
For the crooked ramp we have found no way to do this. For a straight ramp, 
height is a known function of distance; for a crooked ramp, the height is an 
unknown function. 



Of course, to say that the function is unknown does not mean that it is 
unknowable. It would be possible to write an equation, far more complicated 
than H = k x D, for the crooked ramp, though it hardly seems worth doing. 
Straight lines occur very frequently in the world, but a curve shaped exactly 
like your crooked ramp does not occur often enough to make it worth studying. 
The broad goal of physical science is to find useful relationships of this kind. 
That is, the goal of physical science is: 






(1) To recognize what physical qualities can be measured as quantities; 



(2) To seek out those cases where two (or more) variables are so 
related that one is a function of the other (s); and 



o 



(3) To express this function in the form of an equation. 
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2. Functional Relationships \ 

When one variable is known at least to some extent as a function of 
another, that information may be useful. How can it be communicated? Let's ‘ 
visit Tom and Jerry again, ( 

<: 

Tom said to Jerry "You know that ramp in our backyard? V/ell I made • 

some measurements on it yesterday and I found that as you walk up the ramp, 

the height you are above the ground is a function of how far up the ramp you 
walk. " r / j 

\ 

Jerry wasn t quite sure he knew what the word "function" meant, so he 
asked, "Does that mean that if I walk up the ramp a certain distance, then the ' 
height I am above ground at that point is fixed by how far up the ramp I walked? " { 

"Yes, that's it exactly. " 

"Vlell, I use that ramp every nov/ and then myself, and it would be useful 
to me to know how far above the ground I happen to be for any distance along 
tile ramp. " Jerry got out his notebook and pencil, then said to his brother, 

'I want to write this down. Tell me how I can know how far above ground I am I 
for different points on the ramp, " 



Tom was prepared for this, because he made a table just like your Table I 

in Experiment 10. He showed it to his brother, who looke ' at it carefully and 
then protested; 

But wait a minute. This table is good for only 10 different points on 
the ramp. Suppose I want to know how far above ground I am when I'm 
standing at some distance not in your table?" 

Tom was a little crestfallen. He had gone to some trouble to make 
the table, was proud of it, and was happy that his brother might make use { 

of his work. Now Jerry had picked on a serious defect in it. "I could go j 

back, " he offered, "and measure another 10 points. Then you would be 
sure to be near one of the entries in the table no matter where you stand. " 

"I'm afraid that won't do, " Jerry replied. "No matter how many points 
you measure, you can never be sure that exactly the point I need will be among ( 

them. Isn't there some way you can tell me the height for every point no matter ? 

where it is?" i 

I 

Tom didn't see how he could do tliis right away, so let's see whether we 
can help him. J 



You already know that one variable is a function of another when they are 
so related that the first is automatically determined when the second is fixed. 
Thus if you are told that X and Y are variables and Y is a function of X, then 
you immediately know that Y has some fixed definite value when you assign 
at your pleasure some definite value to X. The variable (X in this case) to 











which you assign any value at pleasure is often called the independent variable I 

independent" because you may assign its value independently of anything ? 

else. The function (Y in this case) is often called the dependent variable -- I 

"dependent" because its value depends on the already-assigned value of the 
other and cannot be assigned at pleasure. Of course, c we noted before, | 

when Y IS a function of X, it is often true that X is a function of Y, In such i 

a case, it may be convenient to call Y the independent variable and X the I 

dependent one. The two terms, independent and dependent variable, are used 
only as a matter of convenience. In much the same way, you can imagine a ^ 

conversation like this: | 

"Did you know that Smith has a brother? " 

Yes. Smith is a good friend of mine but I hardly know his brother. " 

The participants in this conversation have quite clearly in mind which person 
is Smith and which is his brother; yet the truth is that both these persons are 
Smith and both are Smith's brother. 

Then if Y is a function of X, we can assign at pleasure a value to the 
independent vaiiableX; and know that the dependent variable Y automatically 
has its value fixed. But to know that Y has some definite value when X is 
fixed at, say, 10. 07 cm, is a far cry from knowing what that value is. In 
other words there is a difference between knowing merely that Y is a function of 
X, and knowing exactly what function of X the dependint variable Y is. Any 

means of telling what function of X some other variable Y is, is called a 
functional relationship. 

One way of communicating a functional relationship between two variables 
is by a table. Such a table would give a selected list of values for the variable 
X; and opposite these selected values of X would be listed the corresponding 
values of the function Y. Such a tabular representation of a function, however, 
has the very serious defect that Jerry had put his finger on in the exciting 
drama above. Even if the table stretched in fine print from here to the moon, 
it could not give the value of Y for every possible X. By its very nature, a 
tabular representation of a functional relationship can give only a limited number 
of values of the two variables. This is quite satisfactory in some cases, 
especially in cases where the independent variable is, by its very nature, one 
that can have only a certsi n number of values. An example might be 

Independent variable: A year of the twentieth century 

Dependent variable: The total rainfall that year in Dallas. 

Here a table would be complete, because there is no year 1958. 5. Such a 
variable is called discrete: no two possible values of the variable can be any 
closer than a certain amount (in this case one year) apart. Our concern here 
is with continuous variables, those in which you can have two values of the 
variable as close together as you please. The points on a line, for instance, 

may be 1 cm apart, or 0. 001 cm, or 0. 0000000001 cm, er even closer than that 
if you wish. 
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3. Graphs 



One can get around he discrete nature of a tabular representation by 
using a graph. As you already know, you make a graph by plotting a series 
of points with respect to two axes. You choose a certain length on the hori- 
zontal axis to represent one unit of the independent variable and a certain 
length along the vertical axis to represent one unit of the dependent variable. 
You then take one pair of values of the two variables and locate the point on the 
graph in much the same way as you locate a city address as the intersection of 
two streets. When all the points have been plotted, you connect them by a 
suitable curve. 



Now is the time to finish b/xperimeiit 10. 



Points to Discuss in Class 



When one constructs a graph from a set of points plotted from experimental 
data, the problem always arises; How shall I draw a line through these points to 
complete the graph? You have this problem right now in the graphs from Experi- 
ment 10. (In fact, you v/ere told to draw the lines lightly in pencil because they 
are only temporary: we want to discuss what you should do before doing it 
permanently. ) The "line" drawn through experimental points of a graph is 
called a curve, and this is true even when the "curve"is a straight line! 



Before you can sensibly decide how to draw the curve, you must first 
understand why you draw the curve at all. Wh> do you? Keep in mind that a 
curve is a functional representation: it is supposed to tell you the value of the 
function, H, for chosen values of the independent variable, D. But the plotted 
points alone give no information not already in the table; they only present 
that information in a different way. Why draw the graph? 



One reason for drawing a graph is that you can view the whole set of 
points at once and comprehend their relationship more easily in a picture than 
you can in a table, fin the same vein, you realize that a map of yourstate that i. 
has all the cities and towns "plotted" on it is easier to* comprehend than a 
table that lists the latitude and longitude of every city and town -- yet both map . 
and table give exactly the same information."] 



Another reason for drawing a graph is to satisfy Tom and Jerry's problem: 
How can I find out the value of H (the dependent variable) for values of D (the 
independent variable) that I didn't measure? In other words, our measurements 
of H and D must necessarily be limited in number. We therefore make D a 
discrete variable --by spotting in only a few chosen values -- when it really 
is a continuous variable which may have amy value at all. It may have all 
possible values between any two of the values you happened to choose to measure. 
One of the purposes of making a graph, then, is to supply the in-between 
values which you could never fill in completely if you and all your classmates 

worked from now until Doomsday without taking out time to eat, sleep, or piay 
pinochle. 



I 
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Now^ how can you supply the in-between values if you don*t measure 
them? The strictly logical answer to this question, of course, is "You can't"! 
But that answer is so disappointing that we look elsewhere for help. Think again 
about that ifamp -- either the crooked one ot the straight one. Imagine yourself 
a little man walking along the ramp. You find that 5 cm from the bottom 
places you 1. 5 cm from the ground and 6 cm from the bottom places you 1. 8 cm 
frojn the ground. You now have a feeling that if you stood 5. 5 cm from the end 
you oug^t to find yourself somewhere between 1. 5 and 1. 8 cm from the ground. 

Of course, it is entirely possible that the ramp could make a sudden dip between 
5 and 6 cm from the bottom so that at 5. 5 cm you would perhaps even be flat 
on the ground. But even in this case you have a feeling that if you took measure** 
ments sufficiently close together -- yet not infinitely many -- such irregularities 
would eventually reveal themselves, and you could obtain the true tendency by 
assuming that the true value of the function at an intermediate point lies between 
its value at two nearby surrounding points. Faith in this principle stands very 
importantly as a foundation of physical science. It even has a name; the prin- 
ciple is often called the "principle of continuity. " One way of stating it is to 
say In the absence of reason to believe otherwise, a small change in an indepen- 
dent physical variable will produce only a small change in a variable dependent 
upon it. The principle seems so reasonable that ail physical scientists place 
almost unquestioning faith in it. ^It is only fair to say, however, that 
occasionally importaht physical happenings are over looked because an experi- 
menter places too much faith in the principle of continuity. ^ Without using the 
principle, we could never predict anything. Noone would ever attempt to 
build a bridge, for instance^ because the eiigineer would always say: "No, I 

won't be responsible for building this bridge. Noone ever built it before. 
Therefore I don’t know that it will be safe, and it would cost too much to build 
it only to find out whether it is saife. " 



When you draw a graph, then, you suppose that intermedHte points will 
lie between their nearby points on each side. The word "between" is not 
exactly defined (indeed the whole principle of continuity is n< u exact), but has 
the general meaning indicated in the discussion above. 



On5 way to satisfy the principle might then be to connect successive 
plotted points by straight lines. Do you see anything wrong with doing so? 
Suppose you did so and then decided to measure another experimental point 
between two already taken. If this point did not fall exactly on the straight 
line you drew, then you would have to draw tw.o new straight lines in place 
of the one you had. In other words the character of the curve would change 
if you took one additional measurement.. Does it make sense that th^ charac- 
ter of ^ functional relationship of Nature would depend upon whether vou made 
10. or 11 measurements? Isn't it more sensible to look at the points lind decide 
that the shape of the curve you should draw is already partly outlined by the 
way the points seem to form their ov/a curve? Of course the "curve" they seem 
to form may be a straight line. The first rule then is draw in the graph in such 
a way as to follow the curve that the points themselves seem to outline. 
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The points you plot are laid down from experimentally measured quan- 
tities. Is an experimental quantity ever known exactly? Is there a possibility 
then that the "true" curve would not go exactly through some of your points? 

Why not? The second rule in drawing a graph then is to be guided by the plotted 
points, but if one or more of them appear to be "off" from the curve that 

the rest seem to outline,, do not be afraid to draw the curve so that it misses 
the off-points. 

Do you notice anything special about the plotted points for the straight 
ramp in your graph for Experiment 10? You laiow that the curve m.ust go 
through the origin (where H and D are both zero) because if one does not go up 
the ramp at all (D = 0), he experiences no rise off the ground (H = 0). The 
rest of the points should fall on a straight line passing through the origin. Erase 
your lightly penciled line for the straight ramp and use a ruler to draw one 
straight line that connects all the points as best you can. Remember that you 
must expect some (or even most) of the points to be not quite on the line. Try 
to draw the line so it goes "down the middle, " leaving about as many plotted 
points on one side as on the other. 

Do the points for the crooked ramp seem, even allowing for a reasonable 
amount of experimental error, to form a straight line? They shouldn’t. Erase 
the lightly penciled curve for the crooked ramp, and using the suggestions above 
for drawing curves for graphs, sketch freehand a curve through these points. 

It might be a good idea to use a different color pencil for the second curve. 

Finally, read from your graph for the straight ramp what H should be 

when D = 15. 00 cm. Record this value in the bcx marked "Graphical value 

of H for D= 15. 00 cm" and compare it with the calculated value in the box 
above it. 

4. Monotonic Functions 



"iou often state a dependence between two variables in sentences like the 
following: 



The farther I walk along the ramp, the higher I get above the ground. 

The larger the volume of a piece of copper, the greater is its weight. 

The heavier the fish that I hang on this spring, the more the spring extends. 
The longer the piece of wire I cut from this spool, the more it weighs. 

The longer the edge of a square, the longer is its diagonal. 

The greater the diameter of a steel ball-bearing, the greater is its weight. 
The longer the time a rock has been falling, the farther it has fallen. 

Do you see how all these statements are similar? 
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Each of the statements cites two variables, first an independent variable 
and then a dependent variable which is a function of the first* To make sure 
you see this point, it would be a good idea for you to restate each of these 
statements in the form: Dependent variable is a function of independent variable. 

For example, the first sentence would read "My height above the ground is a 
function of how' far I v/alk up the ramp. " Now you restate the others. 

But each of these statements says more than simply that one of the vari- 
ables is a function of the other. It tells partly the nature of the function. The 
first one says not only that height is a function of distance, but also that as the 
distance along the ramp increases, so does the height above the ground. Each 
of the statements says that the two variables are so related that increasing the 
value of the independent variable causes the dependent variable to increase, 
too. Stated in this form, the third sent-'ace above says "Increasing the weight 
of the fish hanging on this spring causes the extension of the spring to increase, ’’ 
Try your hand at recasting the other sentences in this form. 

There would be no point in calling all this to your attention if it were true 
that all functions behave like this; that is, if all functions were such that 
increasing the independent variable causes the dependent variable to increase, 
too. But all functions do not behave like this. For instance: 

The farther I walk down this ramp, the less is my height off the ground. 

The harder I. squeeze on this spring, the shorter it gets. 

The greater the speed of my electric train, the less time it takes to 
circuit the track. 

The greater the diameter of a round cake pan, the less the height to 
which a pint of batter will rise when poured into it. 

The greater the diameter of a v/heel, the fewer revolutions it will 
make when it rolls a hundred feet. 

See how well you can recast these sentences in the form "The height I am 
above the ground is a function of how far I've walked down the ramp. " 
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Notice again, however, that each of these new sentences says more than 
merely that one variable is a function of another. Each also tells something 
of the nature of the function. For instance, the secondone says "As the 
squeezing force eiserted on this spring increases, the length of the spring 
decreases. " You should now recast each of the other sentences in this form, 
just to be sure tha.t you are getting the point. 

So you see that the word function is not a very explicit word. To say that 
Y is a function of X is to say only that Y has a definite fixed value when the value 
of X is fixed. The implication in general is that when X changes, Y is forced 
also to change. But to say merely that Y is a function of X does not say any- 
thing about how Y changes when X changes. In some functions, when the 
independent variable increases, so does the function (or dependent variable). 

In other functions, when the independent variable increases, the function decrease) 
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A function of the fotmer kind (one that increases as the independent 
varia e increases) is called an increasing function of its independent variable 

er“ound n ® ^“Stance, says "iMy distance above the 

ground IS an increasing function of the distance I walk along the ramp " Now 

you recast each of the other examples in the first group in ^s form!^’ 

Ina^e .u examples 

iatied- "d ■■ f d^ereases as the independent variable increases - is 

sais -The^lTth of h“'‘"" Sroup, for instance, 

d * -I ^ ^ spring IS a decreasing function of the squeezing force 

applied to It. You should now rephrase the other sentences infhis group in 
such a way as to use thephrase, "decreasing function. " ® ^ 

«^at is eitiier an increasing fut.ction or a decreasing function 

fromt Wh ”7°*°“= Can you see where the word "monotonic" comes 

m . When two variables are so related that, as the independent variable 

irc^Tirr’ increases or always decreases, then the latter 

e a monotonic function of the independent variable. The idea of a mono- 
tonic function IS very simple; it is one that always changes in the same direc- 

independent variable. The function may either increase 
steadilv or decrease steadily, but it never changes its direction. 

Now,you might be saying to youself "Why all the fuss about calling a 

Ih^dT” ^ you increase the independent variable, 

the dependent variable either increases or it decreases. V.’hy bother to drug 

doe^^t ThenT“T"'« ■ ^ I’® increasing or decreasing, 

word? M Tt, ^ function must be monotonic, so why use this unnecessary 

word? There is a reason; do you see it? ^ 

The truth is that there are many functions tint are not monotonic. Of 
course, no variable can both increase and decrease at the same time; but ii 
^ possible that a function may at first increase as the independent 
variable increases, and then later decrease. Or vice versa. For instance: 

Think of an arched ramp, and how your height above the gro<ind changes 
as you walk continuously in one direction along the ramp. ^ 

A baseball thrown directly upward will at first increase its height as 
f^”: ^"k t?ea‘^th" 

Think of the tip of the minute-hand on a clock at exactly one o'clock. As 
time goes on the tip of the minute-hand descends until it reaches its lowest 
point at one -thirty hut then it begins to ascend again. 

Think of an empty drinking glass, open end at the top, and push it slowlv 

n^h r" d " 1 °' "1"- pail as you 

push the drinking glass slowly downwa,rd? ^ 













IP .iiinr^iipi^^ 




- 68 - 



These are functions that are not monotonic; can you think of still others? (Of 
course, any function has to be monotonic in a little limited portion of the 
range of the independent variable. ) 

Now go back to Experiment 10 and look first at the two data tables. Each 
of ^ese tables, you will recall, gives H (height above the ground) as a function 
of D (distance from the bottom of the ramp). Do your two tables show that H 
was an increasing function of D? Now look at the graphs you made of these two 
functions. What do you see as a characteristic of a graph of an increasing 
function? How would the gr^h have looked if the ramp had sloped downward 
rather than upward? How would the graph have looked if you had used an 
arched ramp ? The graph of an increasing function always slopes . up to the 
right. The graph of a decreasing function always slopes down to the right 
The graph of a monotonic function always slopes in one direction - either 
generally up or generally down to the right. The graph of a that is 

not monotonic has what immediately seen characteristic? This is one of the main 
uses of a graph: it allows you to see clearly and immediately the general 

behavior of the function, which may be quite a chore to dig out from the tabu- 
lar representation. 

5. Proportionadity 

The two graphs from Experiment 10 bothrepresent increasing functions 
--they both slope upward everywhere to the right. But you notice that they 
differ in one important respect; the curve for the crooked ramp is somewhat 
curvy whereas the curve for the straight ramp is straight. The curve for the 
crooked ramp has a changing slope; sometimes it slopes only very gently 
upward -- almost flat -- and at other times it beccne s more steep. The slope 
IS always upward to the right, to be sure, but is sometimes more and some- 
times less steep. The curve for the straight ramp, in contrast, never changes its 
Its slope; It never becomes more nor less steep, but keeps on going with the 
same steepness everywhere. You recognize then that we can thiuk of two 
classes of increasing functions: that simple kind in which the increase is steady 
with a never-changing slope; and a more complicate kind in which the slooe 
IS always increasing but yet changes so as to become sometimes more and 
sometimes less steep. Do you see how the graphical representation of these 

two functions reveals this character so much more easily than the tabular 
representation? 

But now go back to the two data tables in Experiment 10 and look at the 
ratios of H/D calculated there. Recall that for the straight ramp we found 
that H/D IS a constant whereas for the crooked ramp H/D was not constant. 

Again we can think of two classes of increasing functions: a simple class in 
which the ratio of “dependent variable divided by independent variable" is 
constant, and a class in which this ratio is not constant. Both are increasing 
function^, you understand. But in the simple class the two variables, depen- 
dent and independent, are so locked together that, no matter how they change 
they always do so in such a way that their ratio remains unchanged. In the * 
other class, the two variables are also locked together so that a certain assigned 
value of the independent variable fixes unarguably the dependent variable, but 
tneir ratio does not remain constant. i 
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Observe that we have classified increasing functions ty two different 
j schemes. In one scheme, we lumped into one class those that had straight 

graphs and into the other those whose graphs are not straight. In the other 
scheme, we placed into one class those functions in which the ratio of "func- 
^^o^/i^d6p6iident variable" is constant, and into the other class thosci for which 
this ratio is not constant: 




Scheme #1 



Scheme #2 



One class Graph is a straight line 

Other class Ratio of dependent /indepen- 
dent is constant 



Graph not a straight line 

Ratio of dependent/ indepen- 
dent not a constant 



Notice too that for both ramps you found Height to be a function of Distance. 
But for the straight ramp you found this function to belong to the first class 
according to both schemes of classification and the crooked ramp to belong to 
he second class in both schemes. The intriguing question comes up: is this 
always true? That is, is a function whose graph is a straight line always a 
f-'mction whose ratio of dependent/ independent is a constant; and is a function 
whose graph is not a straight line always one for which this ratio is not con- 
stant? 



blow here is a very important bit of logic* Simply because we have set np 
two different schemes of splitting a set into two halves, it does not follow that 
the two splits are identical. There are lots of ways of cutting an orange in 
half. 



For instance, you might split your class into two group boys arid 
girls. Someone else may split them into two groups in a different way: say 

those who have had m(3asles and those who haven't. You might then find a 
certain boy who did have measles and a certain girl who did not, and leap to 
the conclusion that the two splits are identical: the boys are the ones who 
had measles and the girls the ones who did not. Of course, you know that you 
cannot jump to that false conclusion. 

Similarly here. The fact that we have two schemes for classifying 
functions, and have found two cases where the splitting is identical does 
not mean that it is always so. But it is still an intriguing quest! on 0 .nd. w6 
ought to look into it further. That's one purpose of Experiment 11, which 
you ought now to do. 

Points to Discuss in Class 

Suppose you wanted to measure the position on a vertical yardstick of a 
pencil that you are holding two inches in front of the yardstick. If you held your 
eye at exactly the same horizontal height as the pencil, you would get one 
reading. If you held youreye above the level of ttie pencil you would get another 
reading; and if you held your eye below the level of the pencil, still another. 
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Which IS correct? Why was it important in the experiment to sight horizon- 
tal across the hook to the ruler? The error made in a measurement because 
the eye is not in the correct position is called an error of parallax. You can 
see how important it would be in careful measurements to avoid this error. It 
must always be considered when, as in this experiment, the ruler and the 
thing to be mes sured cannot be brought together. 

What did your calculations show about the ratio, extension divided by 
load, for the springs you used? Did everyone in your class find this ratio 
constant? What are the units of this ratio? Would it be correct to summarize 
the results of this experiment as found by your whole class in this statement: 
I'The ratio of the extension of a spring to the weight producing that extension 
IS a constant ? In fact, this statement has been found by numerous experiments 
to be true for all elastic bodies. This finding is often called Hooke’s law, 
after Robert Hooke who first stated it as a general rule of Nature in about 1660. 

If we represent the extension by E and the attached weight by W, Hooke's 
law can be written more succinctly as 



^ = k, 
W 



where k is some constant, 
the same thing is to write 



Show that a completely equivalent way of saying 



E = k X W. 



inis last equation is worth special attention. Notice that it is solved for the 
dependent variable. This equation then gives two different names for the 
dependent v^iable: one, of course, is E itself; the other is kxW.Thus the 
expression --kxW is gtiii another functional representation of E, telling 
exactly what function of the independent variable W, the dependent variable E 
IS. You now know of three types of functional representations: tabular, graph- 
ical, and this last one in the form of an equation. When a function is represented 
by an equation solved for the dependent variable, it is called an analytical 
representation. Try to discuss various advantages and disadvantages of 
graphical, tabular, and analytical representations of functions. 

You found experimentally that E/W for spring is a constant. When 
W = 0, E of course is also zero, because if there is no load there is no": 
extension. What will you do about the ratio 0/0 for the first line of each table 

in 1 1 o 

— — — A A O U, ^ 

What kind of constant is the k in the expression E = k x W? Is k->a constant 
for any one spring? Do all springs have the same constant, k? Remember that 
k IS simply another name for the ratio, E/W. Suppose that I attach a certain 
load, say 10 grams, to two different springs, one a weak one and the other a 
stiff one. Which spring will give the greater extension? Which spring will have 
the larger value of k? Suppose I have two springs, a stiff one and a weak one, 

^d find they are both extended the same amount, say 10 cnm.i Which is supporting 
the greater weight? ® 
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Look at the expression.) "E/W = k”. Suppose I have two springs, one 
weak and one stiff. On each I hang the same weight, W, Will the extensions 
be the same for the two springs ? Call one extension E<y^ (meaning extension 
of the weak spring) and the other Eg (meaning extension of the stiff spring). 
For each spring, E/W must be some fixed value, k, which is not the same for 
different springs. Call them kw for the weak spring and kg for~i5xe stiff pjie. 
We now have 



Es/W = ks 



and 



Ew/W = k 



w 



for stiff spring 



for’ weak spring 



If W is the same for each spring and Eg is less than E^ (because a stiff spring 
extends less than a weak one under the same load), then how will kg and k^y 
compare? Make a general statement: "Of two springs, the stiffer one will 
have the value of its spring- constant, k. " 

Or, suppose you have two springs, one stiff and one weak, and extend 
them both the same amount, by hanging different weights on them. Which 
will need the greater weight? Let us call Wg and Ww the two weights that 
will extend the springs the same amount, E. Then 



E/W 



B 



and 



E/W 



w 



= k 



w 



If E is the same for each spring and Wg is greater than W^^r (because a stiff 
spring needs to extend it the same ^-mount as a weak spring), 

then which will be larger, kg or k-^? How does this compare with the general 
statement you made at the end of the last paragraph above ? 



Now look at the graphs you made for the two springs in Experiment 11. 
Did you get essentially straight lines in bbth cases? Here then is another case 
where a function whose ratio to its independent variable is constant gives a 
straight-line graph. You now have a little more reason than before to believe 
that a function will have a straight-line graph if the ratio of function to depen- 
dent variable is a constant. Of course we still haven*t proved it (why not? ), 
so let*s look into the matter a little more carefully. 

Suppose you have a triangle with one right angle and arranged like this: 



tt 



This may be any triangle at all that has one right angle. Let us call the 
horizontal leg of the triangle h and the vertical leg, v. If we measure h and 
V in cm, we will of course get some one certain number for the ratio, v/h. 
Suppose we now magnify this triangle exactly 3. 694 times. The triangle will 
of course still be the same shape, but 3. 694 times as big. 
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The horizontal leg will now measure (3. 694 x h) cm and the vertical leg will 
measure (3. 694 x v) cm. The ratio (3. 694 x v)/(3. 694 x h) is still the same 
because the 3. 694 will cancel out of numerator and denominator. Now you can 
see that the same woT,ild be true if we had used 2. 241, or 89. 643, or 77 - or jT, 
or any other number for the scale of magnification; for whatever the scale is, 
the number will always appear in both numerator and denominator and there- 
fore cancel out. In other words, magnifying a triangle will not change its 
shape, and will keep the r . Jo of vertical leg to horizontal leg unchanged. Now 
if the triangle does not change in shape when it is magnified, then we can fit the 
unmagnified and magnified triangles together like this. 





V 




and find that the long sloping line is one straight line, AB. This will be true 
whatever the shape of the initial triangle and whatever the scale of magnifica- 
tion. You then see that if AB is a straight line, the ratio v/h equals the ratio 
V/H and this will be true for any straight line AB whatever and no matter what 
the positions of the two lines v and V might be. The converse is also true: if 
the ratio v/h equals the ratio V/H, then AB is a straight line. Do you see’ 
that, if the last two statements are true, then we can say: ? 



A fuiiCtion whose graph is a straight line through the origin 
is a function whose ratio to its independent variable is constant; and 



A function whose ratio to its independent variable is constant 
always has a graph that is a straight line through the origin. 



(V/e have discussed in the long paragraph above the matter of equivalence 
between a straight-line graph (through the origin) and the constancy of ratio 
between a function and its independent variable. This discussion is a proof, 
though it is nearly one. Perhaps you can see some of the faults that keep it 
from being a proof. The main one is our supposition that "magnifying" a tri- 
angle by making two of its legs a certain number of times bigger would leave 
the "shape" unchanged. When you study geometry you will learn how to prove 
this without faults. Our discussion only tries to make it seem reasonable. 

Also, though we "nearly proved" the statement "If AB is a straight line, then 
a certain ratio is constant. "We didn't even attempt to prove "If the ratio is 
constant, then AB is a straight line. " Proving one does not prove the other. 
(Does "Every ginkle is a foop. " mean "Every foop is a gir/^de"?) It happens, 
however, that both the indented statements just preceding the present para- 
graph are true. You will actually prove them when you study geometry. ) 



When two variables are so related that their ratio is a constant, the 
variables are said to be proportional to each other. K Y is a function of X such 
that Y/X is any constant, then Y is said to be proportional to X, or X to Y. 
Notice that there is nothing to prove here. The following two statements aay 
the same thing because of the phrase "is proportional to" is defined that way: 






I 













As(< 55 »./sr W?rsf r^W l,i. I. ' 









') 



r 



=?s;rs»si* ttsass:!.- 



-73- 



"A is proportional to B" means "A/B is a constant. 



M 



Using the expression "is proportional to, " restate Hooke's law for a spring 
Also, make similar statements for the diagonal and edge of a square, and the 
Circumference and diameter of a circle. 



You should try to get a comfortable and clear feeling for the meaning of 
proportionality. Suppose that A and B are two variables such that A is a when 
fee value of B is b. Then a/b is some constant, say k. Now suppose we double 
fee value of B so feat its value is now 2b. The value of A must now be such feat 
w en It IS divided by 2b we still get the same constant k. What must be fee 
value of A so feat ? /2b = k? We know that a/b = k, so that we can write 



? 



where "?" stands for the value that A has when B has the value 2b. Now rc!ii 
remember feat ? /2b is just a number and a/b is just a number, and fee equa- 
taon says they are fee same number. Multiply this number by 2b; we must get 
fee same result when we multiply ? /2b by 2b as we get when we multiply a/b 
by 2b, simply because ?/2b and a/b are really the same number. Then 



X ? _ 2b X a 



2b 



Now you know fe^t you may cancel out of numerator and denominator anything 
that appears in both. Then cancel 2b from numerator and denominator on fee 
lett and b from numerator and denominator on the right. You have 



? = 2a 



l^ofeer words, fee value feat A must have when B has fee value of 2b is 2a. 
That IS, doubling B requires feat A be doubled. You can see feat fee same 

ng will happen if you triple B, halve it, or multiply it by 4, 0. 52, or any 
Other number. ^ 



I 



Thus an easy way of looking at a proportionality is this: Two variables 

A and B are proportional when their behavior is such that multiplying one of 

t em by some number automatically causes the other to be multiplied by the 
same number. ^ 






^be Proportionality Constant 



I 



When one variable is proportional to another, their ratio is constant. 

This constant is of course dependent upon what two variables you are considering- 
to say that the ratio of two proportional variables is constant does not mean 
toat this ratio is the same regardless of what variables you are talking about. 

The constant that is the ratio of diagonal -length to edge-length for a square is • 
not the same constant as the ratio of circumference to diameter for a circle. 

Even v/hen you deal with Hooke's law, the constant is not the same for one 
spring as for another. But as long as you are talking about one particular 
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shape, the squre, the ratio of diagonal to edge is always the sanie; as long 
as you are talking about one particular shape, the circle, the ratio of circum- 
ference to diameter is always the same; as long as you are talking about one 
particular spring, the ratio of extension to weight is always the aame. 



We have seen that the statement "Y is proportional to X" means that, 

no matter how Y and X may change, both title following statements must be 
true: 



Y/X = k 



and 



Y = k X X 



where k is some constant whose value depends on what the variables Y and X 
happen to be. Notice carefully that the two equations above are completely 
equivalent. Neither equation carries any information not contained in the 
other. This must be true because either may be derived from the other (Can 
you still carry out this derivation? ) purely by logic without bringing in any 
new information. If no new information is brought in when deriving the second 
equation from the first, then clearly the second equation cannot contain any 
information not contained in the first. 



You see then that saying "Y is proportional to X»' iiot only says that their 
ratio is constant; it also says that I can obtain Y when you tell me X merely 
by multiplying the X you give me ,by the constant. And I ca:.i do this for any X 
you give me using always the same constant. This constant is called the constant 
of proportionality (or proportionality constant). In other wordc, when one 

quantity is proportional to another, their ratio is called the constant of propor- 
tionality. ^ 



Now suppose I tell you: "Y and X are two variables that are proportional 
to each other. " You immediately infer that their ratio is a constant, don't you? 
But then you think a little and realize that the quantities, Y and X, have two 
ratios. One of them is X/Y and the other is Y/X. Which of these two ratios 
is constant? When one says that Y and X are proportional, which of the two 
possible ratios is the one that is constant ? The comfortable answer is "Both 
are constant. " In other words, when someone tells you that X and Y are pro- 
portional, you don't have to worry whether he means that Y/X is constant or 
that X/Y is constant. If one is constant, the other must be. 



Do you see wjiy? The reason is quite simple. Suppose that 



V 

— r: k 

Y ^ 



where X and Y are any two numbers whose ratio is k. If this equation is true 
you have already shown that ’ 



X = k X Y 



wheire "X" and "k x Y" are merely diffci ent names for the same quantity. 
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Let us divide tlus quantity by k; we get the same result whether we divide X 
by k or (k X Y) by k, because X and k x Y are really the same quantity. There. 
fore.the results must be the same quantity under different names, or 



X ^ k X Y 
k 



k 



fi^e^n'd write 



2£ - Y 

k 



where X/k and Y are different names for the same quantity, 
of this equation by X. Then you. h.HV6 



Divide both sides 



k X X 



Y 

X 



Now we could cancel out the X's on the left, but a new trouble arises. Doing 
so will leave us with a fraction on the left that has no numerator, and therefore 
has no meamng. There is an easy way around this trouble; we just have to 
e sure that something will be left in the numerator after the X's are canceled 
out. We can be sure of this by putting something in the numerator. But clearly 
we cannot put any old thing in there. We must insert something that will leave 
i.svame ^changed, so tnat even after it is inserted, it will still be equal to the 
right hand Side. Do you see that we can put a 1 there? For doing so merely 

means multaplying by 1, and any number may be multiplied by 1 without changing 
Its value. Then we have ^ ^ 



X X 1 _ Y 
k X X " X ’ 



or canceling out the X's, we have 



1^ ^ 
k 



;y 

X 



But ifri^rr'*'r“ ^ tten Y/X = 1/k 

:r;r i-ui'i ~ 



But you have to be careful. Suppose someone tells you "X and Y are 
proportional to each other and their proportionality constant is 7. 17. " Does 
he mean that X/Y is always 7. 17 or that Y/X is always 7. 17? You cannot tell. 
Both ratios are constant, fo course, but you don't know which one is 7. 17. Thus 
when you tell someone the proportionality constant between two proportional 
variables, you must always tell him which way the divisi,,n is to be carried out. 
Thus If I aay The circumference and diameter of a circle are proportional 
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to each other and their proportionality constant is 3. 14", you might wonder 
what I mean. In this case a little thought would tell you that I must mean 
: J "circumference divided by diameter" Iscfcause you know that the circumference 

is always larger than the diameter and dividing diameter by circumference 
would give something less than 1 and could not therefore give 3. 14. On the 
other hand, I could say to you "The extension of this spring and the weight c, 
you hang on it are proportional to each other and the proportionality constant is 
7. 17 cm/g. ' Because the units are given, there is no question but that I 
mean the ratio "extension divided by weight, " because the only way you can get 
units of "cm/g" is to divide centimeters by grams. But the direction of dividing 
must be given, either explicitly or by implication. 

The proportionality constant in the functional relationship between two 
proportional variables is often itself of interesting physical significance. Let 
us look at a few cases in order to acquire a feeling for the meaning of propor- 
- tionality constants. In each of the three illustrations following, you should 

first read the introductory quotation and make sure you see clearly what it 
means. Restate it in other wordsj tell yourself definitely what the two variables 
are; tell yourself which is the dependent and which the independent variable; 
try to see clearly the sense and significance of a statement like "If I double 
the independent variable, the dependent variable will automatically double"; 
and try to see whether this lattei* ^catement is in accord with your common sense 
and experience. Repeat: do.^Kis for the introductory quotation in each of the 
_ following examples. ^ 

.3 

1. "The of a pile of hamburger is proportional to the weight of 

the pile. " H/. € let P be the price (in cents) and W be the weight in poxinds, 
then P/^^, d a constant. What is the meaning of this constant? Suppose that 
you 120 cents for a pile weighing 2. 5 pounds. Then 

P _ 120 cents 

W ■ 2. 5 pounds " cents /pound 

In other words, the proportionality constant in this case is simply the price 

per pound, which is the same for any amount you buy (not considering quantity 
discounts). 



2. 'The distance traveled by a uniformly moving car is proportional 
to the time it travels. " Let us call the distance traveled, D, and the time 
of the tiip, T. Then D/T is a constant. If, for instances, the car travels 
105 miles in 3. 5 hours, we have 



P 105 miles 

T " 3. 5 hours " ™iles/hour. 

Here the proportionality constant is simply the speed of tht car. 

In each of these two cases, the proportionality constant has a familiar 
meaning. In the ratio P/W, you have simply the unit cost; in your ordinary 
everyday thinking, the higher the constant P/W, the more "expensive" is the 
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material concerned. In the ratio D/To you recognize the proportionality con- 
stant as the speed. In your ordinary ...J,nking, the greater is the constant D/T, 
the faster the car has been moving. In the next case, the ratio may be less 
familiar but the thinking is exactly the same. 

3. "The extension of a spring is proportional to the weight attached to 
it. " If a spring stretches E cm when a weight of W gran; is attached to it, 
then E/W is a constant. If in a particular case the spring stretches 8. 76 cm 
when a weight of 5. 34 g is attached, then 



I 






^ = 8. 76 cm 
W 5. 34 g 



1. 64 cm/ g. 



Here the proportionality constant may be a little less familiar but 1:ry to see 
its resemblance to speed and unit cost. Here the units of the proportionality 
constant are "centimeters per gram. " Just as unit cost means the price you 
must pay per pound of hamburger; just as speed means the distance you travel 
per hour of driving; so does the proportionality constant here means the dis- 
tance the spring stretches per gram of weight hung upon it. The large.- the 
value of this constant, the more the spring stretches per gram attached, or the 
mca* e stretchable it is. Here the proportionality constant conveys an idea of 
the stretchability of the spring, in much the same way as unit- cost and speed 
are measures of costliness and speediness. 



I 



Notice a very important point: the idea of "stretchability" may have been 
a vague notion in your mind, hardly at any rate ainumerical one. If someone 
asks you "How long is this stick?" or "How heavy is this rock?*', you immedi- 
ately bring to mind numerical answers and might reply "Six feet" or "Five 
pounds. " But if someone had said "How stretchable is this spring?", you 
probably would have had no thought of numerical measure and might have 
answered "Oh, rather limber" or "Pretty stiff. " But if you are building a 
machine that requires a spring of just the right stiffness, you don't send an 
order to a spring-manufacturer for "One spring of just the right stiffness" and 
expect to get what you need. You must somehow designate numerically how 
stretchable the spring is to be. The proportionality constant in Hooke's law 
is a nemerical measure of stretchability. Now if someone asks you "How 
stretchable is this spring? ", you need not be vague; you can give him a numer- 
ical answer "17. 2 centimeters per gram. " 

Now one final point in connection with proportionality constants. Recall 
again that "A is proportional to B" means 
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A = k X 13 







where k is some constant regardless of what A and B might be. If someone 
should ask you, "All right, A is proportional to B, and the proportionality 
constant A/B is k. I want to know what value A would have when B has the 
value b. What is it? " Since A is a function of B, the question must have an 
answer because giving a value to the independent variable must give a definite 
value to the dependent variable. (Why is this true?) The answer of course 
is given by the last equation above. To find what value A has when B is b, you 
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just multiply k X b. Suppose the question is asked the other way around: ’’What = 
value must B have in order to give A the value a? " This question is also easy I 
to answer. You should now be able to solve the above equation for B and show 
that I 

B = A/k. 

Be sure that you '.an show this. 

For instance, suppose you have a spring whose constant is 1. 64 cm/g. i 

Suppose the extension of the spring is 5. 86 cm; ^vhat weight must be hanging i 

on the spring to produce this extension? From the given spring constant, you ^ 
know that E/W = 1. 64, when E is in centimeters and W in grams. Then 

W = E/1.64 



and all you need do to find the weight is to divide the extension by 1. 64. In 
this way the spring becomes a weighing machine. 

Now you are ready to do Experiment 12. 

Points to Discuss in Class 



Within the error to be expected in your measurements, did you find the 
ratio, weight/ length, constant for one size of rod? Did both sizes of rod give 
the same proportionality constant? May you reasonably conclude that, for an 

aluminum, rod of given cross-section, the weight of the rod is proportional to 
its length? 



What is the meaning of the proportionality constant, weight/Jcngth? Think 
back to the measurements you made (Experiments 6 and 8) on squares and 
circles. You found that the ratio of diagonal/ edge for a square is the same for 
all squares regardJ.co3 of size. The value of this ratio is' purely a property 
of being square, and does not depend on how big the square is. You found that 
the ratio of circumference/diameter for a circle is the same for all circles. 



o 
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The value of the ratio is xourely a.property of being a circle, and does not 
depend on how big the circle is. Experiment 12 showed you that the ratio 
of weight/length for an aluminum rod of fixed cross -sectio.n does not depend 
on how long the rod is. The ratio does depend on the diameter of the rod (How 
do you kno\7 this ? ), and you would probably guess that it depends also on the 
material of which the rod is made. For a rod of 0. 635 cm diameter, you 
found a ratio of about 0. 86 g/ cm (its value depends somewhat on which partic- 
ular alloy you used). q can scarcelv e scans the concluGioxi that 86 a/rm 
is purely a property of aluminum rod 0. 635 cm in diameter. You can have an 
aluminum rod of this diameter any length you please, just as you can have a 
square of any edge-length or a circle of any diameter you please. The weight 
of such a rod, like the diagonal of a square and* the circumference of a circle, 
may be any thing you please. Neither the length nor the weight of this size 
aluminum rod is a property of this size rod, for they may have any values 
at all. But the ratio of weight/ length cannot have any value at all. Once 
you fix on aluminum rod, and once you fix its diameter as 0. 635 cm, then you no 
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j longer have any choice in the matter: the ratio of weight/length is 0. 86 g/cm 

whether you like it or not. The quantity 0» 86 g/cm is therefore a property of 
this size aluminum rod, and not of what piece of the rod you happen to be 
talking about. 

This property is often called "linear density!’, the ratio of weight/ length 
for any material of fixed cross-section, whether it is platinum wire x'iner 
than a human hair or a giant steel girder weighing hundred of pounds per foot. 

Try to see the similarity among speed (say miles per hour), linear density 
(say grams per centimeter), and unit cost (say cents per pound). You can 
think of speed as the rate at which you accumulate mi]es behind you as you travel 
along; the speed is the number of miles accum\ilated in one hour. Unit cost 
is the’ rate at which your grocery bill piles up behind you as you throw pound 
after pound of pork chops on your grocery cart; the unit cost is the number of 
cents indebtedness accumulated per pound of pork chops bnught. Linear density 
is the rate at which you use up grams of pencil as you feed the pencil into the 
pencil sharpener; the linear density is the grams of pencil ground up per 
centimeter of pencil fed in. Think of other "something per something" quantities 
and see how they all have a similar interpretation. You will have made a long 
step toward really understanding physical science if you can get a feeling for the 
real meaning of "X per Y. " 



If you have not already done so, make graphs for the data in both tables 
in Experiment 12. Plot weight vertically and length horizimtally, placing both 
plots on the same graph. Label the two curves appropriately. Does the 
linearity of the curves confirm that weight is proport jnal to length? 

Which curve is steeper, the one for the larger or the smaller rod? Can 
you relate the steepness of the curve to the magnitude of the proportionality 
constant? Which size of rod accumulates weight faster behind you as you run 
along its length? Which curve rises faster as you move to the right? Are the 
last two questions related? If you are shown a graph with two straight liie s 
through the origin plotted on it, can you tell at sight which has the lar ger 
proportionality constant? 



If a steel girder weighs 175 pounds per foot, how much will 12 feet weigh? 
If a glass tube weighs 0. 65 g/cm, how much will a piece 82 cm long weigh? If 
a copper wire 16 cm long weighs 0. 00144 gram, how much will 97 cm weigh? 
(Hint: first find out how much 1 cm weighs. ) 

Q^ce Again, Lightly 

When two variables, say X and Y, are so related that assigning a value 
to X automatically fixes the value of Y, then Y is said to be a function of X. 

The variable whose value you assign (X in this example) is often called the 
independent variable and the function (Y in this example) is often cedled the 
dependent variable. 







To say that Y is a function of X implies that, given X, you can find Y. 
Any rule that tells you how to find Y when X is given is a representation of 
the function. Functions may be represented tabularly, graphically, or ana- 
lytically. Each of these three has its own advantages and disadvantages. 

It is often found that steadily increasing the value of the independent 
variable causes the dependent variable either to steadily increase or to 
steadily decrease; that is, causes the dependent variable to change always 
in the same direction. Such a function is called monotonic, and a monotonic 

function clearly may be either an increasing function of a decreasing function 
but cannot be both. 



A special and very important kind of monotonic function occurs when Y 
and X are so related that Y/X always has the same value no* matter how X 
( and Y ) may change. In this case, Y is said to be proportional to X. Any 
of the following six statements is exactly equivalent to any other of them: 

Y is proportional to X 

Y/X = k (where k is some constant) 

Y = kx X 
X/Y = 1/k 

X = (l/k)xY 

The graph of Y vs. X is a straight line that passes through the origin. 

The constant, k, in the above table is called the proportionality constant. 
The proportionality constant often has a simple physical interpretation, its 

meaning being, of course, dependent upon the meanings of the two variables. 

X and Y. 



Further Classroom Discussion 

To say that Y is a function of X does not tell you very much. It says 
only that (in general) the value of Y changes with the value of X but not how 
it changes. To say that Y is a monotonic function of X says a little more. 
Notice how each of the following statements says a little more than the last, 
until finally the last statement says it all; 

Y is a function of X. 

Y is a monotonic function of X. 

Y is an increasing function of X. 

Y is proportional to X. 

Y = 7. 12 times X. 
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ty variables, U and V, are connected so that U is proportional to V, 

does it follow that U is a monotonic function of V? If W is a monotonic function 
of Z, It IS necessarily true that W is proportional to Z? Draw graphs to 
Illustrate your opinion. 

Consider the units of a proportionality constant. In the statement, "The 
diagonal of a square is proportional to the edge, " we found that the proportional 
constant (which one^ is JZ7 We also found that this proportionality constant 
remains equal to JZ whether the measurements are made in inches, centi- 
meters, or widgets. Suppose that the Hooke's law constant for a certain 
spring is measured to be 3. 42 centimeters/gram. Would the units be the 
same if the measurements of extension and weight had been measured in 
ir^hes and pounds respectively? Can you formulate a general rule telling 
when the numerical value of a proportionality constant does depend on the 
units used for the two variables and when it does not? 



You might have noticed that most of the written matter in this book is 
ei^lanation, questioning, discussion, or illustration of certain central points. 

ere are a few sentences here and there, however, which are not of this 
nature, but are statements of the central points themselves. The whole 
book could be enormously reduced in size if all the discussion, explanation, 
and illustration were removed and only those statements retained which carry 
the me^t of the points to be made. This attitude is very different from , say, 
a history textbook, v/here practically every sentence carries meat not contained 
in ^y other sentence. Most people would find it very difficult to understand a 
textbook on the basic principles of science if there were no explanations and 

1 ustratLons and just-plain-talldng^about the central points. You should 

le^n to tell the difference between the meat and the dressing, however, and 
xmderstand that many pages may be spent trying to make clear the meaning 
of a relatively few scattered central points. It is only these points that you 
are expected to learn, however; the rest is only to help you learn. For example 

beginning on page 56 and going all the way doui to 
Points to Discuss in Class" on page 58, contains only one sentence ( or possible 
o ) that is really essential. All the rest is to help aj.id prepare you to under- 
stand the meaning of that one sentence. Can you find this one central point? 

Each of these central points is usually one of three possible kinds: 

Definitions 

Experimental Findings 
Derived Conclusions 

For instance,: consider the sentence "When two variables are so related 
that their ratio is a constant, the variables are said to be proportional " This 
is a definition of the v^ord "proportional. " This is not something you are : 
commanded to believe, for it contains nothing to believe. It is merely a signal 
to you that from now on we are going to use the word "proportional" in a cer- 
tain way, and if you want to understand what we are talking about you had better 
learn the way we are going to use it. 
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yo me extension oi a spring is 
proportional to the weight attached. " This, of course, is not a definition; 
it makes a direct statement, presumably of fact. But is this sentence some- 
thing you are commanded tb believe? No, because you carried out an experi- 
ment (you and thousands of other people) in which you gathered data that led 
you to tiie apparent truth of the statement. This then is anoexperimental 
finding, whose t^futh is discovered by experiment. 

Finally, consider the statement "The extension of a spring is equaJ to 
the attached weight multiplied by a constant. " This is not a definition either; 
nor is it directly an experimental finding, for what you found experimentally 
was that the ratio of extension to weight is a constant. But once you found that 
E/W - k" (this was an eiq)erimental finding), then purely by logic you manip- 
ulated this equation to show that "IF it is true that E/W = k, THEN it is also 
true that E = W x k. " Thus you are not commanded to believe this, but are 
led to see that "If the experimental finding is correct, then this derived con- 
clusion is also correct. " A derived conclusion is a statement whose truth follows 
logically from another statement. If you believe the first, then logically you 
must also believe the second, but you are not commanded to believe it without 
being shown why it is believable. 

Physical science is like this throughout. You are never commanded to 
believe anything. If ever a forthright statement is made amd you do not fully 
understand why you are eaqpected to believe it, question it. Do not accept it 
unthinkingly, like an obedient puppy dog. 
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Unit IV 

Weight, Volume, and Density 



1. Measurements of "Amount" 



Jerry was stringing a length of wire from one post to another in his back 
yard in order to make a rack to dry his raccoon skins. The posts were ten 
feet apart and he had only 9 1/2 feet of very thin wire. Seeing that he needed 
a larger piece of wire, he called to his brother. 

"Tom," he asked. "I need a little more wire than this piece you gave me. 
Find me another bigger piece, will you please?" 

"Coming up, " Tom called, and a minute later he brought his brother a 
six-foot length of very heavy wire. Jerry looked at the piece in disgust. 

"ean*t you see that that piece is even shorter than the one 1 have?" he 
said. "I distinctly asked you to bring me a bigger piece of wire, and look what 
you brought me. " 

Now it was Tom’s turn to be annoyed. "But this piece I just brought you 
is bigger than the one you have. It naay be shorter, but it’s a lot bigger. Anil 
you'd say so, too, i. you weren’t so mad, " 



"Youir e right, " Jerry apologized. " You didn't know what I wanted it 
for, and since you didn’t, I snould have said 1 wanted a longer piece, not merely 
a bigger piece. " 5 

I 

Tom and Jerry’s little disagreement didn’t turn into a fight, but serious I 
arguments often result from the fact that two people are using the same word 
in different senses. The violent drama above resulted from Jerry’s use of the \ 
word "big" to mean "long, " while Tom’s understanding of the word was quite 
different. What did Tom mean? There is no point in arguing that you should 
never say "big" when you mean "long", because the truth is that you won’t often I 
be misunderstood. But in scientific speech, one must always be careful to say S 
exactly what he means, even to the extent of avoiding the use of words that are 
imprecise in meaning. Here is another example: j 




Suppose I have a block of wood and a block of iron. The wooden block 
is the size of a brick and weighs 1. 5 pounds. The block of iron is the size of 
a half -brick and weighs 9 pounds. I set them before you and ask, "Is there 
a larger amount of wood in the wooden block than there is iron in the iron 
block?" Don’t worry about trying to answer this question, because it cannot be 
answered. The reason it can’t be answered is simply that it isn’t a question, 
even though it looks like one! And the reason it is not a question is just that 
the word "amount" is not defined. If both blocks were iron, however, the 
question, "Is there a larger amount of iron in this brick- sized block than there 
is in this half-brick- sized block?" can be answered. In this case, we can 
regard the word "amount" as defined with sufficient precision, because all 
reasonable interpretations of the word would lead you to agree that the larger 
block contains the greater amount of iron. 
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Since, then, the word "amount" does not have sufficient precision for all 
our purposes, we must agree that we will not use it when there is any chance 
for confusion. If we had asked v'hether the iron or wood block had the greater •. i 
volume, there would have been no difficulty; and if we had asked which has the 
greater weight, there would have been no difficulty. This is because volume 
is defined as a certain measurable geometric property of the block, and weight J 
is defined as a certain measurable physical property of the block, "Amount" 
is a more general term of much less precision. (All this does not mean, 
however, that you should never use the word "amount. It is just that you 

must learn to avoid using it when it is not sufficiently precise for the purpose 
at hand, ) 



The present unit deals with two quantities that can be used to express 
amounts of matter. One is volume, the other is weight, and the sense in 
which we shall use the terms are indicated in the preceding paragraph, though 
they are not defined there. Definitions of weight and volume are extremely 
difficult to formulate, and we shall rely simply on your already having a good 
enough idea of what they mean. 



If you have two different pieces of the same material then, you would 
expect that "the larger piece woxild have the greater weight, " We have already 
seen, however, that this quoted statement is not very useful as a functional 
relation. A functional relation must involve two measurable quantities. It is 
true that weight is a perfectly definite measurable quantity, but what is meant 
by "largeness, " or "size"? 



Suppose you have a set of round sticks all the same diameter and all 
of the same material, but of different lengths. Would you say that "size" might 
be taken to mean "length", so that one could say "the weight of one of these 
sticks is an increasing function of its length"? You have already investigated 
this question in Experiment 12, and found that the weight of a stick of fixed 
material and fixed cross section is not only an increasing function of its length, 
but is in fact proportional to its length. In this case, "size" and "length" could 
be used interchangeably. Suppose you have a set of circular cylinders all the 
same length, but of different diameters. Would it be correct to say: 

The weight of a cylinder is an increasing function of the size? 
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The weight of a cylinder is in increasing function of the diameter? 
The weight of a cylinder is proportional to the size? 

The weight of a cylinder is proportional to the diameter? 



I 

I 







Let's try Experiment 13 and see. 
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Points to Discuss in Class 

What do you notice this time about the ratios, weight/ diameter ? Allowing 
for e;xperimental error, would it be fair to conclude that the weight of an 
aluminum cylinder of fixed length is proportional to its diameter? 

What about the graph you made of weight vs. diameter? You have seen 
that, when two variables are proportional, their graph is a straight line 
through the origin. May you conclude from the graph that the v'eight and dia- 
meter are proportional? How does your answer to this question agree with 
your conclusion from the preceding paragraph? 

S\ippose that the spring you had used in Experiment 11 had been lost or 
damaged so that you had to begin Experiment 13 with a new spring whose 
spring constant you didn't know. Would it be neccessary to do E 3 q>eriment 
11 completely over again to determine its spring constant? If the ratio for a 
given spring extension/ weight, is the same for all weights (this is what you 
found in Experiment 11, did you not? ), then how many measurements of 
"extension versus weight" do you need to determine the ratio? 

If you have to make only one measurement of extension and weight to get 
the spring constant, then the function, extension versus weight, must be 
knowable from just one measurement. Rut this implies that the graph also is 
knowable from only one measurement, for the graph is only another way of 
representing the same function. Is one measurement, (that is, one point on 
tlie graph) enough to tell you the whole graph? Remember that, if two variables 
are proportional, their graph is a straight line through the origin and through 
the one point you can plot from the one measurement you made. How many 
straight lines can you draw passing through the origin and the one plotted 
point? A spring whose spring constant is known is said to be calibrated. 

In the present experiment with aluminum cylinders of fixed length but 
different diameters, you found that weight is not proportional to diameter. Is 
the weight a. monotonic function of the diameter? Notice again the important 
logiciil point that a monotonic function is not necessarily a proportional 
function, although a proportional function is necessarily monotonic. 

Now that we have found that weiight is not proportional to diameter in this 
case, we feel a little let down. It is one thing to find that weight is not pro- 
per ti onal to diameter. It is quite another thing to answer the question: What 
function is it? In this case it is not difficult to find the answer. Go back to 
your data sheet for Experiment 13 and compute the square of the diameter 
for each line of the table. How many signxficant figures are you enbXXjLeo. to xn 
these squares? What will be the units of these quantities? Enter their values 
in the second-last column of the table. Put a suitable heading in the blank 
space over the column, including the units. Now try working out the ratio, 
"weight divided by square of the diameter". What are the vinits of this ratio? 
Enter these new xatios for each line of the table, putting a suitable heading .. . 

over the, column, including units. 
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cylincKirs of fixed length, the weight of the cylinder is proportional to 
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We can write an analytical expression for this last statement in the form 

W = k X 

where W means the weight of the cylinder and D is its diameter. Now once 
you k]iDw k (which is constant as long as you are talking about cylinders of 
some :(ixed material and fixed length), you can always calculate W when you 
are given D. The value of k you found in Eiqieriment 13 was about 5. 39 g/cm^; 
that is,, W/D^ = 5. 39 when the weight is e3q:iressed in grams and the diameter 
in cm,. Would the valiie of the constant still be 5. 39 if the weight and diameter 
were expressed in ounces and inches instead? 

Now if W = 5. 39 D^, you can easily calculate W whenever D is given. 

How v/ould W change if you double D? That is, you know that doubling D will 
cause \V^ to increase ; can you make a general statement about how much W will 
increase on doubling D? Suppose D has the value of d before doubling, and, 
of cour se, 2d after doubling. The weight, Wj, before doubling will then be 



Wi =5. 39 X d^. The weight. 
The ratio, W 2 /W 2 , then, is 



W 



2 , after doubling will be W 2 = 5. 39 x (2d)' 



— ^ 2 u 5 . 39 X ( 2 d)^ _ ( 2 d)^ 

Wi ~ 5. 39 X d2 ~ d^~ ’ 

the las : fraction coming from the permissible cancellation of 5. 39 from top 
and bottom. Now (2d)2 means "(2d) x (2d)", doesn't it? And that means 
"2 X d :■(: 2 x d , " Thus we can write 



W 7 _ 2 xdx 2 xd 

Wi d X d 



= 4 



Be sure you see where the 4 comes from. Then if = 4, it follows tliat 

W 2 = 4 :c V/i. That is, W 2 is four times as great as Wp Therefore doubling 
the dia;nieter will multiply the weight by four. This is true, ox course, no 
matter ^vhat the diameter befor e doubling might be; because all we said was 
that d is the diameter before doubling, and we never committed ourselves to 
any pai licular value for d. 

Hoes it surprise you that doubling the diameter does not merely double 
the weight, but quadruj>les it? If you think of the circular cross-section of the 
cylinder, this would mean that doubling the diameter of the circle quadruple ',r. 
the area of the circle, wouldn't it? Draw two 1-inch circles side-by-side and 
just touching each other on a piece of paper. Then draw a 2-inch circle whose 
center li.es at the point of contact of the two small circles. Is the 2-inch circle 
more tlum twice as "big" as. a 1-inch circle? Actually, its area is four times 
as great. 
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Do you see now that saying that "weight is proportional to size" for a t 

certain kirxd of material (like aluminum) may or may not be true? If you have ? 

a bunch of sticks all of the same cross-section but of different lengths, it is 
cert^nly quite reasonable to refer to the length of the stick as its size; and 
in this usage of the word "size", the weight i^ in fact proportional to size. If 
you have a bunch of sticks all the same length but of different diameters, it is 
again certainly reasonable to refer to the diameter of the stick as its size; but 
in this usage of the word "size", the weight is not proportional to size. 

If it sounds confusing to you that weight sometimes is proportional to size 
and sometimes is not, don’t worry abcut it. It would be confusing to anyone. 

But you should see that the whole reason for the confusion lies in using the word 
"size" in two different meanings. If you avoid this ambiguous use of the word 
and replace it by "length" inflie first case and "diameter" in the second, every 
bit of the confusion disappears. You then have that weight is proportional to 
length but weight is not proportional to diameter. Things are made very simple 
by the correct choice of words, aren't they? 

Let's look into one more case. Do Experiment 14 now. 

Points to Discuss in Class 

What does the inconstant ratio, weight/diameter, tell you about the pro- 
I portionality between weight and diameter ? Does the curve of your graph agree with 

with tWs conclusion? Does the curve appear to be similar to the one you 

obtained in Experiment 13? The similarity between the two graphs suggests 

that perhaps the ratio, "weight/ square of the diameter" might be constant 

here, too, as it was in Experiment 13. Try it, using the sixth column to 

record the quantity, (diameter)^, and the seventh for the ratio, weight/(diameter) . = 

How many significant figures are you entitled to in the ratio? Do you get a con- 
stant ratio this time? 



Would it be correct to say tlat the weight is an increasing function of the 
diameter? Would it be correct to say that weight is an increasing function of 
the square of the diameter? Would it be correct to say that the weight is pro- 
portional to the square of the diameter? 



If the weight is proportional neither to the diameter of the sphere nor to 
the square of the diameter, can you suggest something to try next? When your ! 

class agrees on what to try, do it, using the last two columns of Table I. What 
units do these quantities have*? I 

I 

2. Density | 

f 
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The last three experiments have shown you that when you are talking 
about pieces of aluminum, the weight of the piece is proportional to 
the length, when the pieces are rods of the same crcss-section 
the square of the diameter when the pieces are rods of the same length 
but different diameters. 

the cube of the diameter when the pieces are spheres. 
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Or, if we say the same things symbolically, we could write 

Wi = ki X 1 

Wz = k2 X 

W3 = ks X d^ 

In these equations: Wj, W^* and W 3 represent the weights of, respectively, 
rods of the same cross-section, cylinders of the same length, and spheres; 
and ki, k£, and k 3 are the corresponding proportionality constants. Nothing, 
either in these equations or in the corresponding word- statements above, tells 
you what the numerical values of the k*s are; but you measured them in your 
esqperiments. 









Now this is the kind of finding that causes a physical scientist to scratch 
his head and pace the floor, or at least to squirm in his chair. Here we have 
some pieces of the same material, all aluminum, and the weight of the piece { 

varies in a crazy way with the size, being sometimes proportional to some j 

dimension, sometimes proportional to the square of some dimension, and 
sometimes proportional to the cube of some dimension. Isn't there some way 5 

we can unify all these findings into a single larger idea, so that we don't have j 

so many diverse individual ideas separately to remember? One of the main | 

goals of physical science is to find such unifying ideas. L»et's try it in this case. 

The thing that strikes us as possibly unifiable here is this: All the metal 
pieces were of aluminum, and there should therefore be an underlying same- 
ness about the three functional relations. Still, there are three different k's, 
each of which had to be separately measured. Might there not be a way to ! 

relate one k to another, so that you would have to make only one measurement 
3’l^J^Inum, and then all the k's would follow from that one measurement? 

This might be possible, so let's think some more about it. - 

Suppose I have a piece of aluminum of a certain weight. Then in my ' 

imagination I add another piece of aluminum to it; the weight of the piece will 
of course increase. But let me add this second piece in a special way. I will j 
^ rod of fixed cross-section" in such a way that the augmented rod 
is still of the same cross-section but a little longer. Or, I will add the same 
piece to a "cylinder of fixed length" in such a way that the augmented cylinder 
is still the same length but a little larger in diameter. (I can do this by "coating" ^ 
the added piece like a sheet of wrapping paper around the curved surface of 4 

the cylinder, but not on the flat ends. ) Or, I will add the same piece to a "sphere"* 
by buttering it uniformly over the entire surface of the spte re so that the I 

augmented piece is still a sphere only ^ little larger. I 

Now since the piece I added was each time the same piece, whether it was I 

added to rod, cylinder, or sphere, it is clear that the weight of the piece, must I 

increase the same amount each time, no matter what the shape we started with, I 

This suggests that what really counts in determining the weight of a piece of 9 
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aluminum is the volume of aluminum contained in the piece. Surely, you say, 
you vould find that the weight of a piece of aluminum is an increasing function 
of its volume. Perhaps we could investigate this guess, and find out whether 
it's true; and if we're lucky, perhaps we could even find out exactly what 
increasing function it is. 

Mow do Experiment 15, after which we will have more 
Points to Discuss in Cla s s 

Did you find that the weight of a chunk of aluminum is an increasing 
function of its volume? Did the constancy of the ratios and the linearity of 
the gra.ph show that weight is proportional to volume? Suppose that, after you 
had finished with the eight blocks you used in this experiment, you had been 
given an invisibly small piece of aluminum as your ninth block. The wei^it 
and volume would both be zero of course. You therefore could not compute 
the ratio, weight /voliime. On the other hand, you have learned that you may 

call the ratio, 0/0, anythiig you please. What would you like to call it in this 
case? 



In analytical form, we find by experiment that 

W 

Y = k. 



where W is the weight of the piece, V is its volume, and k is some .onstanL 
What are the units of this constant when W is in grams and V in cc? Would the 
numerical value of k be different if we measured the weight in pounds and the 
volume in gallons? The value for k is about 2. 7 g/cc, depending somewhat on 
what particular aluminum alloy you used.* 



Do you understand the meaning of the statement, "W/V is a constant for 
all pieces of aluminum"? The weight and the volume of aluminum chunks are 
variables, = You may have a chunk of aluminum of any weight you choose; you 
may have a chunk of aluminum of any volume you choose. But you cannot choose 
both. Once you have fixed on some certain volume for a chunk of aluminum, 
the weight is fixed whether you like it or not. You have all the freedom you* 
wish to choose either the volume or^ the weight, but you cannot choose the 
ratio of weight/ volume. 



The thing to notice in the last sentence above is that you cannot choose 
the ratio. There always is a ratio, of course, but its value is "chosen for you". 
The aluminum itself, so to speak , does the choosing of the ratio, and your 
e^qperiment shows that it always chooses the same ratio. Another way to put 
the point is to remind you of what you found in Experiments 6 and 8. You found 
that the ratio of J^for diagonal/edge for a square is purely a property of being 
1 quare and not on what square you are talking about. You found that the ratio 
I ) for cir cumfe rence/ diameter for a circle is purely a property of being 
circular and not on what particular <;ircle you happen to be talking about. Now 
in Ihis eiq>eriment you found that the ratio of 2. 7 g/cc is purely a property of 
being aluminum, and not on what piece of aluminum you're talking about. The 
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weight of a certain piece of aluminum is not a property of aluminum, for the 
weight depends on what chujik you ars dealing with. The same is true of vol- 
ume. But the ratio of v/eight/ volume is the same for all pieces of aluminum, 
does not depend on what piece of aluminum you measure, and is purely a prop- 
erty of being aluminum. 



The ratio of weight /volume for any kind of material is called the density 
of the material. From now on we shall use d instead of k to symbolize the 
ratio, and we can write 



W ^ , 

— - d 



V 



This equation may be taken as the definition of density. From it you should be 
able to derive mathematically that 



W = d X V and V = W/d 



You ohr'/old iiot bothcj. to txy" to iiietnufizic these last two equations. You must. 



• ji ^ 

of course, memorize the defining equation (if you expect to remember it), but 
it is foolish to memorize the other two because they are so easily derived from 
the defining equation. 



You should try to get a feeling for the meaning of the quantity called 
density. Try to see the close analogy in mec^ aing among density and, say, speed 
and unit cost. Speed is the rate of piling up di^^^tance as time goes on -- say 
miles covered per hour traveled. Unit cost is tho rate of piling up your grocery 
bill as you but more hamburger -- say dollars of grocery bill per pound of 
hamburger. Density is the rate of piling up weight as more and more volume 
is added say grams of weight accumulated per cc of volume added. 



What is the weight in grams of one cc of a material whose density is d? 
Let W,j be the weight of one cc of the material. Its volume, of course, is 1 cc. 
^tccofding to the defiiixtion, then, density = weight/ vohime = W'l/l = Wj. That 
is, Wj = d. In words, the weight of one cc of the material is numerically 
equal to the density. Otherwise stated the density (in g/cc) of a material is 
silmply the weight (oln grans) of one cc of the material. Do you see that this 
statement is merely another way of wording the last part of the last sentence 
of the preceding paragraph? 



You should be able to compute the volume of a piece of aluminum if you 
know its weight and you should also be able to compute the weight if you know 
its volume. Let us take a look at two such problems. 



o 
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First, what is the weight of 17. 6 cc of aluminum, given that the density is 
2. 71 g/cc? There are many equivalent way*, to woxk this problem, differing 
mostly in the thought processes used to arrive at the required arithmetic. The 
worst way is to substitute in the formula, saying som- thing like this: we are 
given that V = 17. 6 cc and that d = 2. 71 g/ cc. From one of the above formulas, 
we know that W = d x V. Then W = 2. 71 x 17. 6 » 47. 7 grams, which is the 
correct answer. 



I 



I 










Now you should ask: If this method gives the correct answer, why would 
anyone call it the | 'worst" way? If the method works, what is wroi^ with it? 

The main answer is that blind unthinking substitution in a formula deprives 
you of a chance to think. If you baby yourself by working problems always by 
a recipe, then you deprive yourself of the chance to acquire a real and comfort- 
able understanding of the ideas. Refuse to baby yourself; force yourself to think 
Then one day when you have to think, it won't be a stranger to you. Noone 
hires a scientist because he knows a lot of formulas or because he can substitute 
numbers in formulas. That’s wLai encyclopedias and computing machines are 
for. Whether you are going to be a scientists, a housewife, a baseball player, 
farmer, or salesman, you will have to learn to think. Now is the time to start. 



Let's do the same problem by thinking; it's extremely easy! You say to 
yourself: I am asked to find the weight of 17. 6 cc of aluminum. (I'm not going 
to find the answer just by sitting in my chair and waiting for someone to tell 
me the asnwer. I probably won't be able to find the answer by looking it up in 
a book, because the chances are slim that anyone has ever worked out exactly 
this problem before. I don't want to ask son: one else the answer, because I 
want to b-5 the kind of person tlat other people ask, not the kind that has to ask 
other people. I have no recourse but to work it myself. ) I could work out the 
weight of 17. 6 cc if I knew the weight of one cc, because the weight of 17. 6 cc 
IS evidently just 17. 6 times the weight of one cc. (How do you know this? ) 

Now I'm given the density as 2. 71 g/cc; what does that mean? Why that means 
that aluminum weighs 2. 71 grams per cc; that is, each cc weighs 2. 71 grams. 

Well if one cc weighs 2. 71 grams, how much does 17. 6 cc weigh? That's all 
there is to it! 



Another way to approach this problem is useful to know about because 
the same idea can be used to work much more complicated problems where 
even the best "thinkers" might get lost. In this procedure, one thinks only of 
the units. involved. We are given 17. 6 CC and asked to find the number of 
GRAMS. We are asked to go 

From To 



cc grams. 

You now ask yourself: according to the rules for working with units, how can 
I "change" cc into grams? The first thing you must do is put in "grams" where 
you don't have grams. You can do this by multiplying by grams: 

cc X grams gives cc-grams 

according to the rule on page 35. Thus multiplying cc by grams would give us 
cc-grams, which still isn't what we want but at least it has "grams" in it! We 
still have to get rid of the unwanted cc that occurs in cc-grams. Suppose we 
divide what we now have by cc. We would then have 



cc X grams 



J 



D 



h\ 

)■) 




But you recognize now that we are multiplying and dividing by "cc”. and we may 
therefore cancel them out: ^ 



cc X grams 



cc 



gives grams 



We can rearrange the thing on the left as follows 



cc X 



grams 

cc 



gives grams 



M 



cc" to "grams", we have 



and then we have what we want: In order to convert 

to multiply by a quantity whose units are grams/cc. But those are the units 
of density. Hence to "convert" a volume (in cc) to a weight (in grams), you 
must multiply by density (g/ cc). The arithmetic now follows immediately: you 
must multiple 17. 6 x 2. 71 to get the answer in grams. Easy, isn’t it? 



Now let's work another problem: What volume would 43. 9 grams of alum- 
inum occupy, if the density is 2. 71 g/cc? Given the weight, find the volume. 

course, one way to vrork the problem is to substitute the given numbers in 
the formula (page 90). But this is the baby way and you prefer to use the 
thinker's way! Let's see whether we can think it out. 



One way is to lean on what you know of arithmetic. You say to yourself* 
I have a block of aluminum that weighs 43. 9 grams. The density of aluminum’ 
IS 2. 71 grams/cc, which means that each cc weighs 2. 71 grams. In my block 
of 43. 9 grams, then, every cc of it weighs 2. 71 grams. The number of cc's 
in the block then is the number of (2. 71 grams )'s in it. That is, how many 
times is 2. 71 ^r.utained in 43. 9? Thus the volume is 43. 9/2. 71 or 16. 2 cc. 



Another way is to pretend that you already know the answer and use sym- 
Suppose we call the unknown volum.e, V. Now if I have a block of aluminum 
volume is Vcc, and each cc weighs 2. 71 grams, then the weight of the 

whole block is 2. 71 X / grams. But the weight of the whole block is also given 
as 43. 9 grams. Hence 



2. 71 X V = 43. 9. 



From this you should easily be able to show that V = 43. 9/2. 71 cc 



StiU another way is to think only of the units. We are given grams and 
we wish to find cc: How can we go 



From 

grams 



To 



cc 
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Using the same reasoning we used before, you can see that we could convert 
grams into cc by multiplying grams by cc/gram, for then we would have 



gram X gives cc 

gram ® 

because you may cancel out the "gram" upstairs and downstairs. Now you know 
from your study of the arithmetic of fractions that multiplying by a fraction is 
the same thing as dividing by that fraction turned upside down. (If you don’t 
know this, please pretend that you believe it for a moment and we'll prove it 
in the next paragraph. ) Therefore, multiplying by cc/gram is the same as 
dividing by gram/cc. That is 



— I 

gram/cc 



gives 



cc. 



This last statement says that dividing the weight (grams) by the density (cc) gives 
the volume. That is, the volume is 43. 9/2. 71, same as before. 



Now, if you did not see why it's true that multiplying by a fraction is the 
same as di\*iding by the fraction turned upside down, think of it this way. 
Suppose that we wanted to multiply any number. A, by and fraction, B/C. Say 
the answer is P. Then 

A X ^ = P. 

Now multiply both sides of this equation by C/B. Then 

A B C „ C 
Ax:^x~ = Px— ■. 

C B B 

Now the left-hand side of this equation is merely A because we can cancel out 
the B's and C's that appear upstairs and down. Then we have 
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LWhen you turn a fraction upside down, the new fraction is called the 
reciprocal of the other. Like brothers, if M is the reciprocal of N, then N 
is the iciprocal of M. (Do you see why? ) We have shown that multiplying by 
a number is the same as dividing by its reciprocal. You should be able by 
yourself to show that dividing by a number is the same as multiplying by its 
reciprocal.^ 

Before leaving the numerical problems we just worked out, there is some 
thing that ought to be called to your attention. Notice that we did not work 
these problems by some set routine method that somebody told us to use. By 
using logic, we worked out our own methods. We therefore know they have to 
give the correct answer without our needing someone to tell us so. IT IS FAR, 
FAR MORE IMPORTANT THAT YOU SEE HOW TO WORK THESE PROBLEMS 
THAN THAT YOU MERELY GET THE RIGHT ANSWER. IT IS FAR MORE 
IMPORTANT THAT YOU UNDERSTAND HOW WE REASONED OUT THE 
METHODS THAN THAT YOU MEMORIZE THE METHODS AS RECIPES. Keep 
in mind that you can work out your own method to solve the pr oblem and do not 
need formulas or someone else to tell you how. Of course you: .might need 
help in the beginning; the point is that a proper way to solve a problem is 
decided by logic, not by someone’s authority. 

3. A Unification 



Do you remember that we left our friend, the physical scientist, 
scratching his head and pacing the floor, way back on page 88 ? Well, now 
we are in a position to help the poor fellow. You remember we had exhibited 
some experimental findings in this way: If we let 



W X mean the weight of an aluminum rod 0 . 635 cm in diameter but of 
variable length, L; 

W 2 mean the weight of an aluminum cylinder 2 . 54 cm long but of 
variable diameter, D; and 



W 3 mean the weight of an aluminum sphere of variable diameter, D; 

then the results of Experiments 12 , 13, and 14 could be summarized in the 
functional relationships: 



Wj = ki 


X 


L 


where kx = 


0. 855 


W 2 = k 2 


X 


d2 


where k 2 = 


5.39 


W 3 = k 3 




D^ 


where k 3 = 


1 A 't A 

X. 



(The proportionality constants as you found them in your experiments are 
already entered here. These numbers may not be exactly the same as yours- 
they depend somewhat on the particular alloy you used-but yours should have 
been close to these. ) Our head- scratching, floor -pacing physical scientist' 
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now was wondering to himself like this: Here I determined three different 
propoitionality constants. All are concerned with weights of aluminum blocks 
of certain specified shapes. Surely, since all the blocks are of the same 
material, these three different proportionality constants are somehow related. 

What is the relationship among them? And then our physical scientist starts 
thinking. 

Suppose I forget for the moment that I have already measured the propor- 
tionality constant, ki, between weight and length of aluminum rods 0 . 635 cm 
diameter. Instead, let me work out the weight of such a rod from the known 
density of aluminum. To do so, I would have to find the volume of aluminum 
in the rod and multiply it by the density: 

Wi = d X V ( 1 ) 

The density, d, I know; what about the volume, V? Well, these rods are 

cylinders, and I can always find the volume of a cylinder from the geometric 
formula 

V = X d2 X L 

where D is th e diameter of the rod and L is its length. Now this last equation 
says that x x L is another name for V. Therefore I may replace 

the V in equation ( 1 ) above by its other name and obtain 



k: 




W] = d X 



U_ 

4 



X X L 



(2) 



Now look at this last equation carefully. We are talking exclusively 
about aluminum rods of just the one diameter, 0. 635 cm. In this equation, 
then, d is a temporary constant, being the density of aluminum; is a tempor- 
ary constant, being the square of 0, 635; and of course |j /4 is an absolute 
constant whose value you can work out. Since d, d 2, and 7T/4 are all constants, 
if you multiply them together, there is only one product you can get; that is, 
their product is a constant. That is. 



Wi = (. 



1 I 



X d X D^) X Li. 



(3) 



This equation is identical with equation (2) except that the first three 
factors have been lassoed together in parentheses to emphasize that aU together 
they are simply one constant. Now if you compare equation (3) with the first 
equation displayed^ page 94 , you will immediately see that kj is simply 
another name for "” 4 “ x d x D^. Since you know, or can easily work out, 
the numerical values of / f /4 and d and D^, you should now compute the value 
of kj^ and see how closely it agrees with the value you obtained for the propor- 
tionality constant in Experiment 12 . 

Remember that d and both have units (what are they? ), while 7T /4 
is without units. Then, applying the rule for units when multiplying, what are 
the units of x d x D^)? What did you get for the units of kf in Experi= 

ment 12? You have now determined kj in two ways; es^erimentally in 
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Experiment 12, and now theoretically. Do the two determinations agree both 
numerically and with respect to their units? 

Now let’s tackle the second proportionality constant, k 2 » relating 
weights and diameters for aluminum cylinders of length 2. 54 cm. Of course 
equation ( 1 ) still applies, with the change that Wi now becomes V/ 2 « Dut we 
are also again talking about cylinders, so tlat the formula for volume remains 
as before and we can use equation ( 2 ) with Wi changed to W 2 *. 

W 2 = d X X X L (4) 

The quantity )| /4 is still a constant, of course, and since we are still talking 
about aluminum, so is d a constant. With the other factors, however, there is 
a difference. This time we are talking about cylinders of fixed length and 
variable diame'ter, so that L is a constant but not D^. Thus we can rearrange 
the right-hand side of (4) and lasso quantities as follows! 






W 



2 






d X L) X 



(5) 



Here again, the quantity in parentheses is, all together, a single constant. 

If you compare equation (5) with the second equation displayed on page 94 , you 
will immediately see that k 2 is merely another name for ( - TT x d x L). 

Since you know the numerical values of d and L, you should^e able to work 
out the value of k 2 . Do it, and see whether the k 2 you get by this theoretical 
method agrees both in numerical value and units with the value you obtained 
from Experiment 13. 



You ought now to be able to compute k , the proportionality constant 
relating weights of aluminum spheres to their diameters. Notice that equa- 1 

tion (1) still applies (change to W3, of course) and recall that the volume ? 

of a sphere is (1 D^/ 6 . Compare the computed k 3 with the experimentally 
measured value you obtained in Experiment 14. Do they agree in both numer- 
ical value and units? i 



So you see that the three proportionality constants, kj, k 2 , and k 3 , are 
closely related after all. The main feature that makes physical science such 
a pleasing study is the continual recurrence of unifying ideas like this one, 
unifications that can be thought out just by the power of logical reasoning, 

4. Densi^ties of Various Solids 



Now you understand that the density of aluminum is an intrinsic property 



-_B 1 ’trr'N «■» 

«u«JL vv o.y 



of aluminum in the sense that every piece of aluminum in the world has a_ 
the same density. One of course feels that the same should be true of any 
other material that can be definitely specified. You should now do Experimen 
16, which is cmicerned with the determination of the densities for several 
other materials. 



I 
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Points to Discuss in Class 

The! densities you measured ranged from a low of about 0. 6 g/cc for 
wood to a high of about 11. 3 g/cc for lead. (The exact values will vary because 
there are different kinds of wood and plastic, different alloys of lead, brass, 
and steel. ) How is this variance in density reflected in the grpphs of weight 
vs. volume for the five materials? 

Do all five curves have the same slope? Recall that one way to think of 
density is as "the rate at which weight is accumulated as you add more volume 
to the pile. " If we add more volume to a pile of lead and also to a pile of wood, 
which pile will have its weight increased the more for each cc added? As you 
move to the right on these curves, you are increasing volume, are you not? 
Which curve rises more rapidly as you move to the right? Do you tlien feel 

it is that the greater the density of the material, the steeper is its curve, 
weight vs. volume? 



For any material, a piece of zero volume of course has zero weight. 

Thus the origin (where weight and volume are both zero) must lie on the curve 
for weight vs. volume for every material. That is, the curve of weight vs. 
volume must always pass through the origin, for any material at all. If the 
curve is known to be a straight line, how many other points do you need in 
order to draw the curve? How many pieces of a material must you measure 
(weight and volume) in order to determine the density? If the ratio, weight/ 
volume, is always the same, how many pairs of weight and volume must you 
measure in order to know the ratio for all weights and volumes? Do you see the 
interconnection among these last three questions? 

You are given that the density of brass is 8. 4 g/cc and the density of 
steel is 7. 7 g/ cc. See whether you can answer the following questions: 

Which is the heavier, a block of brass or a block of steel, if thev both 
have a volume of 1 cc? 

Which is the larger volume, 1 cc of brass or 1 cc of steel? 

Which has the larger volume, 1 gram of brass or 1 gram of steel? 

Two cylinders, one brass and one steel, are both 3 cm in diameter and 
both weigh ten grams. Which is longer? 

Which is heavier, a one-gram block of brass or a one-gram block of 

steel? 




It is desired to make a metal block measuring 2 cm x 3 cm x 4 cm, 

weighing not more than 200 grams. Can this be done with brass or steel, 
neither or both? * 
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■W Lll it take a greater weight of brass or of steel to make a statuette 
whose ’u Dlume is 22 cc? | 

.ill it take a greater volume of brass or of steel to make a miniature 
baseball bat weighing 10 grams? 

W ]iich has the greater density in pounds per cubic, inch, brass or steel? 

Sijippose that you can make weighings with your spring that are good to 
0. 01 gr.-m. If you weigh a block of metal whose weight is just more than 1 gram, i 
how many significant figures would you be entitled to in the weight? If you 
weigh a block whose weight is just more than 10 grams, how many significant 
the weight? If you knew the volume of the sample accurately to 
four significant figures, how many significant figures would you be entitled to > 

in the dtsnsity of the 1-gram block? In the 10 -gram block? If you wanted to 
obtain ti.e highest precision possible using your apparatus to determine the 

density of aluminum, would you choose to make your measurements on a small 
or large: piece of metal? 




Which is heavier, wood or lead? You vould probably answer lead, of 
course. Yet you know that 10 poinds of wood is certainly heavier than 1 pound 
of lead. What do you mean when you say "lead is heavier than wood"? Notice 
that we commonly use the word "heavy" in two quite different senses: in one 
sense we use the word to mean "having a great density. " There is nothing 
wrong with this double use of the word as long as you are aware of possible 
confusion and avoid it when you should. It is this double meaning of the word 
"heavy" lhat forms the base for the riddle "Which is heavier, a pound of lead 
or a pound of feathers?" Either "lead" or "neither" is the correct answer, 
dependir g on which meaning of the word "heavier" the questioner has in mind. 
It is noni;S ensical to spend hours arguing over the "correct" answer, when 
the real point is "What does the question mean?" Once it is settled what the 
question .neans (and any good dictionary will give both meanings for the word 
"heavy"), there is no longer any argument. Many passionate arguments are 
the resut”. of unagreed meanings of words, 
fact and {guard against it. 



You should learn to recognize this 



Since different materials have different densities, it ought to be possible 
to use thi! property of density to identify an unknown material. Experiment 17 
is a detective game based on this idea. Do it now! 

Points to Discuss in Qass 

Ho’.v did you come out in your identification? 




If ^ou were to rub off the paint on the two blocks whose densities agreed 
with none of those you measured in Experiment. 16, you would find them to 
be brass. Can you explain the discrepancy? It is not a different kind of brass. 
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It is also entirely possible for two different materials to have the same 
ensity -- aluminum bronze and nickel steel might be examples. It is also 
entirely possible that two different materials might agree in density to the 
second decimal place but disagree beyond that. Do you see why one has to be 
careful when he uses only one property to decide identity? 



Suppose you had two samples of material that agreed in density, but you 
were not assured (as in this experiment) that they are each one of five materials. 
« conclude that they were the same material? Suppose in addi- 

on that they both had the same color, taste, and hardness. Could you then 
safely conclude that they were the same material? How many properties must 
coincide before you can certainly say that two samples are the same material’ 



5. Density of Liquids 



term density prevents its application to 

liquids. It IS perfectly meaningful to speak of the density of a liqiiid, because 
one can measure both the volume and the weight of a sample of liquid and then 

compu e t e ratio. Do Experiment 18 now, which involves the measuring of 
the densities of some liquids. ° 



•Points to Discuss in Class 



Of the four liquids, which has the greatest density and which the least? 



Water does not mix with either benzene or carbon tetrachloride. If you 
p ace a _ew drops of water and a few drops of benzene together in a tube, v/hat 
would you e^ect to happen? Try it, and tell which layer is which, and why.*" 
aose the tube with the thumb, shake it violently, let it stand a minute, and . 
observe what happens. Can you explain? Do the same experiment with water 
an carbon tetrachloride. Now which layer is which? If two liquids do not mix 
can you tell fromitheir dencities which will float on top? 



Pipette once cc of carbon tetrachloride into a tube, then one cc of water 
en one cc of benzene (in that order). Explain what you observe. Close the 
tube with your thumb, shake it violently, let it stand a minute, and observe. Can 
you explain what happened this time? 



Refer to the densities of water and alcohol as you determined them. Which 
wo^d you expect to float on top if they v/ere placed together in a tube? Try it 
3.HQ tii6ii ©xplaiii wli3et you oIdsgi^vg* 



Tom and Jerry go to the drugstore, Tom to buy a pound of benzene and 

/if tetrachloride. The druggist gives each of them 

a full bottle, but Jerry's is much smaller than Tom's. Why? 



Did you notice tliat in this ejqieriment we used the "No-load position" of 
the spring as the position with the vial hanging on it, whereas the spring wac 
calibrated with truly "no load"? Does this bother you? It should! You calibrated 
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°" ‘‘ ‘° proportional to the length 
t spring extends beyond its length when nothing hangs on it. Suppose that 

L^rr first hanging a bucket on it (thereby 

giwng the spring an initial extension) and tl.en looking for the functional 

relationstap between "weight added to the bucket" and "extension of the spring 
beyond what theoucket extends it. " The questions come up: What right have 
you to suppose that these new variables are proportional? And even if they 
are, would the proportionklity constant be the same? 

The answers to the questions are: "Yes, the new variables are propor- 

tional and the proportionality constant is the same. " The proceduTTJrou used 
in ^periment 18 is valid, even though you calibrated the spring without the 
ucket. But PLEASE, you are not to accept someone's word for it. You have 
a duty to ask why the procedure is valid. Here is why: 



V» hen you cslibrated the spring, you found that 



E = k X W 



( 1 ) 



^ extension of the spring beyond where it hangs with no load at 

all, W IS the weight hanging on it, and k is a constant as long as we are dealing 
with that particular spring. Now suppose you are interested in the weight of 
a certain pay load, Wp. We could find the value of V/p by hanging it ^ itself 

on the spring, observing the extension (call it Ep), and then calculating’wT" 

from the equation ® P 



JT 



k X 



t' 



( 2 ) 



as you have now done so many times. (Here, notice that E„ ic the extension 
beyond no load at all that you would get if you attached the pay load by itself ) 
Suppose, however, that the pay load is a liquid that you cannot hang"5;ilhr^ 
spring by itself. Yo u therefore put it in a bucket, and hang both the bucket 

Let us call the total weight (bucket plus pay 
extenstion it causes (beyond no load at all), Et. Equation 
(1) Still applies of course, for the W and E in that equation mean total load and 
extension beyond no load at all. Therefore 



E-p = k X Wrp. 



(3) 



j is made up of two parts. Wp, the pay load, 

and Wg, the weight of the bucket. That is pry 



Wp = Wp + W3 

This means that "W + Wg" is another name for Wt, and we may replace the 
Wp that appears in J3) by this new name. Equation (3) then looks like this: 



Ep = k X (Wp + Wb). 



(4) 
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But now youlknow that if you multiply the sum of two numbers by a multi - 

P 'sx# you get the same result as if you multiply each of the numbers separately 
by the multiplier and then add. That is 

h X (Wp + W3) = (k X Wp) + (k X W3). 

We m;,y then replace the right hand side of ( 4 ) by its new name given by the 
last equation: ^ 

il'T = X Wp) + (k X W3). (5) 

Now consider what happens if you hang only the bucket on the spring. Equation 
(1) stall applies, of course, and we know that the bucket will extend the spring 
an amount proportional to its weight. If we call Eg the extension beyond no 
load at all produced by the bucket, then we know that 






E 



B 



= k X W 



B- 



( 6 ) 



Let us subtract E3 from E^: we get, of course, E^ - E„. But equations 

( 5 ) and (6) give us two other names for E^ and E3. We can use these two 
names instead and write 

Eq. - Eg = (k X Wp) + (k X Wb) - (k X Wg). 

Look at the right- hand side of this equation. It tells you to take the number 

k X Wp) and then add to it (k x W ), and after you have done that, to subtract 

(k X Wr) 

VI, “ away again. 

You know that adding and subtracting the same thing to any number leaves the 

number unchanged. (Does this remind you of the numerical property that 
dividing and multiplying by the same number leaves things unchanged? ) 
Therefore the last equation above could be written 

Et - Eg = k X Wp. 

if you now look at the right-hand side of this equation- . and the right- 
hand side of equation ( 2 ), yomwill see that (k x Wp) and E^ and (Et - Eo) 
are all just different names for the same quantityv- That is, ^ 

^p ~ ^T “ Eg. 

This last equation is what we are looking for: it says that the extension E 
that the pay load would produce by itse^l (if you could attach it) is simply ^ 
(the total extension it would produce when added to the bucket) minus (tlxe 
extension produced by the bucket alone). This is what we wished to prove 
and we now know t!iat treating the position of the spring with bucket attached 
as a no load * position is an entirely valid procedure. 
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You found the density of water to be about 1, 00 g/ cc and of alcohol about 
0. 79 g/ cc. You now know that alcohol and water mix together. What would 
you eiq>ect the density of a mixture to be? This question is looked into in Exper- 
iment 19, which you should now do. 



Points to Discuss in Class 

Since water and alcohol have different densities, yet mix together com- 
pletely, you can see that a mixture of the two could not have the same densib/- j 

as both pure materials, for the mixture could have only one density. Your I 

intuition would ^ell you to expect that the density of the mixture would depend j 

on its composition, for a mixture with only a little alcohol in it would have a 
density nearly the same as water, whereas a mixture that is mostly alcohol | 

vmuld have a density nearly the same as alcohol. Thus gradually adding alcohol ^ 
to water would have to bring the density all the way down from about 1. 00 g/cc | 
eventually to about 0, 79 g/cc. The principle of continuity suggests that this 
change would be a gradual one, with out big jumps in i t. I 

Do your experimental findings indicate that the density is a function of • 

composition? You liave exhibited this function in two ways -- tabular ly and 
graphically. Is density a monotonic function of composition? Is it proportional? 

n' 

Since you cannot write an equation "d = k x c" (where d is the density ^ 

and c is the composition), the question comes up: Can we write an analytical 

representation of this function in some other way? It is not easy to answer this | 

question. A physical scientist would feel that there must be some analytical 5 

expression connecting density and composition, but the truth is that physical 
science has not yet progressed to the point where we can say just what that 
expression is. We must therefore be satisfied with the graphical and tabular | 

representations. At the same time, however, most physical scientists feel 
that this limitation is only temporary and that eventually such an analytical 
expression will be worked out. It will probably be very complicated. Lesson: j 

physical science is incomplete; not everything in its domain is understood. 




This may surprise you. Physical scientists are able to work out problems 
of seemingly vast complexity, like say the "^vths of the planets around the sun. 
Yet they cannot work out a problem of seeming simplicity like the density of a 
mixture of alcohol and water. Why is this? The answer is simply that the 
density problem is only ''seemingly" simple. The astronomical problem car. 
be solved by representing a dozen or so bodies by a dozen spheres that attract 
each other. Complex as this problem turns out to be, it can be handled; and in 
fact it is enormously more simple than the alcohol-water mixture, v/hich must 
be treated as a collection of millions of molecules that attract and interfere with 



each other, and have complicated and even changing shapes. The astronomical 
problem only seems more complex than the alcohol-water problem; probably 
because it deals with a physically large system that you must look at from a 
distance while the other is so physicallv small that you can hold it in your hand. 
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Suppose you added 10. 00 cc of water to 10. 00 cc of alcohol. What would S 
be the volume? You may be tenpted to add the numbers and answer 20. 00 cc. 

But are you sure that "adding the two volumes of liquid together in a J;est ] 

tube" is equivalent to "adding the two numbers together by arithmetic. " Is this 
a case where "putting together" does not mean "adding"? You ought to be 
suspicious about this! Adding 10 cc of water to 10 cc of water does indeed 
give 20 cc; the same is true if both samples are alcohol; but do you really have ;j 

a well-founded reason, to believe that it also is true when one sample is alcohol I 

and the- other water? 

Wfc.ll you don t have to sit and argue about it! You cancalculate it from 
data you now have. Since you know the densities of pure alcohol and pure water, 
you cancalculate the weights of 10. 00 cc of water and of 10. 00 cc of alcohol. Do I 
it. Refer to the table at the bottom of the second work sheet for Experiment i 

10. You then can add these weights together to get the total weight, and you ! 

c:an divide the weight of alcohol by the total weight to get the composition (frac- 
tion of alcohol). Now you can look on your graph to see what is the density of 
a mixture of this composition. Look up this density, and then knowing the i 

density and the total weight of the mixture, you can calculate its volume. How 
does the actual volume compare to the sum of the individual volumes? j 

If you had a mixture of alcohol and water and you wanted to know what 
percentage of the solution is alcohol, how would you go about analyzing it? i 

j 

6. Concentration 



Tom and Jerry were visiting some friends in New York aty, and they 
found it very different from their small home -town in Texas. Packed like 
sardines in a can, they were riding on one of the subways. 

Whew!", Jerry exclaimed, trying to make a little room so he could 
move his arms. "I never saw so many people in my life. How many people 
are there in New York City? " 



"About 8 million. " 1 orn 
subway with us. " 



JU VAAAJ.J.XV XXXSJOV KJX 
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"Well, I*m glad there aren't that many people in Texas, " Jerry sighed. 
"I like the open spaces. Say, how many people are there in Texas, anyway?" 

"About 8 million, same as in New York City. " 

"Now wait a minute, " said Jerry in surprise. "I've never seen anything 
like this at home. If there are as many people in Texas as in New York City, 
how come it's so easy to move around at home? People in Texas aren't nearly 

so crowded as they are here in New York City. You must be wrong about the 
populations you told me. " 
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Was Tom wrong with his figures? No, actually the population hi Texas 
is about the same as that of New York City, yet one gets the impression of far 
more people on the average in New York than at most places in Texas. The 
point is that crowdedness of people and number of people are two different 
things. Ten people in a telephone booth would be rather crowded, but ten 
people in a football stadium might be so far apart that they couldn't converse 
comfortably. Question: is "crowdedness" a quality capable of numerical 
eiqjression, or is it another of those qualities where you only ''feel"a difference? 

If you think about it a moment, you will realize that crowdedness refers 
to the number of people packed into a given space. Suppose we take the "given 
space" to be one square mile. The area of New York City is about 400 square 
miles and of Texas about 250, 000 square miles. Can you calculate the number 
of people on the average in one square mile? Do so, and you will find there 
are 20, 000 people per square mile in New York City but only 32 people per 
square mile on the average in Texas. No wonder you notice a difference! 

Notice that you obtained the crowdedness by dividing the number by the space 
they occupy. 

Another word for crowdedness is "concentration. " You can talk about 
the concentration of many different things. For instance, you could speak of 
the concentration of sugar in a sugar syrup, of salt in different samples of 
salt water, of acetic acid in different samples of vinegar, and so on. 

If I gave you two samples of sugar syrup -- one thin and watery and 
almost tasteless and the other thick and sweet --, and asked you which contains 
the more sugar, you might answer, the thick one. But if I gave you a whole 
tank car full of the thin syrup and only a thimble of thick, you would have to 
agree that the thinner one actually contained the more sugar. 

The confusion here is similar to that cited on page 98 about whether 
wood or lead is heavier. You remember we saw the root of that puzzle as the 
ambiguity in meaning of the word heavy; sometimes it refers to weight and some- 
times to density. V/ith the sugar solutions;, too, there is an ambiguity. When 
I ask which syrup contains the more sugar, do I mean actual amount of sugar 
or do I mean concentration? The proper answer, perhaps, is that the tank- 
carful of • thin syrup contains more sugar. If I had asked "which has the greater 
concentration of sugar?", the answer of course would be the thimbleful of 
thick syrup. 

Whatever the stuff whose concentration you are talking about, the definition 
of concentration is: 



Concentration of Stuff = Amount of Stuff 

Space it occupies. 

You can express both amount and space in lots of different ways, and therefore 
express concentration in lots of different ways. From the rule regarding units 
when dividing quantities, you can see that the units of a concentration are 
always "something per something. " Here are some examples: 
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People per square mile 
Monkeys pei barrel 
Grams per cc 
Pounds per gallon 
Parts per million 



Ten per cent 

Notice that density is itself a kind of concentration. It measures the actual 
weight of matter packed (crowded) into a unit of volume. 



Your intuition tells you that the concentration of black jelly beans in a 
one-pound box of different-colored beans increases as you increase the number 
of black jelly beans there. Your intuition also tells you that the concentration 
of black jelly beans decreases if you increase the size of a pile of beans that 
contains always 15 black ones. Intuition means a judgement not based on con- 
scious reasoning. .Sometimes your intuition is wrong and sometimes it is right. 
Either way, a good rule for the scientist is: Never ignore your intuition. If 
you have an intuitive feeling about something, you should investigate it. A 
scientist’s intuition will often lead him to important discoveries or, just as 
i^^po^tantly, to ejrrors he may not otherwise have noticed. Of course, you 
never base a conclusion finally on intuition, but a strong hunch is always worth 
investigating to see whether logic and experiment bear out the conclusion your 
mind leaped to. The difference between a scientist and a gambler is that the 
scientist, applies logic and experiment to his hunches to see whether intuition 
is supported by reason. 



A simple illustration is to see whether your intuition about the jelly 
beans above agrees with the definition. If you have a box of a certain size 
filled with jelly beans of different colors, your intuition tells you that the more 
black beans you put in the box, the greater is their concentration. Now what doe 
does the definition say? Concentration is the quantity you get when you divide 
the number of black beans by the volume of the box. If you 

have a box of constant volume, then the concentration is found by dividing the 
number of black beans always by the same number. That is, concentration is 



then a fraction whose numerator may change but whose denominator is constant. 
You know that under these circumstances, the larger the numerator, the larger 
the value of the fraction (5/17 is bigger than 4/17, for instance, or 2. 3/5 is 
bigger than 2. 1/5). Thus the more black jelly beans (i. e. , the larger the 
numerator) when the box is fixed in size (i. e. , the denominator is constant), 
the greater is the concentration (i. e. , the value of the fraction). Your intuition 
was okay in the first case. 



s 



Your intuition also tells you that for a fixed number of black jelly beans, 
the larger the box into which they are mixed, the smaller the concentration. 

This time the numerator is constant and the denomina+o-r thl. 

value of the fraction decrease as you increase the denominator? (Is 3/17 
smaller than 3/16? Does the quotient get smaller if you divide. a certain num-j 
ber by successively larger numbers? ) Is your intuition right again? 

Would intuition tell you to expect the density of a sugar solution to depend 
upon its concentration? Let’s do Experiment 20. 

P9ints to Discuss m Class 

Did you happen to notice that the units of concentration and the units of 
density are the same? Don’t let this bother you; it happens now and then in 
physict 1 science that two entirely different qualities are measured in quantities 
having the same units. Density and concentration may be different qualities, 
but they may have the same units. The point is that one must not confuse the 
quality with the units in which the quality is measured. This point was mentioned 
before on page 53. The head of the laboratory in a paint company instructs one 
of his technicians, "Measurce the pounds per gallon of this paint. " How can 
the technician know what his boss wants? What two things are likely to be the 
datum the boss is seeking? 



Do you see how, though an idea may be simple, it may be a rather involved 
process to reduce the idea to numerical measure? You think to yourself: 

Density and concentration are simple ideas. To get the density of this solu- 
tion, all I need is the weight and volume of a sample of it. To get the concen- 
tration, all I need in addition is the weight of sugar in that volume. Easy, 
let s go mejasure tliem. " And then you see that measuring them turns out not 
to be so direct and easy a business after all. Sometimes physical measurements, 

though simple in meaning, have to be measured by very indirect and elaborate 
methods. 



What does your graph look like? Is density a function of concentration? 
Can you find the density of any concentration you are given (within the range 
of the graph), even though it is one that no one in your class happened actually 
to measure? Is density a monotonic function of concentration? An increasing 
function? Is the density proportional to the concentration? The graph of 
this function is a straight line; or better, is so nearly a straight line as to 
allow being considered so for most purposes. If you have not already done so, 
use a ruler to draw what looks like the best straight line through the points. 
Remember that experimental error will inevitably find some of the points a 

little off. Try to draw the line so that you leave as many off -points on one side 
of it as on the oJ-her. 



7. Linear Functions 



The density of a sugar solution is an increasing function of the concen- 
tration, for the graph slopes always upward to the right. The steepness of the 
slope is constant, because the curve is a straight line. The densitv is not 
proportional to the concentration, however, because the straight line does not 
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go through the origin. Any function whose graph is a straight line is called 
a xiuear function. A linear function is always monotonic, because the slope 
never changes. Is a monotnnic function always linear? A linear function may 
be either increasing or decreasing, depending upon whether the straight line 
slopes upward or downward. A proportional function is always a linear function, 
because a proportional function is merely a special case of linear function in 
which the graph happens to go through the origin. Is a linear function always 
a proportional function? 

Let's go symbolic again! Suppose that Y, a dependent variable, is pro- 
portional to X, the independent variable. We learned before, you remember, 
that: (1) the graph of Y vs. X is therefore a straight line; and (2), there is 

some constant, k, such that Y = k x X for all the possible Y's and X's. 

It is time now for us to get used to a certain convention regarding the 
times sign , X. When symbols a:;e used to represent quantities, we have so 
far written their product using the "times sign. " When we wished to represent the 
the quantity 'A times B", we would write it as "A x B. " Most people, however, 
simply omit the times sign when the quantities are represented by symbols. 

This we shall do. Hereafter, when we wish to write the product of "A times B", 
we will simply write "AB. " Then when you see two symbols written togetle r 
this way, remember that it always means the product of the two. You will 
quickly get used to this convention. 

Two things you have to be careful about, however. One is that you use 
the convention only when at least one of the factors is not a number. You may 
write "A times B" as "AB"; you may write "2 times B" as "2B"; but you must 
continue to write "2 times 2" as "2 x 2". Do you see why? The other thing 
to be careful about is that you never choose more than one letter as a symbol 
for some quantity. For instance if you chose to represent the extension of 
a spring as "EX", no one could tell whether you meant "extension" or the product 
of the two quantities, E x X. Sometimes two letters are used to symbolize a 
single quantity; if so, the symbol usually carries a bar over it to show that they 
are tied together: like EX. 

It is a chciracteristic of a proportional function, you remember, that it 
can always be represented by the very simple analytical expression, y = bx, 
where y is the dependent variable, x is the independent variable, and b is the 
name of some constant whose value depends on the slope. The close intercon- 
nection between the equation, y = bx, and a straight line through the origin leads 
to the usage of speech: "The equation of a straight line through the origin is 

y “ bx. " Since the equationof a straight line through the origin is so simple, one 
wonders whether it is possible to. find the equation of a straight line that does 
not go through the origin. Such an equation would then be an analytical repre- 
sentation for any linear function just as "y = bx" is an analytical representation 
for any proportional function. 
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This can indeed be done. Imagine any straight line not through the 
origin, like the upper line in the graph 
to the right. Think very carefully what 
this graph means. Consider how the poini 
^ have been plotted. You would be 

given a value for y and a value for x. 

Regardless of what kind of quantities y 
and X represent, you always think of themy 
as distances when you make a graph. The 
point P must then have bee n plotted v/ith 
X equal to th e di stance OR, and y equal to 
the distance PR. Si mil arly 'Q r epresents 
the combination x = OS, y = QS. We write 
bars over the two letters (like PR) to indi- R 6 

cate that PR is one symbol for a certain distance -- not the product of two 
quantities, P times R. Now draw a line through the origin parallel to the 
first line, PQ. Suppose this new line intersects the two lines PR and QS at 
T and U as labeled in the drawing. 

This new line we already know can be represented by the equation, 

Y - bX (where we shift to capital letters to avoid confusion with the small 
letters we are using for the other line).. What does this mean? Well it means 
that any point (like T) has an X and Y such that X = OR, V = TR. (Remember 
that any pair of letters with a bar over it represents a single distance. In 
other words, it is a quantity. ) Moreover, these two qucintitLes X and Y are 
related by the equation Y = bX. That is. 




TR = b X OR 



( 1 ) 



Can you write a similar equation derived from the point, U? It would be 

US = b X OS (2) 

You should see very clearly that these last two equations are nothing more than 
two cases of Y = b x X, an equation that holds for every point on the line OTU. 



Nominee the two lines VPQ and OTU are parallel, the distances OV, 

PT, and QU are all equal. This is a property of parallel lines that you are 
probably familiar with and that we will make use of here without proving it. 
You will prove it when you study geometry. 
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But in the paragraph just before this, we saw that PT and QU are equal -- 
that is, they are different names for the same quantity. Suppose we give this 
quantity sti.31 another name, a, which is written in on the figure for you as a 
label for OV (which happens to be still another name for it! ). Now we can 

replace PT and QXJ in the last two equations above by their other name, a, and 
write 



PR = a + TR 
QS = a + US 

The quantities TR and US a.lso have other names; they are given in equations 
(1) and (2). If we replace TR and US jn the last two equations by these other 
names, we have 



PR 


a + b X 


OR 


(3) 


QS = 


a + b X 


OS. 


(4) 



If you look at these last two equations, you can't fail to see their 

they both involve a and b in the same way. But they have a sim." 
i^ity even more striking. If you look back at the drawing, you will see that 
PR and QS are simply the y's of the two points P and Q; and OR and OS are 
simply their x's. In other words, equations (3) and (4) say that for the two 
points P and Q on the upper line, it is true that 




y = a + bx (5) 

Now this conclusion would be true for any point at all on the upper line, ; 

for there was nothing special about the points P and Q that would make the j 

conclusion hold for just those points. In fact, why don't you try yourself to 
go through the whole argument using the point L as labeled on the drawing? ' - i 

Furthermore, there was nothing special about the line VPQ: it could be any 
straight line at all not going through the origin. Therefore equation (5) is the 
equation of any straight line not through the origin. 

It is important that you understand themeaning of equation (5). If you 
draw any straight line on a graph, every point on the line has some certain j 

y and x. The y of any point on the line depends upon which point you are 
talking about. You can specify any point you wish to call attention to by naming ? 

its X. That is, once you name an x, there is only one point on the line fdiat i 

has that x. Therefore you see that specifying an x specifies a point on the 
line, and specifying a point on the line specifies its y. Thus, as long as you 
are talking about points on this line, whenever x is specified, then automatically 
y is fixed. As long as you are talking about points on this line, in other words, 
y is a function of x. If you were talking about some other line, specifying the 
same x would in general give you a different y, as you will readily see if you 
draw two different straight lines on a graph. Thus each different line you draw 
will give you different y's for the same x; each different line, in other words, 
represents a different function of x. 
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i/e have seen that the y and x of every point on a line are connected by 
the aniilytical representation 



y - a + bx. ( 5 ) 

It is customary to say that "y = a + bx" is the equation of a line. Each 
differ<i it line, of course, has a different combination of a' and b; but once 
you hare chosen some particular line, the a and b for that line are constants. 

The reverse is also true: once you have chosen a and b, there is only one 
straig.;it line you can possibly get. You should now take a piece of graph paper an 
and try plotting the graph of equation (5) for some particular choice of a and 
b. Su]:.pose you choose a = 2 and b = 3. Make yourself a little table like this: 



:r. 


0 


1 








1 








y 


2 


5 

















Choose a series of any values you wish for x; calculate the correspaiding y 
from t]:te equation, y = 2 + 3x. V/rite the ehosen x’s on the first line of the 
table a...d the calculated y’s on the second line. After you have 6 or 8 pairs 
x-ari(i-y, plot them on the graph and see that they form a straight line. It 
would be a good idea then to choose another combination of a and b and repeat 
the whole operation to see that this time, too, youget a straight line, but a 
different one, of course. 

beep in mind now that every point on a given straight line has an x 
and y uuch that y = a + bx, where a and b are some fixed numbers. What is 
the value of y when x = 0? You see immediately that, regardless of what a 
and b .'ire, y has the value a when x = 0. Thus every straight line, whose 
equatii.n is y - a + bx, crosses the vertical axis (where x = 0) at a distance 
a fron-i the origin. In other words, if you see a straight line plotted on a graph 
you know first that that line has the equation y = a + bx, where a and b are some 
fixed numbers; ^ you can tell at sight what the value of a is for that line. It 
is sirrply the value of y when x = 0, or the point where the line crosses the 
y- axil). It is less easy to tell the value of b at sight. 

li the particular case where the line passes through the origin, the 
distance a is of course zero. Hence for a proportional function, y = O + bx, 
or y = ax, as we learned before. Notice then that a proportional function is a 
specie.] case of a Unear function in which the constant term (a) is zero or in 
which ihe line crosses the y-axis zero-distance from the origin. 





Now finally let's get back to your sugar solutions. Look at the graph you 
made iTom the data of Experiment 20. You found that the graph is a straight 
line that does not pass through the origin. The graph is a representation of the 
functional relationship between density (d) of a sugar solution and its concen- 
tration (c). We asked whether we could also find an analytical representation 
of the -ame functional relationship. You now know that such an analytical 
represemtation has to be of the form, d = A + Be, where A and B are two 

constants. The trouble is that we do not know the actual values of these con- 
stants. Can we find them? Yes, we can. 
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In the first place, you know immediately that A is the value of d when * 

c - 0. That is, A is simply the density of a sugar solution whose concentration 
is zero, or the density of plain water, 0. 997 g/cc. Thus we can write immedi- \ 
ately that 

d + 0. 997 + Be (6) ' 

when the density is given in g/cc. 

Now this equation says that "d" and "0. 997 + Be" are merely different 
names for the same quantityi If ji subtract 0. 997 from this quantity, I w"*!! •^et 
the same result whether I subtract 0. 997 from "d" or from "0. 997 + Be". 

That is. 



d •• 0. 997 = 0. 997 + Be - 0. 997. 

Notice that on the right, we are taking the number Be and adding 0. 997 to it 
and then subtracting 0. 997 away again. This leaves us of course with jint 
Be. Hence 






o 
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Be = d - 0. 997, 

and this equation holds for all c and d. Nov/ solve this equation for B and you 
get 

B = d - 0. 997 . 
c 

In this last equation, we do not know B, but we do know lots of combinations 
of c and d. If you select (from the graph or from the table) a pair of values 
of c and d that go together, you can place these values in the right-hand side of 
the last equation, and work out numerically the right-hand side. If the c-ojid-d 
combinations all fall on the same straight line, you will get the same value of 
B no matter which c-and-d combination you use. 

Do you see the reason for the last statement? It isn’t magic or dumb luck! 
The point is this: 



X 



till ull0 C - Eiju.*- u. coiXi uxii.** 



.tions xctll uii one 



T* 

^LXctX^iiU XXIJL^, 



mi 

ixiere- 



fore, as we proved, they have to obey an equation of the form "d = A + Be. " In 
our particular case, every c-and-d combination must obey the equation, 

"d = 0. 997 + Be", where B is the same constant for every combination. I low 
we showed by logic that: If it is true that d = 0. 997 f Be, where B is a cone Lent 
regardless of what c and d you are talking about, then it is true that B = (d-0. 997)/i 
where B is a constant regardless of what c and d you are talking about. Chny? 

Everyone in the class should now calculate B from his own o^and— d com- 
bination, which is the second line of Table II in Experiment 20. Everyone v/iU 
get nearly the same value of Bj not exactly the same because of experimental 
error. Take the average of all for the best value of B. Now you can write 
equation (6) with the numerical value of B put in. You will get an equation 
close to 

d = 0. 997 + 0. 378 c. 
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0. 997 + 0. 378 c. 
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Observe that this is a functional relationship between density and concentration 
for sugar solutions. You can now predict the density of a sugar solution if 
you are given the concentration 

Again, Lightly 

One must be careful in precise speech to be sure that such words as 
size, " "amount, " "big, " etc. , a: ; used so that their meanings are understood: 
or else avoid using them. For example, "length, " "volume, " and "weight" 

are all different but possible meanings your listener may attribute to your use 
of the word "amount. " 

Density of a material is the ratio of its weight to its volume, and is a 
constant property of that material, regardless of which piece of it your are 
talking about. Density can also be regarded as the proportionality^.constar/c 
in the statement "The weight of a piece of material is proportional to its volume 
A determination of density can often be used to establish the identity of the 
material of which a thing is made. 

The concept of density applies to liquids, too. The density of a solution 
is a function of its composition. For a solution of known components, its 
composition can often be determined when its density is known. 

Concentration is a numerical expression of "crowdedness" and is defined 
as the ratio of the amount of material to the space occupied by that material. 

Any function whose graph is a straight line is called a linear function, 
and is always of the form y = a + bx. In this equation, a is the distance from 
the origin where the straight line meets the y-axis. When the function is pro- 
portional, this distance is zero, and the equation becomes simply y = bx. 
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Unit V 



Motion in a Straight line 
Position and Distance 



This unit deals with certain aspects of the motion of moving bodies. 

As yonknow, motion is the business of going from one place to zmother; 

16, motion is a change in position of a body. Notice that one cannot observe 
the motion of a body unless he can observe its position at some moment and 
again at some later moment. Thus in order to talk about motion, we have to 

be able to t^k about position; especially, we have to be able to tell the person 
we are talking to just where a body is. 



Notice that telling someone where something is, is reaUy the same 
as giving an address. Here are. some examples: 



Five blocks north and three blocks ,nst of «ie poatoffite 
Twelve paces south and twenty paces wast of the elm tree 
35° north latitude and 13 1® west longitude 
Ten inches om the corner of the table along the front edge. 



You might try making up some "addresses" like this yourself. o« you, 
for instance; teU someone how to find the pole-star in the sky? Notice that 
you cannot tell anyone where the pole-star is — or where anything else is, 
for that matter — without telling how far it is from something else. Look at 
toe examples above; they aU fix an address by using some fixed reference point: 
toe post office, toe elm tree, the corner of toe table. What is toe fixed refer- 
ence point in the third example? Most people locate toe pole-star by usinp 
two stars in toe big dipper as reference marks. To repeat: you can locate 
a body only if you tell how fa^it is from something else. "Far" and "from" 

-- distance and reference mark. You can see how the idea of motion is tied 
Up willy-nilly with toe ideas of distance and position. 



Now suppose you were way out in space by yourself --so far awav from 
anything else that you could be regarded-as completely alone. Question: Are 
you moving or standing still? You might find mis a little shocking, but the 
modern scientist would say that this question has no meaning! For the only 
way you could speak meaningfully of your motion would be to speak of your 
position at one moment and your position at a later moment. But you are 
^one; there is no reference mark avaUable to describe your position, and 
therefore no way to tell whether you are moving. The modern scientist would 
say, since it is not possible to learn whetoer you are moving, that toe idea of 
motion IS without meaning to you. You might well say "But even though I can*t 
tell whether I am moving, this doesn»t mean that I hrve no motion, It*s onV ' 

I can’t tell. If I*m in a train with my eyes closed, I may not be able to tell ^ 
that I m moving, but this doesn't mean that I'm not. " You have a good point 
and it has been argued by scientists and philosophers for many years. The ' 

point is that if toe concept of position is without meaning to you, so is the 
conoqptof motion. 
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Perhaps you could understand this more clearly if you imagined yourself 
born in a spacecraft, floating in a sea of total emptiness all your life and 
alone. Suddenly a voice from nowhere asks: 

’’Where are you?" 

"I don’t understand the question, " you reply. "I'm here. There isn't 
anywhere else. " 

’’Well, where are you going? " 

’’Again, I don't understand what you mean by 'going. ' There is no; place 
to go to^; I can't tell one place from another. I'm here ^ id I cannot be going 
anywhere. I'm not moving, for I don't even know what you mean by 'mo^/ing', " 

Do you see that the "voice" couldn't even explain to you what the word 

"move" means? The words "move" and "motion" literally have no meaning 
to you. ® 



But let's get back to where we c^ describe the position of a body and 
therefore tell where it 5s and whether it is moving. At first we will speak only 
of motion along a straight line. This means tktt no matter when wa observe 
the body, it will always be somewhere on this line. We can then conveniently 
describe the position of the body by choosing some point on the line as the 
reference point and stating how far the body is from that point. 



Notice however, that there is an uncertainty here. If I say the body is 
21 cm from the reference point, you will not know whether I mean 21 cm to the 
left or to the right of the origin (another name for the reference point). Let 
us then agree to the following convention. We will call one side of the origin 
plus and the other "minus". If the body lies on tiie minus side, we will 
call its position "-21cm"; if the body lies on the plus side, we will call its 

position "+2i cm", -'hat should we call the position if tlie body ties right on 
the origin? 



Next, we must settle which side is to be plus and which minus. The 
choice IS only a matter of taste,of course, and mostly it doesn't matter which 
we choose as long as we agree on it. We shall use the following convention 
unless you are told otherwise: When the body is moving along the line, v^e will 
say it is moving away from the negative side and toward the positive side. In 
other words, if you stand so that the body is moving to your right, then the 
minus side is on your left and the plus side .on your right* Okay? 

Still another way to look at it is to notice that the body is always moving 
toward larger numbers. If the body is now at +1Q, it wil? later get to +15; if it 
is nov/ at +2, it will later get to +6; if it is now at 0, it w .'1 later get to +3; if 
it is now at ^^2, it will later get to +2. Also, if it is now at -10, it will later 
get to -5. e that -5 is a larger number than -10. You will have to jget 

used to the ide<t that -A is bigger than -B whenever A is smaller than B. You 
use the same idea when you say that -15 degrees is warmer than -30 degrees; or 
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the second floor below ground is higher than the fourth belowjor that 200 BC 
IS later than 300 BC. Ms ah easy idea to grasp, so don't let it get you 

Up. 



Now we can easily find the distance between two points. The distance 
between two points is simply the difference between their positions. (Actually, 
you used this fact in all your spring experiments. ) Again there might be an 
^biguity. K 3 mu are given two positions. A and 3, is the distance between them 
-B or B-A . Here again we will have to agree on one ot the other. Since 
^e word distance" as we are using it here means "distance the body has 
traveled, we want to subtract in the way that shows how far the body traveled; 
or, wl^t IS the same thing, we want to show how much its position has chanced. 
Now when we speak numerically of a change, we always in common speech 
mean "second minus first. " How much did you grow in height in this year? To 
answer you subtract your height last year from your height this year; second 
minus first. How long did it take you to paint the fence? To answer you sub- 
tract the starting time from the finishing time: second minus first. How much 
did the temperature change from noon to midnight? You subtract the noon 
temperature from the midnight temperature: second from first. 



So in our case also. "Distance traveled" always means "final position 
minus initial position. " Since the body, in accordance with our convention, 
always travels toward higher-number positions, we then will be subtracting 
a smaller number from a larger. Examples: 



How far does a body travel if it starts at +10 cm and ends at +25 cm'> 
Answer: (+25) » (+10) = 15 cm. 



How far does a body travel if it starts at -10 cm and ends at +25 cm? The 
answer would be given by "(+25) - (-10)". but how do you work this out? You 
must remember that the only things we know how to subtract are ordinary 
numbers, '^unbers like 16, 1. 97, 2/3, +25, and 0 are "ordinary" numbers, 

but what IS this thing we are callinc "-10"? To be more orer-ieo wo will 



but what is this thing we are calling "-10"? To be more precise, we will call 
those numbers that lie on the plus side of the origin, "positive" numbers 
(instead of "ordinary" numbers); these new things that lie on the minus side 
we will call "negative" numbers. To repeat then: the only kind of numbers 
you know how to subtract are positive numbers. What does it mean to subtract 
a negative number? Subtraction of negative numbers has never been defined 
for us, and it therefore does not yet have a meaning. We can give it any meanine 
we want to. The first question then is not "What does 'subtracting a negattve 

J =®ean? "; for it doesn't mean anything yet. The first question is rather 
What do we want subtracting a negative number* to mean? 



It 



To decide what we want it to mean, we have only to look at how the whole 
idea of subtracting a negative number arose. It came up because we defined 
"distance a body travels" as "B-A", where B is its final position and A its initial 
positaon. Since it is possible that A be negative, we immediately run into the 
possibility of having to subtract a negative number. Whatever it means to 
subtract a negative number," then, we want the result of "B-A" to mean the 
^stance a body travels in moving from position A to position B, even when A 

is neptive. So let's consider carefully the travel from a position, -P, to a 
po sition, +Q. * 
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In making this trip, the 
position, -P, to the position. 




body might be thought of as moving from the 
zero, and then on to the position, +Q, like this: 




^ 4 - 

-P 0 



f. 

+Q 



In the second part of the trip (from zero to +Q) the distance traveled is (Q-0) 
or simply Q. To get the total distance traveled, we must then add somethin^/ 
to Q, The total distance we have defined as "Q - (-P)", however, so that 
’’subtracting (-P) from Q" has to mean adding something to Q. What must you 
add? Now the length of the first part of the trip from -P to 0 is actually just 
+P. Why? Because that’s the way -P was defined to begin with: If you lay 
off a certain length to the right of the origin, we will call it +P and if you lay 
off the same length to the left of the origin, we agreed o call it ”-P". Thus the 
total trip is Q + P. Thus we feel that we would like to define "Q - (-P)” in 
such a way that 



Q - (-P) = Q + P 



( 1 ) 



It is worth pointing out to you again that the two preceding paragraphs 
are not a proof that Q - (-P) is the same thadg as Q + P. The intent of these 
two paragraphs is rather to show you that equation (1) is a reasonable 
definition of what ismeant by ’’subtracting a negative number. ” We accordingly* 
take equation (1) as a definition of what the previously undefined operation of 
’’subtracting a negative number” will henceforth mean. It is important that you 
see that we could have defined it in anyway we wanted; but the way that we 
finally choose to define it has the important property that then the distance 
from -^Q to +P gives what we intuitively feel ”Q - (-P)” ought to mean. Now 
how far does a body travel if it starts at -10 and ends up at f25? Work it out 
yourself. 

Then finally we ask: How far does a body travel if it starts at -Q and 
ends at -P? The definition of distance says that this distance is ”(-P) - (-Q)”. 
We have already decided that ’’subtraction of (-Q)” means ’’addition of Q. ” 

Hence ”(-P) - (-Q)” means ”(-P) + Q”. Since addition is commutative (that 
is to say, we wajftt it to be commutative if we can get it so), we can rearrange 
”(-P) +Q” to ”Q + (-P)”. Then we would like it to be true that 

distance from -C to -F = (-P) - (-Q) = Q + (-p). (2) 



In a picture, the situation looks like this: 

— — — 

-Q -P 0 
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Now you can see that the distance from -Q to zero is more than the distance 
from -Q to -P. Again, you can seethat 

(the distance from -Q to zero) exceeds (the distance from -Q to -P) by 
a (distance equal to that from -P to zero. ) 

But the distance from -Q to 0 is Q (Remember? That's the way we defined 
-Q to begin with! ), and the distance from -P to zero is P. Therefore the 
indented sentence above can b^ translated by replacing the contents of the first 
parentheses by "Q"; the contents of the second parentheses by "Q + (-P)" (you 
get tliis permission from equation (2)); and the contents of the third parentheses 
by "P". That is, 

Q exceeds Q + (-P) by P. 

Next, we must realize what "exceeds" means. To say that "fiT exceeds 
V by W® means that "U is W more than V" or "U = W + V". Thus we can write 

Q = P + Q + (-P). 

Now subtract P from both sides of this equation. Then 

Q-P = P + Q+ (-P) - P. 

Now right away you see that we are both adding and subtracting P on the right. 
Canceling them out gives 



Q - P = Q + (-P). 



Turning this equation around will make the point a little more clear: 

Q t (-P) = Q - P. 

In words, adding -P to something is the same as subtracting P. 

We can v/rite equations (1) and (3) together like this to exhibit them 
more compactly;- 



Q - (-P) = Q + P 
Q + (-P) = Q - P 

Notice the symmetry: the first equation says that subtracting -P is the same 
as addiJAg P; the second equation says that adding -P is the same as subtracting 
P. That's easy, isn't it? Whenever you want to add or subtract a negative 
number, you simply drop tlie minus sign and do the opposite. 
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Onc6 cLgsln: thes6 rules for decilixig with, negative numbers were not 
derived or proved. They are definitions of what we shall henceforth mean by 
adding and subtracting negative numbers — something that had not heretofore 
been defined. All the discussion was only to show the definitions to be reason- 
able and consistent with the ones for positive numbers. 



2. Velocity 

A body that is moving is by definition a body that changes its position. 

You have many times observed that two different bodies can change their posi- 
tions at different rates. A rabbit, for example, can change its position from 
here to there more quickly than a turtle can. You know already -- and we 
have several times before used this information — that the speed of a body is 
defined as the (distance the body travels) divided by (the time it takes to travel 
that distance). Suppose, as a body moves along, that you measure the time it 
takes to cover many different intervals. Suppose further that you find the 
ratio, distance /time, to be constant for all the intervals. Then we say that the 
body has a constant speed. For the present, we confine our attention to bodies 
moving at constant speed. 



The definition of speed as "distance /time" is familiar to you, but have 
) you ever wondered why it is defined that way rather than, say, as "time /distance"? 

The reason is closely related to the reason why concentration is defined as 
"amount/ space", and you should take off a few moments to think about it. The 
meaning of the word speed, as you grew up using the word and hearing it used, 
is such that the greater speed is to be assigned to the body that travels a given 
distance in the shorter time. If you have two bodies traveling the same distance 
in different times, then, their speeds will be given by two fractions whose 
numerators (distance) are the same but whose denominators (time) are different. 
Which of the two fractions has the greater value — the one with the smaller or 
the one with the larger denominator? Does this agree with what you want speed 
to mean? If you have two bodies traveling over different distances in the same 
time, you want the one that travels the greater distance to have the greater 
speed. If they travel different distances in the same time their speeds will be 
given by two fractions having the same denominator (time) but different numer- 
ators (distance). Which of the two fractions has the greater value -- the one with * 
the larger or the smaller numerator? Does this agree with what you want 
speed to mean? So you see that someone's suddenly telling you that speed 
means "distance /time" is not violating the conception of the word that you 
already have. The new definition merely makes precise and numerical what 
you already had in mind. 



The two words, speed and velocity, have slightly different meanings, 
difference between them will concern us later; but as long as tiie motion is 
along one straight line, their meanings are identical. 

It is now time to do Experiment 21. 
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Points to Discuss in Class 

Are the three curves straight lines? Use a ruler to draw the best 
straight line you can for each plot. Do you notice any special relationship 
among the three lines? 



Since the curves are straight lines, they represent linear functions. 

This means that the position attained by a body moving at uniform velocity is 
a linear function of the time. If we represent position attained by p and time by . 
t, in other words, it must then be true that 

P = A + Bt, (4) 

where A and B are constants for any one curve. They (A and B) may, of course, 
be different constants for the different curves; all we know is that for any one 
11^®» there will exist some A and B which have always the same value 
for that line. This means that for any one travel of the body, there will exist 

some A and B such that you can always calculate p from equation (4) when t is 
given to you. 

Can you find the values of A and B for your curves? You have already 
learned (page 110) that the value of A for any linear curve whose equation is 
equation (4) is the value of p when t equals zero. But the value of p when t = 0 
is the value of p at the point where the curve crosses the vertical eixis (the p- 
axis). You can then tell the value of A for any of your straight lines merely by ' 

looking at the graph and reading the value of paat the place where the curve 
crosses the p-axis. 



But more than that, do you have a feeling for the meaning of A? When you 
say "t = 0", you are referring to the instant at which you started counting time. 
What is the position (p) that the body has attained since you started counting 
time? Well, this position is given, for any t, by equation (4). In particular, 
what position has the body attained since the starting time up to the time when 
t - 0? You can see that the time "t = 0" ^ 2he starting time; therefore? the body j 
is at ^is moment just on the verge of moving awiy from where it was at the i 

starting time, but of course has not yet left there. At time t = 0, then, the 
position the body has attained is the same as its starting position. Now notice 
the elegant consistency among these three things: 

o _ ; 

(1) Your reason tells you that the position of the body at time t = 0 is the 
same as its starting position. 



umc. 



(2) Equation (4) tells you that the position of the body 



at time t = 0 is A. 



(3) Your graph tells you that the position of the body at time t = 0 is given 
by the point where the curve crosses the p-axis. 



t 






I 



Taken all together, then: your reason, the analytical representation given by 
equation (4), and the graphical representation given by your graph tell you that: 
the starting position of the body 
and the value of A 

and the point where your graph crosses the p-axis 
are all the same thing! 

Do you see how neatly these all fit together? Do you see how the graph 
makes vividly visual both what your common sense tells you of the. motion of the 
body, and what equation (4) allows you to calculate about the motion of the body.? 




^u realize now that the line-segment ("line -segment" means piece of a line) 
OJ IS a mply the value of A in the equaUon p = A + Bt. This curve represents 
a monotonic increasing function. Notice again that your reason and your 
observation in doing the experiment show that the change in position of the 
body as it f^ls down the tube is indeed monotonic, for the body falls steadily 
downward (in the d rection of higher numbers on the measuring tape) without 
ever falling up. The graph pictorializes this observation. Try not to be con- 
fused by the arrow at the left on the diagram: it points up as the direction of 
increasing p, whereas the body actually fell do^a,s p increases. Inc^ asing 
p means motion downward in this experiment. 



D 
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Suppose now we ask the question: What would be the position of the body 
at any time if it starts at J and stays thereforever ? The answer of course is 
^at the bo^is always at the same position; that is the curve is always the same 
distance, OJ, from:;the t-axii, This line is drawn dotted on the diagram. Do 
you see why this dotted horizcntal line represents the "motion" of a body that 
starts at a distance OJ from iie origin and never moves away? If it never moves 
then Its distance from the origin, OJ, stays always the same. The distance from* 
the origin at a later time (say at time M) must be the same as its distance at 
^ start. The distance at later time M is ML, and its distarAce at the start is 
OJ. The only way this distance would always be the same -- OJ = ML = the 
distance at any other t at all - would be if the Hne JL is parallel to the t-axis. 

So you see that a body that does not move (which means a body moving with 
zero velocity) can have its motion represented on a p-t graph by a horizontal 
line whose distance from the t-axis is always the same. 
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Now consider the case you actually investigated, where the body does 
move; where as time goes on, the distance from the horizontal axis do^T^t 
stay the same but continuously increases. Such a motion must be represented 
by a line that slopes upward to the right; for as you move to the right on the 
grap (moving to the right means "as time goes on", doesn’t it?), the body 
increases its distance from the reference mark -- that is, moves farther and 
farther away from the reference mark. Therefore as you move to the right 
on the graoh, you must represent the position of the body by points higher ana 
higher on the graph. You can probably see also that; if the body is moving 
fast, tihen the graph must rise steeply, because the position of the body moves 
faster away from the reference mark; and if you move slowly, the graph rises 

only gently, because the position of the body moves only slowly away from the 
reference mark. 

For instance, if the body is not moving at all, then by the time M (look 
at the diagram) tJie body will not have moved any farther away from the; refer- 
ence mark than it was at the beginning, and the position of the body will be 
given by ML, which equals OJ. If, however, it is moving very rapidl y, th en 
by the time M it will have moved well beyond its original position and KL will 
be large. If it is moving only slowly, then by the time M, it will not have 
moved very far beyond its original position and KL will be small. Perhaps 
^ you can see that for a body of high velocity, the line JK will be steep because 

it must rise rapidly whereas for a body of lower velocity the line JK will be 
less steep. If in fact the body is not moving at all, then the line JK would 
have no steepness at all! It would be perfectly flat like JL. The faster the 
body moves, the steeper will be the line JK. 

Now do Experiment 22, which will help you understand the relationship 
between the steepness of the graph and the velocity of the moving body. 

Points to Discuss m Class 

All the curves in Experiment 22 are straight lines. Are they all equally 
steep? Could you have predicted whether the faster fall would have had the 
steeper or the more gentle slope? Can you tell merely by looking at the 
graphs which curve goes with the highest velocitir? Recall thi. discussion on 
page 97 regarding the steepnesses of several curves you previously drew. For 
which of two moving bodies does position increase more rapidly -- the slow 
body or the fast one? Which curve rises more rapidly — that for the slow or 
the fast one? Which curve is steeper -- that for the slow or the fast one? 

You should now have a feeling for the fact that the steepness of the curve 
; -- position vs. time — is somehow related to the body's velocity. The situation 

,1) entirely analogous to the curves of weight vs* volume that you obtained in 

^ Experiment 16, where the stfeeper curve went v/ith the greater density,, We want 

now to examine certain numerical aspects involved in the idea of "steepness. " 




1. 
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i >lope of a Straight I^ne 

Can you tell which of two ramps is steeper just by looking at them?”, 
Ton i asked Jerry. ® 

SurCj that s easy^ ” answered Jerry. ”Try me. ” 

Tom showed Jerry a piece of pap ex on which he had drawn two straight 
ramps. The drawings looked like this: 




"Okay, Jerry, which one is steeper?” Tom asked his brother. 

"Why the one on the right, of course, ” Jerry replied. 

"Why do you say the one on the right? " 

"Because it goes up higher than the one on the left. " Jerry went on to 
explain, "The steeper the ramp the higher up it goes. " 




3 






Tom wasn*t quite so sure. "Now wait a minute, " he cautioned. "Look 
here.. 1*11 draw two other ramps, and then you tell me which is steeper. ” Tom . 
then made two new drawings that looked like this: 




"The one on the right again, " answered Jerry. 

"But the one on the left goes higher, " Tom reminded his brother. 
"According to what you just told me, yc ought to call the left one steeper. " 

"Yes, " admitted Jerry, "I guess x ^ ^oke too fast. The left one goes 
higher, yet I can see that the one on the right is steeper. There must be 
something more involved in ’steepness* than just'how high the ramp goes. I*m 
not so sure any more. " 

Do you think you can help Jerry to formulate his intuitive idea of sieep- 
ness in<:o something numerical and definite? 
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The idea involved is analogous to those involved in the disti ction between [ 
weight and density, or between amount and concentration. In the present case ? 
we are trying to avoid the confusion between "height of a ramp," "steepness 
of a ramp. " They are closely related, you realize, but are not the same. 

Suppose you were an ant in the middle of the ramp somewhere, yet with 
all your human sensibilities. You can see neither end of the ramp and have no 
idea how far it goes up or down. Could you still tell whether one ramp was 
steeper than another? Of course you could, so right away you know that the 
height of the ramp is not at all what determines its steepness. VtThen you 
determine the density of a material you take a unit volume of it and determine 
its weight; when you determine the concentration of a solution, you take a unit 
volume of it and determine the amount of material dissolved in it. What counts 
in density is not merely the weight, but the weight per unit volume. What counts 
in steepness is not the height, but .aOw much the height increases per unit of 
horizontal distance. This, if he had the necessary instruments, an ant could 
determine. 

Notice that we said above that steepness could be thought of as the amount 
the height increases per unit of horizontal travel. Consider the ramp below. 




We could select any two points we wished on the ramp, aay A anri b. We could I 
then lay out a horizontal line from A, like AC, and a vertical line from B, 
like BC. Then B C i s the amount by which your height increases as you walk 
from A to B, and AC is the amount of horizontal travel. To f ind t he "he ight 
increase per unit of horizontal travel", you would then divide BC by AC (they 
are both numerical quantities, remember! ). 



There are two questions you probably now are asking. One of these is: 
"But can I not express the steepness in other ways that are just as good? For 
instance, why not say the steepness is simply the value of the angle at A? 

Or why can't I say that steepness is "height increase per unit of travel along 
the ramp" -- rather than per unit of travel horizontally?" The answer is that 
you can. This a a cat that can be skinned in sevr^ral ways. For our purposes, 
as you will soon see, it will be more useful to use the first suggestion above, 
however, -- the "height increase per unit of horizontal travel. " To avoid 
ambiguity in the word "steepness", then, we call this particular measure of 
steepness, slope, and we then have the definition: 




slope = 



Increase in Height 
Horizontal Distance 


















I 
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The other question you were about to ask is this; The two points, 

A and B, on the ramp were just chosen at random, and then the numerical 
value of BC/AC was computed and called the slope of the line. Suppose some- 
one else had measiired the slope of the ramp. He probably would not have 
:hosen the same two points A and B. In the drawing below, for instance, perhaps 



the other person chooses the two points, D ajid Then ^ calls the slope 
EF/DF. Now what i£ the Jlotje: BC/AC or EF/DF or-pexhaps something else 
that still a third person might measure and compute? 

The whole idea of speaking of the slope of a straight line breaks down 
if different people get different slopes. Where do we go from here? Actually, 
you have run into this very problem several times before, though it appeared 
before in different disguises. For instance: 

J 

How can we speak of the spring constant, k^, o certain spring if k 
means "extension/ weight", and its value depended oi. what weight you happened 
to use? Answer: the ratio, ‘'extension/weight",is always the same for. a 
given spring. (Experiment 1 1 ) 

How can we speak of the density of aluminum if density means "weight/ 
volume" and its value depended on what piece of aluminum you happened to 
use? Answer: the ratio, "weight /volume" is always the same for any piece 
of aluminum at all. ( Experiment 15) 
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In Eaqperiment 10, you found that the ratio of "height above the ground" 
divided by "distance along a ramp", for a given ramp an gle, is cons tant. 

This means, in terms of the drawing above that BC/AB and EF/DE are equal, 
as is any other similar ratio for whatever points on the lire you choose. In 
fact, we saw an argument (pages 71-72) showing that this ratio is the same, 
for a given ramp angle, regardless of what points you choose. Notice that 
this argument was directed to showing that "height/ distance along the ramp' 
is a constant. It would be a good idea for you to go back and use the i^ame 
argument (with only slight modifications) to show that "height/ horizontal 
distance" is also constant. This, ratio, too, is constant for any given angle 
that the line makes with the horizontal. 



m 






Now suppose we have any straight-Xine graph like this: 



/ 




X 

We choose any two points on the line, say A and B, and draw the usual lines 
AC an^C^You now know that, for any choice whatever of A and B, the 
ratio BC/AC for this line is constant and is called the slope of the line. 

Suppose we extend BC to the x-axis, hitting the axis at N, and extend AC to 
fte y-axis. hitting it at M. Also draw BL parallel to the x-axis and AK parallel 
to the y-axis. Could you plot the point A if its x and y are given? Certainly 
you can. Now backwards; can you find the x and y of a point if you are shown 
the ^t? Certainly you can ! The xrand y’ of the point A are r^ectively OK 

and OM; and the x and y of the point B are respectively ON and OL. Be sure 
you see that: 

for point A: = OK and y^ = OM 

for point B: xg = OlT and y 3 OL 

Next, we shall compute the quantities BC and AC (look at the drawing) 
whose values we nee^to find the sloge of ^line. You can see that BC = BN- 57 
^fou?. But BN is equal_to OL and CN is equal toOM. Do you see why? 
But you just saw above that OL = y^ and OM = y^. We then have 

B^= - CN 

= OlT- OM 



VB-y^ 



You should also now be able to see that AC= MC - 5^ = ON"- 0K = x - x 
We now have shown that — n - — — B 

is another name for AC 



t "Yr - Ya" is another name for BC and that ”xg - x ' 
Then we have from the definition of slope th5 ^ 



slope of line AB = 



( 5 ) 



" ^A 



Remember that A and B were selected in no particular Wvay: they were 

^points on the line AB. Equation <5) then says that the slope of any straight 
line may be found by ® 
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(1) choosing any two points on the line; 

(2) finding the difference between the y's of the points; 

(3) finding the difference between the x's of the points; 

(4) dividing the y-difference by the x-difference. 



All you have to be sure of. in applying this 1-2-3-4 recipe for finding the slope. 

IS that the two points you use to find the x-afference are the same two points' 

you used to find the y-difference. and that you subtract in the same arection 
both times. 

Scientists usually use the symbol /j to represent the difference between 
1^0 quantities. is a capital letter of the Greek alphabet, is pronounced 
"delta", and is the Greek equivalent of our letter D, meaning difference. For 
instance, ^ x means a difference in two x's, Ay means a difference between 
y s, at might mean a difference between two temperatures. The symbol 
A IS an exception to the rule that two symbols written together is an instruc- 
tion to multiply. rSis not a symbol for a quantity and therefore " ^ times 
som tiling else" doesn't mean anything. ^ always means a difference. When 
y^u see two s used in the same expression; you must always remember that 
the two differences they represent must be "corresponding differences^ " If I 
talk about and ax at the same time, this means that the '.'difference in 
y s is worked out for the same two points as the "difference in x's. " With 
this understanding of how we shall use the symbol, a , we can now write 
equation (5) more compactly as 



slppe of a line = 



A y 

X 



( 6 ) 



Remember; when you work out .^.y and to find the slope, you mustt 

find ^y for the same points that you use to find Ax. 

You might notice that we can symbolize our definition of velocity (or 
speed) by using the compact notation. On page 118, we defined velocity 
as (the distance the body travels) divided by (the time required to travel that 
distance). Let us write this definition as an equation. 

velocity = the^Jjody travels 

^ time required for the trip . 

to turn, we have defined distance as the difference between two positions. The 
dist^ce the body travels" is then the difference between its position at the 
end of the timing interval and its position at the beginning of the timing inter- 

./ * 't l®t p stand 

for position, then AP is the change in position or distance traveled. The 

’’time for the trip" is evidently the difference between the time at the end of the 

interval and the time at the beginning of the interval. We can represent this 

^fference as At. Now you can see that aP and At are "corresponding 

differences in that they are measured over the same interval; hence we may 

use them in the same expression. The definition of velocity above then becomes 
very simply 

.6P 

. 



velocity = 



l: 
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4. Slope of a Linear Functio n 

By this time you know that any straight-line graph may be represented 
by a linear function, y = a + bx, where a and b are constants depending on 
what line you are talking about. Keep in mind that, once a and b are fixed, 
whatever they arc*, you are teilking about one and only one straight line. 

Now remember exactly what the relationship between the line and the 
equation is. Every point on the line has some pair of x and y. But you cannot 
choose any old x and any old y you please. Once you have chosen an x, then 
there is only one point on the line that has this k ; and the point has only one y. 

So choosing an x automatically fixes a y: y is a function of x. But whatever the 
y and x might be, you can always calculate the y that goes with a chosen x by 
putting thac value of x in the equation y = a + bx and calculating the value of 
"a + bx. " In other words, for every point on the line, the x and y of that 
point satisfy the equation y = a + bx. See? 




For the point A:: y^ = OP and x^ = OM 

For the point B: y^ = OQ and xg = ON 

But the equation y = a + bx is satisfied by every point on the line, 
for example. 



Hence, 



Ya = a T bxA- 

We have other names for x^ and y^ as given above ton the line "For the point 
A. " If we place these values of x^ and in the equation, we get 



OP = a + b X OM 



(7) 



li) 



\ 



You should be able to see that substituting similarly in the equation, 
y^ = ^ + bxg, gives 



OQ = a + b X ON 



( 8 ) 



Try it yourself! 



o 
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N©xt, let us find an expression for OQ - OP, You can see from equa- 
tions (7) and (8) that 

OQ - OP = (a + b X ON) - (a + b X OM). (9) 

Look_^t the last part of equation (9). We are subtracting the sum of a . and 
b X ON, You know that subtracting the sum of two numbers is the same as 
subtracting each number individually. Therefore we can rewrite equation 
(9) like this 



OQ - OP - a + b X ON - a - b x OM. 

Right away you see on the right hand side that a and -a appear, and may of 
course be canceled out. Do you remember why? Then you have 

OQ - OP = b X ON - b X OM. (10) 

Look at the right-hand side of this equation. It brings up a principle 
that we used before and will have occasion to use again. It is an ^-ithmetical 
property of numbers that multiplying the sum of two number by a multiplier 
gives the same result as multiplying each of the numbers separately by the 
multiplier and then adding. In symbols. 



This property of numbers is called the distributive principle, and applies to 
subtraction as well as to addition. We used the distributive principle on 
page 101, and wish now to use it again. 

The right-hand side of equation (10) consists of the difference of two 
terms, each multiplied by the same number, b. Using the distributive prin- 
ciple, we can rewrite the right-hand side of equation (10) like this: 

OS' - OP = b(ON - OM). 

Now if yojj^ re turn to the drawing on page 127 you will notice that OQ - OP is 
QP 3.nd ON - OM is MN. We therefore have 

^ = b X 



We can solve this equation for b (Do it yourself! ) and obtain 

b = QP/MN. 

* • 

But now do you see that oFis the amount by which y changes in going 
from the point A to the point B? This means that QP is merely what we have 
previously called " ^y"; and similarly MN is just fix. We therefore can 
rewrite the last equation above as 




b = <iy/ ^ X. 



( 11 ) 
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Compare this equation with equation (6). You will remember that we defined 
the slops of a line in accordance with our intuitive feeling of what the word 
’’steepness" means, arriving at the fraction y/Ax" as a reasonable defini- 
tion. Earlier, we had learned that "y = a + bx" is an equation that represents 
any straight line at all. Now we find, by logic alone, on comparing equations 
(6) and (11), that the constant b in the equation for a straight line is nothing 
more nor less than the slope of that line! 

5. Velocity and Slope 



Let us now return to the graphs you made in Experiment 21. You have I 

three straight lines, each of which therefore can be represented by an equa- 
tion of the form "y = a + bx", where, of course, the a and b may be different 
for each line. You already know, in fact, that the a's are different; for a 
tells where the line crosses the vertical axis. 

In the particular case of your graphs of position vs. time, we have 
noted before the convenience of using p to represent position (the quantity 
plotted vertically), and t to represent time (the quantity plotted horizontally)i 
Instead then of writing "y = a + bx" as the equation of one of these lines, it will 
be more appropriate to write "p = A + Bt". Now choose any two points on 
the topmost line on your graph. Choose them so they are well- separated, and 
label the lower one A and the upper one B. (You are actually to do this; not 
just imagine it's being done! ) Draw lines through A and B parallel to both 




axes as in the accompanying drawing, with the intersections as labeled there. 
Notice that point A represents the body when the tme is OK and the position of 
the body is ON, and the point B when the time is OL and the body's position is 
OM. The time elapsed in going from A to Bis theref ore OL - OK and the 
distance traveled in that time is OM - ON. But OL - OK is simply Sl and 
OM - ON is s imp ly MN. Thus MN is the distance traveled by the body in the 
time interval KL. By our definition of velocity, therefore. 



V = SpfAt = MN/KL. (12) 

From this equation, calculate the velocity of the falling ball for each of the 
three curves you plotted in Experiment 21. Follow the diagram above. After 
cho osing t wo po ints A an d B, draw the lines AC and BC and measure BC and 
AC. Since BC = ^p and AC = ^ t, you can calculate the velocity. Record the 
calculated velocities at the bottome of Table I. Is your supposition borne out 
that a given size ball of a given material will fall through a given oil column 
always at the same velocity? 
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Now let us go back and apply equation (11) to the equation of motion at | 

constant velocity, p = A + Bt Equation (11) says that the slope of a line is ] 

the constant, b, in the equation, "y = a + bx", of that line, and is also given | 

by the fraction, ^y / ^ x. Applied to our particular case, equation (11) says I 

that the slope of a line is the constant, B, in the equation, "p = A + Bt", of I 

that line, and is also given by the fraction, 4p/ At. In other words, j 

B = ^pf /My when you are talking about the line, p = A + Bt. If you look at ! 

equation (12), you will see that the velocity of a body is also dp/ A t. We have ^ 

this interesting and important conclusion: For a body traveling at constant 
velocity, the position of the body is given by "p = A + Bt" where B is the \ 

velocity of the body, I 

We now can attach special significance to both the constants, A and B, 
in the equation, p = A + Bt, We saw earlier that A is the value of p when 
t = 0; that is, A is the position of the body at zero time. We might call this 
position, Pq. Now we learn that B is the velocity of the body. We then have 
the analytical expression in general, 

P = Po + vt, (13) 

where p is the position of the body at any time, t, and p is its position at 
time zero, and v is its velocity. 

It is only fair to say that we could have arrived at equation (13) with 
far less labor. You could reason as follows; If the body has position, p^, 
at time zero, then its position at a later time, t, will be p^ plus the distance 
it moves during the time, t. If its velocity is v, then the distance it moves in i 

time, t, is vt; hence its position at time^ t^will be p^ + vt. This three-line ! 

derivation is perfe''tly rigorous, but our purpose in using the longer derivation 
involving the general ideas of slope, linear functions, graphs of linear j 

functions, A’s, etc. was to develop your feeling for those ideas as well as 
to arrive at equation (13). We will use those general ideas again. 

Now back to Experiment 21. You calculated the velocities of fall for 
the three runs and found these velocities to be identical (within experimental 
error). According to equation (13), the velocity is the slope. All three 
curves should have the same slope. Do they? The fact that the three curves 
are parallel is a reflection of their all representing motion at the same velocity. 

By the same token, curves representing motion at different velocities 
will have different slopes. The motion would still be represented, of course, 
by equations like (13) but the values of v and hence the slopes will be different. 

Now make calculations of the velocities of the three (or four) runs of Experi- ! 

ment 22. Do it in the same way you calculated the velocities in Experiment I 

21, and record them at the bottom of Table II. Compare these velocities with ) 
your jiidgement of the slopes of the curves. Does it seem reasonable to you 
that greater velocity should mean greater slope? 
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What is the slope of a horizontal line on the graph? How much does p 
increase for any interval of t on a horizontal graph? What then is the value 
of ^ p for any interval? What then is the value of the slope? What kind of 
’’motion" does p horizontal line represent? J3o slope and velocity agree? 



K<]^uation (13) gives p as the sum of two terms, p and vt* You learned 
long ago that you can add two quantitites only if they have the same units. 

Can you show that Pq and vt have the same \mits ? 

You remember that (page 124) we could speak of the slope of a straight 
line because a straight line has always the same steepness} that is, its slope 
is constant. You learned that the falling balls in the last two e3q)eriment8 gave 
you straight lines when you plotted, p versus t. These curves then have a con- 
stant slope, since all straight lines have a constant slope. You also learned 
that the slope of a p vs t curve is the velocity. It follows therefore thfiit the 
fact that you got straight linos when you plotted p vs t proves that the motion 
of the balls was under constant velocity. 

6. Accelerated Motion 



Up to this point we have confined our attention to uniform motion; that 
is, motion at constant speed (or velocity) along a straight line. Any motion 
that takes place other than along a straight line at constant speed is called 
"accelerated motion. " We will continue to restrict oursr v-es to motion along 
a straight line, but will now consider motion in which the speed is not constant. 
You may never have noticed that a rock dropped from the roof of a house does 
not fall with constant speed. It falls at first very slowly, then picks up speed 
and moves faster and ever faster until it hits the groimd. Because of friction 
against the air, a rock dropped from a very tall building or an airplane would 
eventually reach a constant velocity. Using a small ball, and an oil where the 
friction is much greater than with air, the constant speed is reached after 
dropping only a centimeter or two. This was the idea behind the last two 
eaq>oriments. 

Dropping a rock through the air then is a good example of accelerated 
motion. The motion here is much too fast for us, however, to make measure- 
ments on the motion as we did for the ball falling through oil. But it is also 
true that a badl rolling down a ramp in air behaves much like a free -falling rock, 
except that everything is slowed down to a point where you can make convenient 
measurements. 



In experiment 23, you will study the motion of a ball rolling down a ramp 
as an example of accelerated motion. Do you know whr i the accelerator on an 
automobile does? The accelerator is the gas pedal, and by pushing down or 
letting up on the accelerator, you can make the car go faster or slower. In 
other words, the accelerator allows you to change the speed of the car. "Accel- 
erate" is a verb meaning to "change the speed of" something. We use the word 
the same way here. Sometimes "accelerate" is used to mean only "increase 
the speed of", but we shall use it to refer to any kind of change in speed, not 
only an increase. 






s=3=wiC2rns=s»i*rw^ (10 


















132- 



J/’ Accelerated motion then is motion whose velocity changes. Suppose you 

observed a moving body and wished to determine whether its motion was 
accelerated. How might you do it? Well, since accelerated motion is merely 
motion whose velocity changes, here is one sensible tlu -g tc dc: You could 
choo.se any two points in the path of the body and measure its velocity at both 
poktiis. I£ the velocity is not the same at both points, you may certainly con- 
clud.e that the motion is accelerated. 

Notice that a body moving with constant velocity has no acceleration. It 
migl^it move forever with never any change in its velocity; no matter how fast 
or hew slowly it's moving, then, it has no acceleration. This observation is 
the germ of a physical idea. For if we say "the body has no acceleration, " we 
are tempted to reword the statement as "the body has an acceleration of zero. " 
But ;ii.ero is a number, and right away the physical scientist would say, "I can 
imagine a body that has zero acceleration, and zero is a number. I can also 
obsearye a body that does not have zero accleration. I wonder whether acceler- 
ation. is one of those qualities that can be expressed numerically, I haven't yet 
defined exactly what the word 'acceleration* shall mean, though I have an 
intuitive feeling that it ought somehow to have something to do with change in 

velocity. Can I define it in such a way that acceleration becomes a measur- 
able quantity ? ' ' 

J . around a little further. Imagine two cars standing 

side Iby side, motors running, ready to begin a drag race. At the same instant 
the drivers step on the gas. One car takes 10 seconds to reach a speed of 60 
miles an hour starting from rest, the other car requires 15 seconds to reach 
that speed. Both cars accelerated, for both changed their speeds from zero 
to 60 3tni/hr, The first car changed its speed from zero to 60 mi/hr 

more (luicldy than the second. We feel that the verb, "accelerate", ought to 
contai.n in its meazung something that would allow us to say that the first car 
accehsrated more than the other. If we bother to define the word acederation 
precisely, then, we would like it to be defined in such a way that the first 
car w:i;il have a greater acceleratkn than the second. 

But both cars had the same "change in velocity", for both started with 
zero \ el o city and speeded up to 60 mi/hr. Once again you see that something 
more is involved here than simply "change in velocity, " What we are really 

concerned about is not how much the velocity changes, but how rapidly it 
changes. 





You should now do E^eriment 23, After you are finished we will have 
a lot of 



Points to IHscuss in Class 

Do the plotted points fall on anything that looks reasonably close to a 
straight line ? Since the point, (position = 0, time = 0), lies on the graph, your 

curve passes through the origin. Would it he fair to conclude that position (or 
distance) is proportional to time? 
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If distance traveled were proportional to time, you now know that the 
equation of the curve woul ■ be "p = vt", where v is the constant velocity of the 

&e bodfr® the curve is not a straight line, then, your experiment shows that 
fte body does not travel with constant velocity. The motion is therefore, by 
definition, accelerated. ^ 



smoothly as best you can through the 
points. It IS probably that the points will not fall all on a smooth curve. Try 

to draw a curve through the points in one single sweep, placing it as usual in 

such a way that roughly as many off-points lie on one side of the curve as on 
the other. 









Now fill in the third column of the data sheet for Experiment 23 with 
smoo&ed values of the time." You recognize that the points on your graph 
are off because of experimental errors incurred by the difficulty in 
precise measurements on such a rapidly moving body. If you make enough 
observations, however, you have a feeling (here is that intuition again! ) that 
you probably made as many mistakes giving readings too high as too low. This 
IS ano^er aspect of the point discussed on page 21 about feeling that an average 
IS probably better than one reading alone. You tlierefore draw your curve so 
ttat some points lie above and some below it. believ.ing that the "tiue" curve 
ties comfortably "down the middle". We are new saying that we believe the ,urve 
Itself gives better" values for the "times ,f passage" than the ones actually 
observed. We are saying, that is, that when the "down the middle" curve passes 
below an observed point, that the observed point is pr.bably "too high" because 
^ experimental error; and that an error-free measurement would have placed the 
^irt close to the curve. We are saying that the curve, which is based on many 
readings of the same function, is more reUable than eny fne p^int. 



If, then, you wanted to know the time of passage to, say, 160 cm, it 
would be better to read the smooth graph than to take the actual measured point. 
Do tins, reading the "smoothed" values for times of passage for every position 
listed in cdimn one of the data sheet. These smoothed values are generally 
regarded by scientists as more reliable than the ones actually observed by 
measurement. Notice that it is a method of finding an "average time of passage 
to 160-cm that takes into account not only your measured values at 160-cm, 
but also your measurements at other positions as well. 



Does the curve have a constant slope? Can you tell whether the curve - 
as you move to the right, or a,- time goes on — becomes increasingly or 
deer easingly steep? You have learned that, when you plot position vs. time 
the slope of the curve is the velocity. From the slope of the curve only, does 
the velocity appear to be constant? From the slope of the curve only, does 
the velocity appear to be increasing all the time the ball is rolling? 

Now (this is review) you know that you can find the position of the body 
at any time by reading the graph for that time. Moreover, any given t has 
associated with it one and only one point on the graph, hence one and only one 
p. In other words, given t, you can always find one and only one p. From the 
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definition of function, we say that p is a function of t. But notice that the slope 
also changes with t. Just as each t leads to exactly one p on the curve, so “^Ico 
does each t lead to exactly one slope of the curve. In other words, the slope 
is also a function of t; because if you are given any t, the slope of the curve at 
that t is fixed by the curve whether you like it or not. 

But remember that (page 130) the slope of the curve p vs t is the velocity 
of the moving body. Your graph, we now see, f^howa that not only the position 
of the body out also the slope -- and therefore the velocity of the body -- is a 
function of the time. You sheuld understand that tliis conclusion is quite in 
accord with your observation: you noticed that the lbj=0ll speeded up more and 
more as it rolled downhill; that at each different ir istant during the roll, its 
velocity was different, depending upon what instant; you are talking about. So 
your observation alone tells you that the ball's velocity is a function of the 
time. The preceding discussion was only to call your attention to the fact that 
this information is revealed by the graph, too, if you know how to read the graph. 



We therefore have good reason to believe thc:t the velocity ox the rolling 
ball is a function of the time. Can we find out whcit function it is? What do we 
already know about the velocity? We know that at time zero the velocity was 
zero, for we started counting time when the ball vas at rest and we made sure 
that the ball was allowed to pick up speed by itself . We also know that the 
velocity is an increasing function of the time, for tlie slope of the curve become s 
steadily greater (that is, the curve becomes steadily steeper) as we go to greater 
times. Thus we know beforehand that thecurve will pass through the origin and 
will slope always upw^ard to the right. Does this ijuggest anything to you? 

Now let us try to find the velocity for some certain time, If you look at 
your table of data, you will remember that you have in column one a list of 
positions of the ball and in column three a list of the times at v' J.ch the ball 
was in those positions. For instance, the first line of the table tells you that 
the ball was at a positic.i of 0 cm at a time of 0 sriconds. Tho second line tells 
you that when the ball was at a position of 40 cm, the time was 2, 4 seconds 
(Near there, anyway; the exact time you got depejids upon how high the end of 
the raunp was propped up, how hard is idie wood of which the ramp was made, 
and several other things. ). This means that the ball traveled a distance of 
40 cm in 2, 4 seconds. We know that its velocity was not constant over this 
interval. But suppose we did have a body moving zit constant velocity that 
covered this same distance of 40 cm in the scime time of 2, 4 seconds. What 
would that constant velocity have to be? You should be able to calculate that 
a body traveling 40 cm in 2, 4 seconds at constant velocity would have to travel 
with a velocity of about 16. 7 cm/sec. We call this constant velocity by the 
name of "average velocity, " "Average velocity" imerely means the constant 
velocity that would "do the same job in the same time" as some other body not 
moving at constant velocity. 

In terms of our notation, the "difference in position in moving from 
a position of zero to a position of 40 cm is p = 40 cm. Correspondingly, 

^ t = 2. 4 sec. When we calculated the average velocity above, iJien, we 



actually used the definition of velocity given on page 129 '• 



zi p 40 cm I 

At "" 2.4 sec 16. 7 cm/sec | 

'J 

I 

So we are not really introducing anything new here; we are merely extending I 

our earlier definition of velocity as Ap/A.t to the case when the velocity is | 

not constant. I 

i 

.> 

Now the velocity at the beginning of the interval was zero, because the 
body was at reat. The average velocity over the interval was 16. 7 cm/sec. 

Do you see therefore that the velocity at the end of the interval (that is, at the 
instant that the ball was passing the 40- cm mark) must have been greater than ) 

16. 7 cm/sec? This must be the case, because if the velocity started out less 
than 16. 7 cm/ sec in order to get the average up to 16, 7, Thus the body started \ 

out slower than 16. 7 cm/ sec, it must have ended up greater than 16, 7 cm/sec 
in order to get the average up to 16# 7, Thus the body started out slower than 
l6« 7 cm/ sec and ended up faster than 16« 7« Do you see that the body must some-* ; 
time in between have had a velocity of exactly 16* 7 cm/sec ? This is the prim^^ * 
ciple of continuity, which says that if the body's velocity changed from some- 
thing l@ss thw 16* 7 to something greater than 16, 7, it cannot have ’'skipped over’* 
any know exactly where and when it had tliis velocity, but \ 

we do know that at sometime between 0 seconds and 2. 4 seconds, and some- 
where between 0 cm and 40 cm, it did have this velocity. With very little 
justification other than that the time and place must be somewhere between, let 
us take the time and place of the average velocity as midway in the interval. k 

That is, let us say that the body had a velocity of 16. 7 cm/ sec when it was \ 

halfway betweeen 0 and 40 cm and halfway between 0 and 2, 4 seconds. To 
repeat: though we don't know that it is exactly correct, we do know ttiat the 
body had a velocity of 16. 7 cm/ sec somewhere close to a position of 20 cm and 
a time of 1.2 sec. 



To sum up: During the interval over which the ball rolls from the 0 to 
the 40-cm mark, its position changes by ^p = 40 cm; time increases by At = 

2, 4 sec. The average velocity during this interval is /3p/ At = 16. 7 cm/sec. 
The approximate place and time at which the body had exactly this velocity 
are 20 cm and 1. 2 sec. Refer now to the right-hand portion of Table I in 
Experiment 23. The data in the preceding two sentences are to be entered on 
the first line of this table. p = 40 cm is already entered? At will be some- 
where near 2. 4 sec, d^ending on what you measured for the time of passage 
to the 40-cm mark. ”v" means ’’average velocity. ” (Physical scientists 
quite commonly denote the average value of a variable by placing a bar over the 
symbol for the variable. You • read v as ”vee bar”. ) Calculate your average 
velocity for the first interval and enter it in this column. The next two 
columns contain the midway points, both in distance and time. In distance, of 
course, the midway point is 20 cm; in time, the midway point you will have 
to calculate yourself. It will be close to the 1. 2 sec used in the example above. 

You should now be able to fill in the rest of the right-hand portion of 
Table I. First, notice that the A^p's are eill the same; namely, 40 cm becan'?^ 
the positions listed in column one are 40 cm apart. Next, remember that the 
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first ^t is the time interval fromthe xero mark to the 40- cm mark. You find 
it by subtracting the "time at 0 cm" from the "time at 40 cm. " The next 
interval - 40 cm to 80 cm - begins sit lihe time -of -pas sage for 40 cm and ends 
at the time -of -pas sage for 80 cm. The At is the difference be^een these 
times, which should be entered on tlie second line under At. v, of course, is 
simply Ap/At. The midway position for the second interval is halfway 
between 40 cm and 80 cm; calculate this position and enter it on the second 
line under "Midway position. " The midway time for the interval is halfway 
between the times at the beginning and end of the interval, both of which you 
get from column three. Calculate the rnidtime and enter it in the second last 
column. Now complete the table yourself. 

The third last column of Table I now gives you the velocity the ball had 
at the time given b^^^ the second last column. These two columns therefore are 
a tabular representation of the functional rela.tionship we were seeking -- that 
giving the velocity as a function of tiime. In the space on the lower half of the 
second work sheet, make a graph of velocity vs. time, velocity vertically and 
time horizontally. Do you notice anything especially to be remarked about this 
graph? 

Your graph shows that in the case of a ball rolling downhill, velocity is 
proportional to time, for the graph is a straight line passing through the origin. 
Use a ruler to draw in the curve, again trying to place the straight line so that 
it steers up the middle of the plotted points. 



You know now that the equation of this straight line must be "v = at", where? 
V represents the variable velocity, t the time, and a is a constant. You also 
know that, if "v = at", then "a = v/t". Can you still show this? The fact that 
your graph was a straight line then shows that the ratio v/t is a constant. For 
each line of Table I, calculate the ratio v/t, using the interval-average velocity, i 
V, for the numerator and the midwiiy time, t, for the denominator. Record 
these ratios in the last column of Taible I. Is this ratio reasonably close to 
constant? What are the units of tliis ratio? 



The ratios ycu calculated for v/t are nearly constant (within experimental 
error), and will probably come out to be somewhere around 15 to 20 cm/sec^. 
(You read this as "20 centimeters per second per second" or "20 centimeters 
per second squared". ) If your ratio came to, say, 17. 0 cm/sec^, then the 
functional relationship between velocity and time that you were looking for is 

V = 17. 0 t. 

If the imits of "17. 0" are cm/sec'^ and those of t are seconds, what will be 
tile units of v? Is this reasonable? 
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We have noted many times before that in a proportionality equation 
like y = kx, the proportionality constant, k, often has some special physical 
significance. What is the meaning of the constant, a, in the equation, v = at? 

In order to get a feel for its meaning, notice first that the velocity keeps 
changing (in our case, increasing) with time. The graph slopes always upward 
to the right. Can you judge the relative appearance of two graphs of the form 
V = at, one of which represents a body whose velocity changes only very slowly 
and the other of which represents a body whose velocity changes very rapidly? 
Wliich of these two straight-line graphs will have the greater slope? Do you 

see that the line with the greater slope goes with the body whose velocity changes 
more rapidly? 

Now, you have seen (at the very end of Section 4 in this unit) that the 
constant k in the equation y = kx is simply the slope of the graph of that line. 
Similarly, the constant, a, in your equation, v = at, is simply the slope of 
your graph. Furthermore, you know that the greater the value of a, the more 
steeply the curve climbs upward to the right. But from the latter part of the 
preceding paragraph, you saw that the more steeply the curve climbs, the more 
rapidly its velocity changes. Recall now that (page 132 , just before doing 
Experiment 23; that we were looking for a way to define the term "acceleration” 
numerically. We agreed that "acceleration" should refer to how fast the 
velocity changes. Maybe we now have an acceptable definition of the word. If 
the velocity of a body is proportional to the time, then velocity and time are 
related by an equation, v = at, where a is a constant, namely the slope of the 
curve whose equation is v = at= If this curve is hori'7.nnf5»l . •t-hiatt tr = n 

^ a f -vr oc v V — 

^**''*''* *•» 5 i.nen rne siope, or a, is zeroj this luieans that the 

velocity never changes. That is, if a = 0, the velocity stays constant or there 
is no acceleration. If the curve is steep, the velocity changes slowly and a 
is small. It looks as though we could take this quantity a to be the quantity 
that we wanted to call 'acceleration, " Jh fact, when the velocity is propor- 
tional to the time, we will define the quantity a to be the acceleration. 



Since earlier (pnge i26, equation (6)) we defined the slope of a straight 
line as Ay/ you can see that our definition amounts to this: 

acceleration = /\v/At 

when that ratio is constant. You will recognize that "Av/At" is simply a 
symbolic way of saying "change in velocity divided by the time interval over 
which the change takesplace. " Keep in mind then that there must be a chaTiwo 
in velocity for the acceleration to be othe r than zero. An interplanetary rocket 
traveling at 50, 000 miles per hour has zero acceleration if its velocity 
remains at 30, 000 mph. 



In the case of the ball rolling downhill, you have shown that the accelnxationl 
is constant, because the velocity is proportional to the time. You have shown, 
in other words, that, for a moving body. 

The velocity is proportional to the time, 

and 

The acceleration is constant, 
are two exactly equivalent statements. 
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7. Tangent to a Curve 



You will remember that we defined velocity (page 129) as^ip/At under 
conditions of constant velocity. We defined "average velocity for an interval!' 
also asAp/At for that interval. Notice then that we have no "unconditional" 
definition for velocity. We say tlat ApMt is the velocity if it is constant, or 
It IS the average velocity if not. Is it possible to define what is meant by 
velocity (not average velocity) even when the velocity is itself changing? 



Notice that it is possible to define what is meant by position even when 
a body's position is changing -- that is, even when the body io moving. We 
can easily conceive of the idea of "instantaneous position" -- that is, the 
position of the body at one certain instant. We feel that it ought also to be 
possible to tell how fast a body is moving at some certain instant -- instantaneous 
velocity — even when the body is mooting. A» a matter of fact, this is exactly 
what tiie speedometer of an automobile y/hat U rnesLut by instantaneous 

velocity? Look b<tcK at the graph you made in the upper part of the second 
w orK sheet for Experiment 25. You plotted position vs time in this graph, gnd 
obtained a curve that is not a straight Hne. If the graph of position vs time is 
a straight line, then you learned, following Experiments 21 and 22, that the 
constant slope of that line is the velocity. Does it seem reasonable to you 
that if the slope is rot constant, then we could still define the changing velocity 
as being the changing slope? This certainly is reasonable, because the more 
steeply the curve rises, the more rapidly its velocity changes. 



I 



— w u. uid.1. xxidy iicxp you see me point. 



xhe curved line 



in the diagram below may be thought of as a portion of your graph of p vs t in 
Esqieriment 23. Suppose that we want the slope of this curve at the point A. 
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Referring to the definition of slope on page 126, we see that we need to find 
2>p/^t. We choose some other point on the curve, say B, and lay off the two 
A*s, ^p = BK and >Oit = as we did so many times before. The fraction 
4 £ip/^\t is then the slope; — but the slope of what? Actually is the slope 

of the line AB, which is clearly steeper than the slope of the curve at A, and 
not nearly so steep as the curve at B. As far as tlie curve is concerned, this 
fraction p/ At does not give us the slope at either A or B, but rather at some 
point between A and B. Try estimating the point where the curve has the same 
slope as the line AB. 



Suppose we had chosen some point C instead of B as the second point, | 

where C is closer to A than B is. Then we could calculate a new ApAo>t which 
would equal CL./ AL. But this would give us the slope of the line AC, which 
again is the slope of the curve at neither A nor C, but at some place between I 

them. Try estimating the nnint where the curve has the same slope as AG^ We 1 

could choose as the second point a still cloaer point, saiy D, to A than either i 



.D U2T the calculated 

some, point beiwccii A and 



Ap/ tX would again be, not the slope at A, 
D. About wher^ would you say? 



but at 



Do you see that each time you choose a new second point, closer to A i 

than the last one, for measuring the two A's, you get a new slope? This new \ 

slope is not the slope at A, but the slope jit some point on the curve closer to 
A than the last one. If you keep choosing points closer and closer to A, then I 

j) point of the curve where the slope is the same as the straight line gets J 

^ closer and closer to A. ^ 

The contents of the last two paragraphs are intuitive. Have you noticed 
that we have been talking about the "slope of a curve at some point" without 
ever having said exactly what we mean by that expression? We do, however, 
have an intuitive feeling about what we would like to have the e:^ression mean. 
Suppose someone gave you a yardstick, led you to a curved sliding-board, and 
pointed to one spot on the side of the sliding board. Gould you tilt the stick 
so that the stick had the same slope as the sliding-board at that point? Would I 
everyone agree on exactly how much the stick shoidd tilt in order to have the 
same slope as the curve? Or, to put it another way: if someone disagreed 
with your idea of the right tilt, how would he go about proving you wrong? You ^ 
can't prove someone wrong until you agree on a definition of what is right. J 



o 
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The curious thing is that most people wouHt agree on what is meant by 
the slope of a curve, at least to the extent of judging when a curve at some 
given point is equally steep with an adjustable straight stick. What we must 
try to discover is the unconscious basis that people use for their judgement 
without having a definition. We can get at the matter like this: Suppose we 
have a given curve like the one in the sketches below, and a given point on 
the curve, likeP . In one of the four sketches, the straight line and the curved 
one have the same slope. Which one? 













In the first sketch, the straight line cuts the curved one in two points. 

As we discussed before, you feel that at some point between the two inter- 
sections, the curve and the line have the same slope," but not at the point ip 
itself. The curve looks as though it has the same slope as the line at about the 
point Qj. Now let us keep the line pinned at P, but free to rotate like the 
propeller of an airplane. Rotate the line in the direction of the little arrow so 
that the line, still pinned to the curve at P takes the position of the second 
sketch. Again the straight line cuts the curve in two points. Again we feel 
that the line does not have the same slope as the curve at P but more like that 
at Q^. By rotating the line, we have moved the point where line and curve have 
the same slope from Qi to 03. Notice that Qj lies on the curve below P and Q. 
above. In other words, rotating the line around P from its position in the first 
sketch to that in the second caused the movable point Q to go from somewhere 
below Pto somewhere above. 






xue prxxicxpie 01 conunuity suggests to 
“0*3 the movs-bi e C> r'n\isr have 



us tuat at some icime during 
thrcusn r. That is S’Otn'E‘'‘*^he'^'!“ 



between the positions of the line in these two sketches, the line had the same 

slope as the curve at P. We rotated it too far. How far should we have rotated 
it? 



You probably see the idea by this time. As long as the line cuts the 
curve in two points, P and another one, the line will not have the same slope as 
the curve at P, but rather will have the same slope as some point between the 
two intersections. The only way we can arrange the line so its slope will be 
the same as at Pis if we have the line touch the curve in only one point, as in 
the third sketch. A line that touches a curve in only one point is called a 
tangent to the curve at that point. 



But wait a minute, you say. The fourth sketch shows a line that also 
touches the curve in only one point. Is the line in the fourth sketch also a 
tangent? If so, you can see that you can draw lots of similar lines that pass 
through P and cut the curve in only one point. The answer is A tangent 
not only cuts the curve in only one point, but also Ues on one side of the curve 
Notice that in the first, second, and fourth sketches the line crosses 
over the curve at P, from one side to the other. In the third sketch, the line 
touches the curve at P without crossing. This is a tangeht: a straight line 
that touches a curve at one point without crossing it. A line that crosses a 
curve is called a secant. (The word "tangent*' comes from the Latin word 

tangens, which mean« "touching. " The word "secant" comes from the Latin 
secans, which means "cutting. ") 

Notice that one way to think of a tangent is the following, patterned after 
the sketch below: First, draw some secant to the curve through P, say PQi. 
Now keep the line pinned to the curve at Pand allow to move along the curve 
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toward P, through the points Q 2 j Q 3 * stc. As you do this, the secant rotates 
around P. Finally, when Q comes right on top of P, the secant has become a 
tangent. Thus you can think of a tangent as the limiting position of a secant 
as one of its two intersections approaches the other. 

Now finally we can define what we mean by the slope of a curve at a point: 
it is simply the slope of the tangent at that point. Again, you should notice that 
the last several pages do not prove that the slope of a curve at a given point is 
the same as the slope of the tangent at that point. This is a definition of v^hat 
is meant by "slope of a curve at a point" -- a notion that we had not previously 
defined yet felt that we intuitively grasped. The long discussion preceding is 
to show you that this definition agrees with your intuitive feeling of what "slope 
of a curve" ought to mean. 

Of course, if you are given a curve already drawn, you could use a ruler 
to draw a tangent to the curve at an'as signed point just by using the judgement 
of your eye. This might be done in much the same way as wc tried to adjust 
the tilt of the yardstick to tha.t of the sliding beard a few pages back. This 
kind of judgement by eye, in fact, is often quite good. Lot's try it on the data 
vou obtained for Experiment 23. Do Experiment 24 now. 

Points to Discuss in Class 

What is the physical meaning of the ^p/£^t that you calculated from your 
measurements? Remember that the J^p and the that you measured were 
obtained from the straight-line tangents that you drew. Therefore ir: 

the slope of the tangent. But we agreed that "slope of tangent at a point" means 
"slope of the curve at that point. " So the Ap/^t 's that you found in Ejrperimont 
24 are actually the slopes of the curve at the points where you drew the tmi^cnts. 

But recall now that the slope of a p vs t curve (page 130) is the veloci’;/ 
of the body at the point where the slope is measured. Therefore the Ap/<c^t that 
you measured and computed from the tangent you drew at p = 140 cm is ac;.::ally 
the velocity, v, of the ball at the instant it passed the 140-cm mark. Compare 
the velocity obtained from the slope of the tangent with v, the average velocity 
over ^small interval surrounding the 140-cm mark. The two values -- approxi- 
and "exact" v — should be nearly the same but not identical. Which 
one, V or v, gives the instantaneous velocity at the point? 

When you measured Ap/ At, you obtained the slope of the tangent, wliich 
is a straight line. Does it matter what interval you use for the /y's when you 
measure the slope of a straight line? Then why were you told to choose the 
points A and B "at least 15 cm apart"? What avoidable error might arise if 
A eind B were only, say, 1 cm apart? 

In your opinion, is there any judgement involved in estimating the 
correct position of the ruler to make it tangent to the curve at the point P? 

Most people will agree quite closely on where the ruler should be positioned, 
but even one person will not always choose exactly the same position. The 
question comes up; Is there a way to find the slope of a tangent to a curve that 
does not require a judgement that may not always be reliable? There is, 
you can find an analytical representation for the curve. 
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Do you have anaialytical representation for this curve? No. You know 
that p is not a linear function of t, but that's all you know at the moment. Thus 
you know that the ratio p/t is not constant. What wo\ild you surest trying 
instead of p/t in the hope of finding some constant ratio, involving p and t? 
Think of it this wayi If p/t were constant, the graph of p vs t would be a 
straight line and would have a constant slope upwar d to the right. Look at 
your graph of p vs t. It slr^-es upward with ever-increasing slope. This means 
that p increases "faster than t". Maybe p is proportional not to t but to some- 
thing that increases faster than t -- maybe t2. Try it. Compute t2 for each 
line of the table, recording the values in the appropriate column. Then compute 
p/t^. This ratio shoxild be nearly constant. Calculate the average value of 
p/t2, and call this constant, k. 



That p/t^ is a constant means, as you know, that 



w — kt^. 



We have already seen that this ball rolling downhill moves with constants, 
acceleration. Is there ainy relationship between the constant acceleration 
and the above constant, k? There is, but don't jump too quickly to a con- 
clusion! 



8. Derivative of a Function 



You can vdways find the slope of a straight line: it is simply Oy/Ax. You 
can therefore find the slope of any secant to a curve that might be given to you. 
If you allow the secant to swing around one of its intersections as in the figure 
pa-g® ^40, you get a whole series of values of 2iy/Ax, each of which is the 
slope of a secant that lies closer and closer to the tangent. If we could find 
the number that Ziy/zix gets closer and closer to, then we would know the 
slope of the tangent. Wc will see that this can actually be done. 



Imagine that the 6y's and /^x's were actually drawn in the sketch above. 
Perhaps it would be well for you to draw a curve on a piece of scratch paper 
and choose a point P on the curve. Then choose a series of Q's, each progres- 
sively closer to P than the last. Finally draw in the Ay's and Ax's for each 
Q. For Qj* say, you can then measure Ay and Ax, and compute their 
ratio. Call this ratio ( Ay/Ax), for the point Qj. You could do the same thing 
for Qg, obtaining the ratio ( Ay /a In this way you could get a series of 

( Ay/^x)'s, one for each Q. 



But notice that as the Q you choose gets closer and closer to P, the 
measured values of Ay and a x get smaller and smaller, v^d more and more 
difficult to measure. In the limit when Q has come to coincide with P in 
fact, both Ay and ax will be zero, and then we couldn't calculate the ratio 
Ay/Ax anyway. The ratio would then be 0/0, which not only cannot be calcu- 
lated but also is undefined. But remember that O/O can be defined if we want 
to. In this case we would want to define 0/0 in such a way as to fit snugly into 
the series (Ay/^x)j^, (Ay/Ax) 2 » (Ay/Ax) 3 , etc., for only in that way could we 
satisfy the principle of continuity. 
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Now before going on, it is important that you imderstand the follov/ing: 
We want to find what value Ay/£.x gets closer and closer to. as Q is made to 
come closer and closer to P, until in the limit Q coincides with P.. But as Q 
comes closer and closer to P, becomes zero. So another way to say the 
same thing is to say that we want to find the value of z;.yMx when ax becomes 
zero. It may surprise you that we can actually find this limiting value. We 
can do it when we have an analytical expression for y as a function of x. 



Suppose that, for example, y is a linear function of x: 

y = a + bx. ( 14 ) 



Let us find the value of ^y/Ax as Ax is allowed to become so smaU as to be 
zero. Remember that equation (14) applies to ev<»Tv r»r» 4 ri. 4 - *-v,a 

Cctae. of course, a straight line). Suppose we choose two points, A e. 



y 







and draw the perpendicular lines, AC and BC. in the usual way that you are 
now so familiar with. The distance AC is what we have been call ax and BG 
IS what we have been calling ay. Suppose we say that the point A is the point 

whose x-and-y comUnation is x,,, y„. Then it must be true, since A is on 
the curve whose equation is (14), that 



Vo = a + bx. 



(15) 



Do you see ttat the x-value for the point B is (x„ + ax), and the y-value for 
the s^e point is (y„ + ay)? But since the point B is also on the curve whose 
eq\^&on is (14), it must also be true that the x-and-y combination for B 
satisfies equation (14). That is. 



Yo + a + b(xQ + Ax). 



(16) 



The last ^o equations give us alternate names for two quantities: une of tliem 

of (151 ‘iT ^ if subtract the left-hand side 

of (15) from the, left-hand side of (16). we wUl get the same resuftls when we 

subtract the rig^-hand side of (15) from the right-hand side of <161 

the left side of (15) from the left side of (16) ii^ ‘ 



Vo - y, 
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and doing the same for the right-hand sides gives 

a + b(xo + ziix) - (a + hx^). 

These two subtractions, we have just agreed, give the same result. Hence ^ 

Yo + " Yo = a + b(xo + Ax) - {a + bx^). I 

You can see right away that "y^'’ and "-y^" be crossed out on the left, and 
then we have 

Ay = a + b(Xo + Ax) - (a + bXo). j 

Now you wiU remember that subtracting (a + bx > is the same as subtracting 
a and also bx^ individually. That is, 1 

oY - a + b(XQ + Ax) - a - bxQ. 

And again you can see that "a" and "-a" on the right may ba dropped out: 

^jy = b(xQ + Ax) - bxQ. 

Next, recall the distributive principle: that b(x^ + ^x) is the same thing 
as bXQ + bAx. Therefore 

ay = bXo + hAx - bxQ. I 

Again you can drop the "bxo" and ’’-bx^", and find that 

ay = h^x. 

From this last expression you can easily find that i 

^ = b. (17) 

A X 

Thins is the same result we previously found (page iZBh namely that 
for any lijiear function "y = a + bx", the slope. Ay /Ax, is simply b. In fact 
the reasoning we just now used is identiczil with the reasoning we used before. 

We have simply changed to a different set of symbols. The reason for doing it * 

all over again was just to put you on familiar ground before we used the same 

procedure for a function that is a little more complicated than a Unear 
function. 

Notice that the choice of how big Ax was, in the argument above, was 
quite undecided. We never committed oursslves to any particular value for 
Ax, and hence equation (17) is true for any ax whatever. We are especially 
interested in the case when Ax = 0, for which dy/Ax also, of course, is b. 

This independence of the value of Ay/^' ^.pon Ax is not always the case. 



o 




pen 









It is a result, in fact, of y's being a linear function of x, and in general the j 

value of does depend on how bigzsx is. You have already seen that 

X depends on how far apart the chosen points are when the curve is not ; 
a straight line, and does not depend on how far apart they are when the curve 

is a straight line. This conclusion, then, is not new, but it is worth recalling 
in this new context. 

Suppose that y is not a linear function of k. Let us consider the case 
when y = kx2. Again we consider two points, A and B, and the corresponding i 




X 



^ ‘s, ZSx = AC and hy - BC. The x-and-y combination for the point A we will 
again call Xq, yo; and that for the point B we will again call Xq + Ax, y© + Ay. 
Since both A and B lie on the curve whose equation is y = kx^, moreover, we 
are immediately assured that 

yo = kxo^ 

and 



Yo + -Ay = k(Xo + Ax)2. 



I 



■^8^® subtract the first of these equations from the second ri'*^d obtain 



Yo + Ay - Yo = k(Xo + Ax) 2 « kx^^. 

And again you notice that "Yo " ""yo ' J^^-Y he dropped from the left-hand 
side: 



Ay 



k(Xo +Ax)2 - kx^^ 



(18) 




We now must consider the quantity (Xq + Ax)^, which, of course, means 
(Xq + z^x) (Xq + Ax); that is, the product of two quantities, one of which is 

"^^x) and the other of which is also (xq + Ax). In the expression (x^ + Ax) 
(Xq + A x), think of the first parentheses as being a single quantity (which it 
is!), and the second as the sum of two quantities (which it is!). Then we can 
apply the distributive principle, saying that 

(Xo +Ax) (xo + Ax) = (Xo + Ax)Xq + (Xq + AX)^X. 

Now we can apply the distributive principle again to both parts on the right: 

2 

(Xq + Ax)2 = Xq + XqAx + Xq6x + (Ax)2, 
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Notice that the two terms in the middle on the right are identical and we 
can collect them, writing: 

(xq + ^ x)2 = Xq2 -1- 2xq i^x + (lN^)2 

Therefore 

k(xo+^)2 = IcXq^ + ZkxQhK + k(ii^x)^ 

applying the distributive principle still another time. We now have another 
name for ”k(xo +l\x) 2", which we can put in equation (18). This equation 
then reads 

= kxo^ + 2kx^-'x + k{/^x)^ - kx^^. 

Once again you see that "kxQ2'» and "-kxQ^" can be dropped out, and we 
have then 

L\y = 2kxQ/^x + kcAxi^. 

Now multiply both sides of this equation bv ^ . We ^'av'* 

1 1 ' /\ X ■ ■ ^ 

-7~ ~ — X 2kx^v,x T — I — X k^:ix x l.Sx 

^ 3C /NX ^ /s K 

Since multiplying by the reciprocal of a number (IL Ax) is the same as 
dividing by the number, we can write this as 

j:ix = 2kx — + k/Nx — 

On the right, you can see that both {/Sx/axYs can be dropped out (Do you 
see why?), and the equation then reads 



/\ y - oi 

<>x ^ 



k/i 



!\Q\ 



Now remember that we never committed ourselves on how big dx was, 
and so equation (19) a; plies for all - ax, including zero. But if we let ^x be 
zero, the last term on the right, "k^x", is zero, since any number multi- 
plied by zero is zero. Thus the equation becomes 



The value of /jy-//yx. ^ 



V 



= 2 kx 



when Ax = 0 



( 20 ) 






o 
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Notice that this time the value ofAy^ x does depend on how big Ax is. 
Equation (19) applies for all ax of whatever size; but equation (20) applies 
only when Ax = 0. It is the limit of the quantity, Ay//ix, as Ax becomes 
zero, that we are most interested in. We cannot call this limit '7-Sy/Ax*' 
any longer, because its value changes with /\x. In the case of a linear 
function, it was not necessary to distinguish between '*Ay/Ax” and "Ay/^ix 
when AX = 0", for in that case Ay/Ax did not depend on the size of Csx. 
Now we will have to distinguish. 
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Scientists all over the world use the abbreviation, "dy/dx", to mean 
"the limit of Ay/Ax as ax becone s zero. " Notice that dv/dx does not really 
mean '!dy divided by " It is not really a fraction - it only looks like one. 
Especially you should notice that "dy" does not mean "d times y". The whole 
thing, dy/dx, is merely a symbol for "the limit of AyU as Ax becomes zero. " 
Do not think of it as meaning anything else. The symbol xs read "the aeri.vative 
of y with respect to x", or more simply as "dee“y by dee**x. " 



The quantity, dy/dx, is called the derivative of y with respect to x. 

Every time you have a dependent variable, y, which is a function of an indepen- 
dent variable, x, the possibility exists of finding the derivative of y with 
respect to x. Of course the derivative is not the same for every function. You 
wouldn't expect it to be, for dy/dx represents the slope of the curve obtained 

when y is plotted vs x. And different curves may have different slopes, as 
you know. 



xr ur instance, when y " a + bx, we have found that dy/dx is simplv b. 

That is, the slope of the curve, y = a + bx, is constant. This 3 s something 
you can see by looking at the curve, which for a linear function, y = a + bx, 
is a straight line. But if y = kx^, the curve is truly curved, and the slope changes 
depending upon what point of the curve you are talking about. You would there- 
fore expect that the value of dy/dx would change, depending upon what x you 
are talking about. Equation (20) says that dy/dx is equal to 2kXo whose value 
clearly depends on what x (that is, Xq) you are talking about. In fact, aince 
Xq in our argument can be any x at all, we might as well drop the subscript from 
Xo and simply call it "x". Equation (20) then reads: 



2kx. 

dx 



Notice that this equation really says that dy/dx is proportional to x. Does 

this statement agree with your observation that the slope of the curve increases S 

as you go to the right on the graph, y = kx^? ^ 

We have found the derivative now for two kinds of functions. They are 
repeated here for comparison: i 

when y = a + bx, dy/dx = b 

when y = kx^, dy/dx = 2kx. J 

9. Uni formly Accelerated Motion | 

"Uniformly accelerated motion" means simply motion under constant J 

acceleration. We have now covered all that we need for a complete under standing ^ 
of the relationship between position and time when a body moves under uniform 
acceleration. The present section will merely gather a few loose ends together. \ 




Let us first recall that you foiond the ball 1* oiling <d.OWlillill to llStVS 3L ^ 

constant acceleration. This was an e:sperimentU finding. You foimd, further- \ 

more, that defining the word "acceleration" in an acceptable (or agreeable) S 

way leads to the conclusion: 

\ 

IF a body travels at constcuot acceleration starting from rest I 

THEN its velocity is at all times proportional to the time 
it has been traveling: | 

f' 

V = ait I 

where a is tlie acceleration. You verified in your case of a ball starting from 
rest ^d rolling downhill that the velocity is in fact proportional to the time 
and gives a straight line through the origin when plotted against time. 

One might now ask: what would the velocity be if the body moved under 
constant acceleration, but not from rest; i. e. , had a non-zero velocity to 
start with? This problem is very easy. 

First we know that, if the acceleration is constant, then by definintion 
dv/dt) is constant. This means that the graph of v vs t must be a 
straig^line. (Not necessarily a straight line ithrough the origin: that would 
mean it started from rest. ) This means that v is a linear function of t, and 
therefore v and t must be related by the equation 

V = P + Qt 

where P and Q are constants. Now, can we tell whrt the constants are? That j 
IS, can you give the constants physical meaning? Of course you can! Here is 
the way you think it out: 

The equation holds for any case of uniformly accelerated motion, 
regardless of what the body’s initial (starting) velocity might be. For a partic- 
ul^ acceleration and a particular initial velocity, the constants P and Q have 

values. This means that for a particular case, you can calculate ! 

V from the equation for any given time, t, at all. If someone gives you t, you 

can calculate v for him. You can do this because for a particular case, P and i 

Q are given numbers. Now suppose that t = 0. The equation then says that i 

V = P,^ since Q X t is zero when't=0. But when t = 0, the velocity is the starting j 
velocity, whatever that happens to be. Suppose we call it v . Then we know 
right away that P= Vq, and there’s one constant that now has physical meaning. 

We therefore can write our equation with v^ in place of v = Vq + Qt. 

Li the equation v = Vq + Qt, you now know that dv/dt = Q. But dv/dt is 
by definition the acceleration. Now you kaow the physical meaning of the other 
constant: Q is simply the acceleration. Thus we can write I 

V = Vq i- at (22) I 

for the general case. Be sure you understand the meaning of this expression. I 
some questions to help you understand. ■ 
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If a body starts out = Tr£»i/>r%4 4-., in * 

, ' ~ VA *v t.ixi oci;oiici unaer zero 

acceleration, what will be its velocity 8 seconds later? If the body is not 

accelerated, what does common sense tell you the velocity will be at any later 

time . Does this agree with what the formula tells you? 

If abody starts from rest and accelerates 10 cm/sec^, what will be its 
velocity 8 seconds later? What is the value of v^ in this case? Does this 

agree with the equation, v = at, which you derived earlier for the case of a 
body initially at rest? 

Do you see why equation (22) is called a "general" formula? It is good 
even for the cases when Vq and/or a are zero. Suppose a body is initially at 

res an is imder zero acceleration. What do common sense and the formula 
tell you IS the velocity at a later time? 

Are the units of all terms in equation (22) the same, as is required? 

• 1 ^ y°" throw a rock downward from the top of a tall bUlding with an 

^tial velocity of 20 feet per second and the effect of gravity is to accelerate it 
32 feet/sec . how fast will it be falling after one second, two seconds, three 
seconds, four seconds. Notice how tb.e velocity increases uniformly <bv the 
same amount) for each additional second of travel. ' 

that 24. Recall that you showed experimentally 

ttot the position of a ball rolling downhill is related to the time by the eiqires- 



sion 



p = kt^. 

You also have determined the value of k in your eiq,eriment. Now notice that, 
by defimtion, the velocity for any moving body is dp/dt. When the velocity is 
constant, the curve, p vs t, is a straight line whose slope, .Ap/At, is the 
constant velocity. But when the curve of p vs t is not a straight line the 
velocity is not constant. In this case, Ap/,at is the slope, not of the curve, 
but of some secant to the curve. ^p/6t then is not the velocity at either of 
tte points where the secant cuts the curve, but at some uncertain point in 
be^een. K, however, we allow the two secant intersections to come closer 
and closer together, Ap/^t represents more and more closely the instantane- 
ous velocity. In the limit, when the two intersections have blended into one, 
hp/At becomes dp/dt, and this, the slope of the tangent, does represent the 

In Experiment 24, you found dp/dt for your curve, p = kf2, by iudeine 
tangents with a ruler. You recognize now that this measurement is ineiLct 
in the sense that it is judgement-based because we have no method of drawine 
a tangent that is unarguably "it. " But remember from equation (21) that you 
learned how to compute the derivative, dy/dx. for any function of the form 
y - kx . We therefore now can compute dp/dt for the function p = kf2, and need 
no longer rely on the uncertain judgement involved in estimating a 
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According to equation (21). dp/dt for the function, p = kt^ is simply 
2kt. But since dp/dt is also by definition the vdbcitv of the hodv. ■«,» 
interesting conclusion that v = 2kt. This equation says, in agreement vriih what 
we previously learned, that the velocity is proportional to the time, with the 
proporUonality constant, 2k. That is: 

IF (as you established experimentally) the position of the body 

is proportional to the square of the time with the proportionality 
constant, k, THEN (as you demonstrated logically) the velocity 

IS proportional to the time itself with the proportionality con- 
stant 2k. 

.V . 'velocity is proportional to the time, however, we have by definition 

ttat the proportionality constant is what we caU "acceleration. " See page 137. 
Thus 2k IS the acceleration of the body rolling downhill. Compute the value 
of the acceleration in Eiqieriment 24 from the average k you have already 
determined, and enter this value in the box at the bottom of Table I. 

Now finally you can compute the velocity at any time without drawing a 
tangent. The velocity is always given by v = v„ + at. according to equation (22). 
You can compute v for any given t when you know Vq and a. But in your experi- 
ment. Vo was zero and you now know the acceleration, a. Thus you can compute 

V from the simple expression, v = at. Do so for each t Usted in the second 
colimn of Table I, using your now-known acceleration. Enter these computed 

V s in the last colimn of Table I. Compare them with the "secant velocities" 
or average velocities, " v, in column three; and with the "tangent velocities" 
or instantaneous velocities, " v. in column si*. The instantaneous velocity 

as etermined geometrically from tangents should agree quite well with those 
calculated from the derivative, dp/dt = v = at. 

If a body starts from rest and moves under constant acceleration, you 
have seen that position and time are related by the equation, p = kt^, where k 
IS ^ine constant. Do you see that we have now the same question we had before: 
IS It possible to attach some physical meaning to k? It is possible, for you 
already know that the acceleration, a, is 2k. This means that k is simply half 

the acceleration. Thus we can write for a body starting from rest and moving 
under constant acceleration, * 

i 2 

P = pt2 

Where a is the acceleration. Now you can calculate the distance traveled by a 
body under constant acceleration and starting from rest. 

For instance, a body falling freely under gravity near the surface of the 

earth moves with a constant acceleration of 32 ft/sec . How far will a body 
fall in 10 seconds? 



Or, try a problem the other way around. How long will it take for a body 
to fall from the top of the Washington monument, 555 feet to the ground? Taking 
the origin at the top of the monument, the ground will have the position, p = 555 ft. 
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Then 



555 = ~x32xt^ = 16t^. 

Divide both sides of the equation by 16. Then 

34. 7 - t^. 

Can you solve this equation for t? 

Remember that "34. 7" and "t^" are different names for the same thing. 
If we take the souare root of 34. 7 we get the same result as when we take the 
square root of t^. But what is the square root of t^? Then 

t = v/34. 7 sec 

which you can work out yourself. Guess at the answer first. Can you show 
that the units of t are seconds? 

Calciilate how far a body falls under gravity in one second, two seconds, 
three seconds, four seconds, and five seconds. Can you expladn the peculiar 
sequence of results? 

If p - both p and must have the same units. Do they? 

10. The Most General Case 



You now have seen that a body starting from rest at the origin and moving 
under uniform acceleration, a, will have a position, p , given by 

P = |at2 (23) 

after traveling t seconds. But do you see that this is a rather narrowly 
restricted case? It applies only if the body starts at rest and also starts at 
^e origin? Suppose that it starts from rest but instead of starting at the origin, 
it starts at some other position, p^. Suppose, for instance, that the body starts 



O A ^ 

at the point A in the diagram, traveling to the right. Suppose that it starts from 
this point, from rest, with an acceleration of a. Then the distance it travels 
to the right from a will be given by equation (23), because there is no reason 

why we cannot temporarily call A the origin. If in a time, t, the body travels 
to the point, Q, then we know that 
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In this last equation, which holds for all t, suppose that t = 0. Then the 
whole last term, ^at , drops out; and we have that, when t = 0, p = OA. But 
tte position at t = 0 we have been calling p„. Hence the term QAabove is really 
the physically significant quantity, p^, the initial position of the body. Thus 
we have: If a body starts at an initial position, p^, and at rest, and then 
moves with constant acceleration, its position at any later time will be given 

uy 



P = 



p + -at^ 
o 2 



(24) 



Notice that this equation is still restricted by one requirement: that the 
body start at rest. We have generalized equation (23) to take care of the case 
when the body starts from a position other than zero. The result is equation 
(24). Now, can we generalize equation (24) so as to take care of the case when 
the body starts with a velocity othe r than zero? We can. 

Suppose that you had set up your ball-rolling-downhill experiment in a 
boxcar. Instead of putting the distance -mark s right on the ramp, however, 
you can see that you could put them on, say. a railing beside the train-track. 

”>ake the readings this way, but you can 
different. Then, with the boxcar standing still, 

Zt b 1 b f, = as in your experiment. Now suppose 

that you ho d the ball at the top of the ramp, but allow the boxcar to move wL 

tl ^ ^ “Sing the marks on the trackside rail. Since the ball stays fixed 

at the top of the ramp, the only motion it has is the boxcar's motion, which 
16 a. constant velocity. The position of the ball would then be given by n = n +vt 
as you found before for motion at constant velocity. ° * 

and .b^r together. K you held the baU at the top of the ramp 

and ti^ moved with constant velocity, the position of the ball would be^ 

b°ii boxcar stood still and you released the ball, the position of the 

™ ° H .b" f Tr ^ th® top of the 

sam^vefn ’’^\b r '’® traveling with the 

same velocity as the boxcar, as measured by your trackside distance-marks. 

Suppose now you were in the boxcar, holding the ball at the top of the 
ramp and your partner stood at the trackside zero-mark. The boxcar starts 
a hundred yards down the track, heading toward the zero-mark, moving at 

m^lTwiir'^rOM' V ’'T <*® bit the tracksidt zero- 

mark, he yells GO . /ou can do either of two things: 



You can continue holding the ball. In this case, the oositlon 
the ball will be given by p = po -f v^t; or 

You can release the ball. In this case the ball will travel 
^at^ farther than if the ball is not released. 










c 



Thus if the ball is released WXitil 
future position of the ball is given by 

P = Po + Vot + |at2. 



aJnri al ar\ a r* ^ a1 4>a « 4-Ha 



(25) 



-PU f y°" This is the most general case of unUorm acceleration. 

The formula gives the position of the ball at any future time, t. when it starts 

at position, Po, has an imtial velocity, Vq, and a constant acceleration, a, 

NoUce the following; 



(1) If a = 0, there is no acceleration and the body then is traveling at 
constat velocity. If a = 0, does equation (25) become identical with equation 

•.3), the one developed for motion at constant velocity? 

(2) If the body starts from rest and moves under constant acceleration 
what is the value of v^, in equation (25)? Does this equation then become 
identical with equation (24)? 




(3) What does it mean if Vq and a are both zero? Does equation (25) give 
a sensible result when vq and a are zero? 

(4) Do all terms in equation (25) have the same units? 

(5) If you subtract p^ from both sides of equation (25), you get 

1 2 

P - Po = v^t + ^t^. 

What is the meaning of the left-hand side of this equation? 



Now try your hand at a problem; A boy throws a rock downward from 
me top of a tall building. If the rock accelerates downward by gravity at 
32 ft/ sec and he throws it with an initial velocity of 40 ft/ sec, how far will 
It have fallen in 10 seconds? How far would it have fallen if he had merely 
dropped the rock without throwing it? Do you see how little effect an initial 
downward throw has, if the body travels for a relatively long time? ! 

m^ng the same comparison if the rock travels for only one second. 

Equation (25) is extremely important in dealing with the behavior of 1 

missiles and rockets. | 

I 




Experiment 1 

Measuring Lengths with a Ruler 



1 experiment, you will measure the lengths of a 

number of plastic rods, using a ruler graduated in centimeters and 
tenths of a centimeter. Tenths of a centimeter are also called 
millimeters”. The sticks will also be measured by several other 
people in your class. After everyone is finished, you will be able 

to compare your measurements with those of others who measured the 
same sticks. 

you start this experiment, your teacher will exolain to 
you how to make the measurements and how to record them. It is just 
as important to record measurements properly as it is to make them 
properly. Be sure you understand what to do before you start the 
experiment. Also, read Sections 3 and 4 in your textbook before 
you begin. You should understand about Making Measurements and 
Significant Figures before you start. 

• u experiment, as well as in all others, be very careful 

with all the apparatus you use. Do not damage the sticks or the 

rulers. Do not make any marks on them. Be very careful not to 
drop pieces of apparatus. Be careful that the edges of the rulers 
and sticks are not bumped so that they become dented or mashed. 

Procedure : Your teacher will supply you with six sticks of 

lengths. Pleasure each one this way: 

. clge on the zoro-centineter r.ark of the ruler. On some rulers there 

appearing on the ruler; on others. 

ti" r Examine yours and 

■ rnr 4^1 WP'-' Lay the stick so that it lies alon^ the 

the other enj of the stick and decide which tenth- 

ruler the other end lies closest to. 
v-.lect this 'mark as represontifi- the length of the ruler. Read it 
and record the Icn^^th before you forget it. Make your record in 
the table on the data sheet (next page). Be sure you record also the 

^.uniber of the stick. The last column in the table is for entering 

c^.e average length of each stick for everyone in the class whe 
measured it. Do not conparc your measurements with anyone else*s -j 
until everyone is finished. 

’.’hen everyone is fini.-licd measuring, your teacher will call for 
chc results obtained by each different person who measured each stick 

the different results on the board. If the measured 

alike, find the average, rememborinp 
Lae businep about significant figures. Enter the averages obtained ^ 
for the sticks you measured in the last column of the table. 
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Experiiment 1 
Data Sheet 
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Table I. Measured Length of Some Sticks { 




i St ick 
i No. 


Measured 

Length 


Average of 
Several Measmts 




i 

) 

j — . _ 


1 

1 


1 






1 


1 






I 

1 
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j 






i 

; 
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i 

i 





» 

1 





Enter your neasuremen t s from Experiment 1 in the table above 
Record your observations as you make them, and don't forget to include 

the are*’" *''® whole class is finished before you compute 

the averages in the last column of the table. compute 










-4- 




Now rearrange the sticks in a different order and measure the 
overall length again. Record your result in the seventh column of the 
table and aiso record the numbers of the left, middle, and right sticks 
in columns 1, 3, and 5. Obtain three new sticks from your teacher and 
repeat the work, entering the results again in the proper columns. Hake 
two measurements of the combined length with the sticks in two different 

ordep. Then repeat the whole thing (two measurements) with a new set 
of three sticks. 



After you have finished the measurement, ask your teacher to tell 
you the known lengths of the sticks. These you can get by giving the 
number of each stick (you recorded these numbers in the table) and having 
your teacher tell you the known length of the stick with that number 
marked on it. Enter these quantities in their proper places in the 
second, fourth, and sixth columns. Don't forget the units. 



Your table now has six lines of data, complete except for the last 
column. You obtain the last column by adding the individual lengths 
of the left, middle, and right sticks. Do this for each line. 






Table I. Measured Total Length of Combined Sticks 





Left Stick 


Middle ^ Stick 


Right Stick 


Total Length 


M n . _ 


.Leng.th 


No . 


Length 




Leitgtii 


_lle a sjj re d 


romnii t ed 


First 
set of 
sticks 


• 
























■ 






Second 
set of 
sticks 










- 

1 

1 . 














1 


1 






Third 
set of 
Sticks 


















» 










Q 

\v 


! 





Record your observations from Experiment 2 in this table, as 
you make them. When you are ready to measure your first line-up of 
sticks, first record the sticks’ numbers in the first, third, and 
fifth columns under ”no." Do not record anything yet in columns 
2, 4, and 6. Then measure the total length and record it in the 
seventh column under ’’Measured.” Don’t forget the units. Do not 
bother to measure individual sticks. 

Next, rearrange the sticks in a different order, recording the 
sticks* numbers in the second line of the table. Then measure the 
combined length and record it in column 7. 

Repeat the whole thing, using two other sets of sticks. 

Find out from your teacher the known lengths of the sticks you 
used,';and record them (units!) in the proper places. Then compute the 
total length for each set, entering the sum in the last column, 

I 
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Experiment 
Measuring Ar^as 

In this experiment you will use what you have learned about signif- 
icant figures and about measuring lengths to measure the areas of some 
plastic cards which your teacher will give you. You will have to 
remember some rules about how to compute the areas of rectangles, 
triangles, and circles. You will also have to use your ingenuity. 

Your teacher will first give you three cards: one rectangle, one 
circle, and one triangle. You are to make the necessary measurements 
on these cards that will permit you to computee their areas. Be very 
careful with the cards. Do not bend or fold them nor allow the edges 
to become damaged. Do the rectangle first, then the circle, then the 
triangle, as described below. 



How might you measure the area of a rectangular card? You do 
not have an "area-measurer" that will measure areas as a ruler measures 
lengths. IVjiat then can you do? IVell, you remember that area is 
really a derived quantity, the unit of which is the area covered by 
a square that measures 1 cm on each side. You could make for yourself 
a little unit area", which might be a tiny square card measuring 
1 f'n each way. Te measure the area of a given card you could "lay off" 
the unit over the card to be measured, seeing how many times were needed 
to cover it without overlap. You would have troubles fitting the 
measuring card (the little unit square) to the big card that you are 
measuring if the card were irregular in shape or if the laying off did 
not come out even, but there is no problem otherwise. 



For instance, suppose the card you wanted to measure looked 
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Ulixa i^ .v,i.uxc. luu cuuia rirst lay oit the shaded area with 

your unit measure, then block number two, then three, etc., with no 
overlap ever and no space left over. If the rectangle were exactly 
4 units long and 2 units wide, the job could be done as in the picture 
with everythin^ coming out even. Since you now have two rows of four 
unit squares, you have 2 times 4 unit squares, or 8 units needed to 
cover the rectangle. We say that the area of the rectangle is 8 square 
cm. You will notice that the reason we could fit four unit squares 
in the length of the rectangle is simply that the rectangle is 4 <'m 
long. The reason we could fit exactly two unit squares in the width 
IS that the rectangle is exactly 2 cm wide. Thus when we multiplied 
2 X 4 to get the number of unit squares, we were also multiplying 
2 cm by 4 cm to get 8 square centimeters. 



There are several matters that would have to be examined more 
carefully, however. First, does it make any difference in what order 
you lay off the unit squares? Second, is it always true that the 
number of square centimeters in a rectangle may be obtained by multi- 
plying the number of centimeters in the length by the number of centi- 
meters in the width? Does it matter whether you multiply width times 
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length or length times width? What do you do if the number of times you lay 
off the unit square along the length does not come out even? We learns partly 
by experiment and partly by logical thinkings that the area of a rectangle is 
always given by multiplying the number of length units in the length of the 
rectangle by the number of units in the width. The product of these two num- 
bers will be the number of square units in the area, no matter what units are 
'iised to measure both length and width (as long as they are measured in the 
same units). Proving that "Area equals Length times Width" requires a very 
careful examination of principles of geometry. We will simply accept these 
results here and not attempt to prove it beyond using the 2 by 4 diagrams of 
blocks above. 



When the area is not rectangular, then what do you do? If the shape is 
simple enough, geometry can answer thils question, too. You probably already 
have met formulas for the area of a circle and for the area of a triangle. We 
will use these formulas too without further proof. To help you- in case you have 
forgotten, here they are: 

For a rectangle, area = length x widith 
For a triangle, area = half of base x altitude 
For a circle, area = pi x radius x radius 



where pi is 3. 1416, to five significant figures. 



Procedure: Take the rectangular card and measure both its length and 



*IV yl* •% ^ A 4* «iv 'la* A ^ 

xvj.ci,<vc: OL %jjl yuuJf 



its width to the nearest tenth of a centimeter. 

rectangle to scale in the box labeled "Rectangle" on the data sheet. Draw 
*!*rrows to show the dimensions, writing the length and width that you measured 
in the gaps in the arr ows. Dq it like this: 




4 f. Sam- 

After you have measured len^^th and width and recorded them on the sketch, 
use the formula to compute t'.ie area of your rectangle and record the area 
inside the sketch as in the above sample. Don't forget the rule about 
significant figures and remember to put xa the units. 

Next take the circular card. What iiiiformation do you need to compute 
the area? You need the radius, don'^t you? Now the radius of a circle is the 
distance from the center of a circle to its boundary, isn't it? If the center 
Of your circle is not marked, how can vou measure tbe raHvnft? tv»« ie 

half the diameter, and the diameter is the greatest distance through the circle. 
So, put the zero end of your ruler on the edge ci the circle and be.fure to keep 
it there. Then point the other end of the ruler so that the edge of the ruler 
passes through the point where you think tl:ie center is. k:.ove the ruler back 
and forth a little, being sure to keet the zero mark of the ruler on the edge 
of the circle. Now watch where the opposite edge of the circle falls on 
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Uie ruler. As you move the ruler back and forth, keeping the zero-mark 
on the edg§, the opposite edge of the circle will fall at different 
places on the ruler. The largest reading you can get is the diameter, 
halt ot this IS the radius. Read the diameter to the nearest 0.1 
centime ter. 

Draw a circle in the box labeled '’Circle*' on the data sheet. 

Inside the circle, write neatly, "Diameter - ", filling in the 

blank with the diameter you measured. Then compute the area using 
the formula. Area =TTr2. if “TT = 3.1416, how many of these five 
significant figures should you use to compute the area? Write the 
computed area inside the circle as you did for the rectangle. 

Next take the triangular card. To compute its area, you need the 
base and the altitude. Any side of the triangle may be called its base; 
It doesn’t matter which one. Select any side you please as base and 
place the triangle flat on the table in front of you with your chosen 
base nearest you. Now what is the altitude of this triangle? Once a 
side is selected as base, the altitude of the triangle is the perpendic- 

^ar distance from the oppos it e .. corne r . of the : triangler tot the-basT’. 

ilold your ruler so that the zero mark lies at this corner, the rest 
of the ruler pointing toward you across the ^ase. Keeping the zero 
mark on the corner, waggle the ruler back and forth until you judge 
-he ruler to be perpendicular to the base. You can use a corner of 
/our rectangular card to help you judge the right angle. Now read 
the distance from corner to base. This is the altitude; read it to 
the nearest 0.1 centimeter. 



In the box on the data sheet labeled "Triangle, first base", 

;.iKe a neat scale drawing of your triangle, your chosen base at the 
oottom. (It isn't so easy to make a scale drawing of an irregular 
■ynangle without drawing instruments. Your teacher will show you how 
-o do It using the lines drawn across the corners of your plastic 
triangular card.) Using arrows to show dimensions as you did for 
t e rectangle, show the base and altitude for this triangle. Then using 
tne formula for the area of a triangle, compute the area of yours 
and record It inside the sketch of the triangle. Remember about units 
and significant figures. 



Now choose another side for the base of the triangle and repeat the 
measurements of base and altitude for this base. Make a scale drawing 
in the box labeled "Triangle, second base", putting in dimensions as 
before. Compute the area again, using the new base and altitude. Then 
repeat the whole thing once more, using the third side of the triangle 

S t) 3. S 0 • 



If you still have time, your teacher may want you to measure the 
areas of some more complicated shapes. You will have to use your ingen- 
uity in deciding what to measure and h^w to compute the areas of these 



iiavv. 1.11X3 axiix; dxx Liic Siicipes are made up of rectangles 



. - - axe induce up ox rectan 

triangles, and circles or parts of circles. Try to discover for your- 
self how to measure their areas. Make sketches and show their dimensions 
in the unlabeled boxes 
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Experiment 3 1 

; j' Data Sheet i 

5 



Make neat scale drawings of your cards in the boxes below 



Rectangle # 



Circle # 



Xriang 1 e 



First Base 



Second Base 



Third Base 



If you measure any other cards, make scale drawings of it 
(or them) in;ithe space below. 

! 
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Experiment 4 
Decimal Estimation 

This experiment is intended to give you practice and confidence in reading 
a scale by decimal estimation. First obtain a few plastic rods and a centimeter 
scale from your teacher. Practice measuring these rods by decimal estima- 
tion. Measure them exactly as you didin E^qperiment 1, but instead of calling 
the length according to the nearest graduate mark on the ruler, do your best 
to estimate how far between the graduations it lies. The diagram below may 
be helpful. The horizontal line is the edge of the ruler; the two vertical marks 
are the 6th and 7th marks between the 18 cm and 19 cm marks; the arrow 
J^epresents the end of the thing you arc measuring. 
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fmavbft*en ">easurements this way 

Measure !! "'®asurements you will record, 

lenpth in hn r 1 1 ^®aord the rod number and your measured 

to ll", Latest 0 0 ! c! should be recorded 

to tne nearest 0.01 cm, the last fipure being estimated. 

will hn ptefcrably more, people should measure each rod. Rods 

and each^roris^Ie? 'a measures five different oneT 

h^r"%: runtu^v'vvre r-" r compare%o«r::;su?eme"nt "th 

. ait until everyone has made all his measurements before anv 

comparing. Then the whole i^l^;s$ will compare together. 

mil- 1 - 3 1 ^ each student v;ho measured rod #1 to call 

same wLl bfdo '>■' ‘he board? The 

all the for every rod that anyone in the class measured. IJhen 

all the measurements for any one rod are listed, they should be averaved 

should be recorded in the data table. Don't forget 
ignificant figures; the average should be rounded off to the 
nearest 0.01 cm, just like the indiviLal measurement^ 

1 _ ^ -''.-t,-.! xor eacit stxCK you measured in the thirH 

Probahlv table. VJas your measurement the same as the average? 

uhi h ^ compare your result with the average by subtracting 

a^dttilfiot^^ "hfchever is larger. This difference is called 

tf thrdttt'Vah?? from the average in the last column 

?o„ wonia If your measurement agreed exactly with the average, 

stt yoor deviation at "0.00 cm." If your measurement waf, 

average, you record the deviation as "+0.02 cm.' 
tion "" '®”.‘han the average, record your devia- 

than the averaop-'r>i y deviation is ramus ir your measurement is less 
han the average, plus, if your measurement is greater than the average. 










Experiment 4 
Data Sheet 




Table I. ^feasured Lengths of Some Rods 




number of each rod you measure in the first column and 
Its length as you measure it to the nearest 0.01 cm in the second 
column. Measure five rods (more if you have time). 

finished, enter the average of all measurements 
made on ..*cn Or your rods in column three. Subtract column three from 
coumn two to get the deviation. Record the deviation in the last 
column, + if your measurement is greater than the average and - if your 
measurement is less than the average. 



Keep these data because you will need them again for Experiment 5. 

}‘ 
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Experiment 5 
Averages and Deviations 

This experiment is a kind of guessing game in v\rhich you can find out 
how good a guesser you or some of your classmates are. Your teacher 
will have at hand a jar full of some kind of small uniform objects like 
ball-bearings, marbles, or dried beans. There will also be eleven small 
saucers arranged on a table. They should be arranged something like this; 




20 balls for comparison 






V empty saucers 



J 

One of the students should be elected to do.; the- guessing . 

Someone should count out exactly 20 balls (or beans or marbles or 
whatever) and place them in the top saucer. The guesser takes the jar 
of balls and pours into each saucer what looks to him like 20 balls, 
looking at the top saucer for reference as often as he wishes. He must 

portion out an estimated 20 balls to each dish in a time limit of two 

minutes - ten dishes in all. After having filled all the dishes, he may 
use any time remaining to add to any dish that seems to him to be short 
of 20, or to remove from any dish any balls that seem to him too many. 

^ m^y no_t count the balls at any time . He may adjust any dish’s portion 
by adding or removing balls and comparing with the reference dish, but 
he may not count the balls. 

After the two-minute limit has passed, the balls in each dish should 
be counted and listed in the first empty column of Table I on the data 
sheet. The balls are then returned to the jar (except those in the 
reference dish) , and the -whole game repeated with another student as 
guesser. As many guessers should play the game as time permits. The 
name of each guesser is entered in one of the boxes just below the top 

double line of Table I, at the top of his column of guesses. 
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Each column in Table I is now averaged to find the average noinber 
that each player guessed for 20. When you average ten or more numbers 
that aie close together, it isuusually agreed that you are entitled to 
one more bignif Leant figure in the average than there are in the number" 
being averaged. It is perfectly legitimate, therefore, to enter the 
average ^ 19. or *’21.3** or whatever it comes to. That is, carry 

to one decimal place the averages listed in the boxes below the bottom 
double line of the table. 

Ai.ter you liave computed tiie average for a player, compute the devia- 
tion from the average that. he made on each estimate. Then conmute his 
average deviation and write it;in the bottom box of his column* Do this 
for each player. 



^ You^should now return to the results of Experiment 4. There, a 
number of different people made measurements of" the length of a certain 
rod. In Table I of Experiment 4, you listed your own measurement of 
the length of, say, rod #1, You also listed the average of the length- 
measurements of this rod as obtained by several people, and the deviation 
of your owin measurement from', this average. V/e will now treat these data 
in much the same way as in the guessing game. Use Table II on the 
second data sheis t for this experiment. 

The teacher will call for, say, the results obtained by all students 
who measured rod //I and write these measurements on the board. If you 
measured rod #1, copy all these measurements into the first column of 
boxes in the table, writing the number of the rod at the head of the 

'''^lumn. Do the same in other columns of the table for the other rods 
you measured. 

In the box i:irst below the lower double line in the table, write the 
average of the measurements in the column. Also compute the deviation 
of each individiuai measurement from the average and then calculate 

the average deviations, writing this value in the second box below the 
double line. 
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Data Sheet 
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Table I. Estimation of Numbers 



Number of balls guessed by 



Dish 
... Jifl... _ 
















1 
















2 
















3 
















4 
















5 
















6 
















2 
















8 

1 m 
















9 
















10 «' 
















Average 
















Average 
Dev i at i on 




1 


1 
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V/rite in the box at the top of each column the name of a guesser 
and in the column below his name, the actual number of balls he guessed 
for each dish. Calculate his average guess and enter that in his column 
in the box on the line labeled ’’Average.” In the box below that, enter 
the average deviation of his guesses. Do the same for each guesser. 
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Experiment 5 
Data Sheet #2 



The data on this page c^me from Experiment 4. 



Table II. Measurements of Rod Lengths 



Measured Lengths of Rod Number 



► . of Rod 


















List here 
the results 
obtained by 
all stu**: V 
dents 
measuring 
the rod 


















































1 


! 














































































Average 

Length 


















Average 

Deviation 


> 






1 












The form of this Table is much like that of Table I. In the 
top box of each column, write the number of a rod that you measured 
in Experiment 4. In the boxes beneath this number, write the lengths 
of this rod as measured by all the other people who measured it. Write 
the average of these in the box second from the bottom and the 
average deviation in the bottomobox. 




Experiment 6 

Determining by Measurement 




In this experiment you will make some measureirnents that will allov 



7 y 
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to find the value of a very important absolute constant:. This constant is a nv.m-. 
ber (without units), yet you would never meet it if the only numbers you ever 
met were the numbers used in counting, or the numbers you get by adding, 
multiplying, dividing, or subtracting the numbers used in counting. It therefore 
has to be determined by measuring or by some other peculiear way. We v/ill 
measure it. 



Procedure: Your teacher will supply you with several metal or plastic 
squares of different sizes. Take one of these squares and measure very 
carefully the length of its edge. Measure to the nearest 0. 01 cm and record 
the edge -length in Table I. Also measure the diagonal of the same square to 
the nearest 0. 01 cm and record it in the table. When you measure the diagonal, 
be sure you measure from the very point of one corner tO' the very point of the 
opposite one. If the points have been damaged by masMng, you cannot use 
that square. Make the same measurements for at least six squares of different 
sizes, entering the edge and diagonal that you measure for each square on a 
different line of the table. 

After you have made all your measurements, put the squares away and 
work out the last column of the table. Do this by taking; the measured valiio 
of the diagonal of your first square and dividing it by the measured value cf 
the edge. The quotient (or ratio) should be entered o.ri the first line in the 
last column. Then calculate the ratio for each line in the table. How rnar y 
significant figures are you entitled to in the ratios? Is there anything peci. - 
that you notice about the ratio, ’^diagonal divided by edge, '* for different r 
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Experiment 6 
Data Sheet 



Table I. Measured Values of the 
Edge --Lengths and Diagonals of Some Squares 




Square 
_Nq« . . 


Edge of 
_Squa-^e, cm 


Diagonal 

cm 


Ratio ~ 

.. _ FHat» 




1 




IguV: — ^ 








— 





































1 

1 

4 
















Average of Observed Ratios 





Computed Value of Jz 



Enter your measurements from Exp eriment 6 in the table above, first t 
three columns. After you have finished measuring, work out the ratio 
^ 'di.igonal divided by edge" for each line of the table and record the ratio in 

the last column. Find the average of these ratios and record the average, too. 

Finally, work out correct to five significant figures, and place this 
value in the box at the lower right. 
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Experiment 7 

Calculating by Continued Fractions 



A fraction like the big complicated, one on the next page is called a 
’’continued fraction. " The thing that nriakes it a continued (instead of an ordinary) 
fraction is that the denominator is a fraction whose denominator is itself a 
fraction whose denominator is itself a fraction whose denominator is itself a 
fraction, and so on and on. Of course, you can't spend forever going "on and 
on, " but you can get as close as you please to the right result if you go far 
enough. You will get >j 2 correct to five decimal places by taking seven 2's 



in the big fraction as written on the worksheet. 



The secret of harnessing this fraction is to start at the very end. Notice 
the i^ermost circle drawn around J . Since is 2. 5, you can easily work 
and show that it equals 0. 40000. There fore the innermost circled 
fraction is 0. 40000. This is already marked for you by the horizontal line 
pointing to the innermost circle. 



The next innermost circle then really s^ys Work out 

to five decimal places. Ycu should, get 0, 41667. What will you then write at 
the second horizontal line for the value of the fraction in the next innermost 
circle? Write it. 



Then the third innermost fraction is 



( 



which you can work 



l"*- a . ¥/ 667 , 

out / dividing 2, 41667 into 1. This result you put on the third horizontal 
line. Now you should be able to finish it by yourself. Write each successive 
partial result on successive horizontal lines. 



Each time you work out the value of one of these fractions as you go along, 
ycm could stop and add the result to 1 and the sum would then be approximately 
yJZl But the more fractions you include, the closer you get to exactly 
though you never get it exactly. 



The correct value of J2 is 1. 41421 to five decimal places. Notice that 
the very first fraction would have given you 1. 40000, correct to one decimal 
place but too small. The second fraction would have given you 1. 41667, 
correct to two decimal places, but too large ' ^ 256 units in the fifth decimal 
place. The next fraction you will find is too small by a smaller error and 
the next too large by a still smaller error. The results, in other words 
swing back and forth past the "truth, " but get steadily closer. For six fractions, 
the error is only one in the fifth decimal place. 



You might find it interesting to make a graph showing how the successive 
results zero-in toward the right value. The one on the worksheet is started for 
you. You finish it. On this graph you plot the errors made by stopping the cal- 
culation after only one fraction, two fractions, three fractions, etc. If the 
calculated value is too high (i. e. , greater than 1, 41421), plot the error upward; 
if too low, plot it downward. The "error" is calculated by finding the difference 
between your calculated value to five decimal places for and its actual 

value of 1. 41421, dropping the decimal point. 
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Experiment 8 

Measurement of the ConstantTTJ 



The purpose of this experiment is to determine by measurement the 
value of a very important constant called Jf . The constant may be defined 
as the ratio, circumference divided by the diameter, of a circle. What 
does this definition suggest that you do in order to measure the value of TT ? 

Let’s do it. 

"Proce. ire: Your teacher will furnish you with some metal or plastic '} 

circular discs of various sizes. You are to measure the diameter and the ^ 

circumference of each circle. In Experiment 3, you learned one way to measure 
the diameter of a circle, but this method is not good enough for the present 
experiment. Your teacher will demonstrate to you a better method the 
’'caliper" method -- for measuring the diameter of a circle, Take one circle ? 

and measure its diameter to the nearest 0. 01 cm. Enter the value in Table I 
on the data sheet. 

I 

To measure the circumference of the disc, get a narrow strip of thin j 

strong paper and an ordinary pin. Wrap the strip of paper carefully -- straight 
and tight -- around the edge of the disc so that the paper makes a kind of raised 
rim around the disc. Be sure that the paper overlaps itself a little so that 
there is a region where the paper is double thick. Hold the disc with the 
paper drawn very tight and prick the paper with a pin somewhere through the I 

double thickness. Both thicknesses must be pricked. Now unwrap the paper ^ 

strip and pencil a little circle around each of the two pin pricks. (The only 
purpose of the penciled circle is to assure that you don't lose sight of the pin 
pricks. ) 



Do you see that the distance between pinpricks after the paper strip is 
stretched out equals the circumference of the disc? Measure the distance 
between pin pricks to the nearest 0. 01 cm and record the measurement in 
Table I. Cross out the two penciled circles on the paper strip to make sure 
you don't confuse them with later measurements and then repeat the whole 
process with other discs. Measure at least six discs this way, recording 
diameters and circumferences in the table, each disc on a different line of 
the table. 



Next you are to repeat the measurements you made above but this time 
make the measurements in units other than metric units (centimeters). First, 
select any one of the discs you measured and recorded in Table I and prepare 
to make the measurements again. There is little point in repeating the mea- 
surements in centimeters, however, so simply copy on the first line of Table 
11 the data you recorded for this disc in Table I. Then repeat the measurements 
of diameter and circumference on the same disc using a ruler graduated in 
inches. Record these measurements in the second line of Table II. Make this 
and the next measurement on only one (the same) disc. 






llllllllllllll 












Finally, make the measurements using a ruler of your own manufacture. 
Take a small piece of paper with a straight edge and make two perpendicular 
marks at the edge like the two marks at the edge of the page after the end of the 
line you are now reading. It doesn't really matter how far apart they are, but 
make them about the width of one of your fingers. This will be your unit of 
measurement; since it is not an inch or a centimeter, you will have to make 
up your own name for it -- say "widget, " Write the name you give the unit in 
the third line of Table II, first column under "Measured in, " Now make a 
ruler graduated in widgets (or whatever name you choose). Do this by taking 
a strip of cardboard about one foot long and transfer to the edge of the strip, 
time after time, marks that are exactly one widget apart, using the original 
widget you marked off on the small piece of paper. Use this ruler for measuring 
the diameter and circumference again of the same disc, recording these data 
on the third line of Table II, Your teacher will show you how to estimate 
fractions of a widget. 

Now work out the ratio, circumference divided by diameter, for this disc 
for the three units of measurement you used, recording the ratios in the last 
column of Table II, 









nc 
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Experiment 8 
Data Sheet 



Table I 

Measurement of the Constant, ■//" 



No. of 
Disc 


Diameter 

cm 


Circumference 

cm 


Circumference 

Diameter 






















- 
























/ 




















Average 







Enter in the table above your measurements of the diameters and circum- 
ferences for the six discs you measured. Divided each circumference by its 
diameter and record the ratio in the last column. Calculate the average of your 
.«ix ratios and enter the average in the bottom box. 



Table n 

Circumference/ Diameter Ratio in Non-Metric Units 




Measured in 


Circumference 


Diameter 


Ratio 


Centimeters 








Inches 

















Fill out this table in the same way as Table I. The first line will be the 
same as some line of Table I. The second line should have the same measure- 
ments made in inches, and the third line in some other unit of your own inven- 
tion. 
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Experiment 9 
Calculation of^ 



From lA = 4 j 1/2 + 1/3 - 1/15 + 1/35 - 1/63 + etc.j 

The denominators of the fractions after 1/2 in the parentheses are each 
one less than the square of the even numbers in order. " In the first column 
below, fill in the even numbers up to 32. In the second column, write the 
squares of these numbers. In the third column, write one less than the squares, 
and in the fourth column write the fraction having that numbers as denominator 
and 1 as numerator. Work out the decimal value of each of these fractions by 
dividing tlie denominator into 1 to four decimal places, and write this decimal 
number in the fifth column. In the next column tell whether this term is to be 
added or subtracted. Look at the series at the top of the page and you will 

see that the second fraction is to be added, the third subtracted, and they 
alternate -h- h- ever after. 

In the next to last column, write the partial sums. Start with 0. 5000, add 
the 0. 3333 to it to get 0. 8333. Next you subtract the 0. 0667 appearing in 
column 5 from 0. 8333 and write the difference, 0. 7666, in the partial sum 
column under 0. 8333. Finally, multiply the partial sum by 4 to get an 
approximation to'yj" . 

Some of the numbers are already filled in to get you started. When you 
are fini^ed, notice how the number s in the last column swing back and forth 
around j( , always getting closer. 







Experiment 9 
Worksheet 



=r 

Calculation of )\ 




Even 

Nos. 


Their 

Squares 


One 

Less 


1 

One Less 


Decimal 

Value 


+ 

or - 


Parti ad 
Sum 


4 X 
Sum 




Fit. a 


tsTm 


= 1/2 — 
t — 


> 


0. 5000 


2. 0000 


2 


4 


3 


1/3 


i 

0. 3333 


+ 


0. 8333 


3. 3332 


4 


16 


15 


1/15 


0. 0667 


- 


0, 7666 


3. 0664 


6 


36 


35 


1/35 




+ 






1 
































































































































































































32 

« 


1024 
■■ - . 1 


1023 


1/1023 


0. 0010 


- 
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Experiment 10 

Height and Distance along a Ranip 

As you walk up a ramp, you know that the height you stand above ground { 

level at any moment is a fimction of how far along the ramp you hcive walked, T 
The purpose of the present experiment is to help solidify in your mind the idea 
of numerical relationships existing bettveen two quantities one of which is a 
function of the Other, By carrying out the experiment with two ramps of different I 
characteiir, we will try to distinguish beitween "known function" and "unknown 
function, " 

Hroc<idure; Your teacher will supply you with two plastic "ramps" 
really strips of plastic — one straight and one crooked. Unlike the kind of 
ramp you usucdly see, however, the "walk-on" part of these ramps is to be 
reprded as the edge of the strip, not the flat side. (This makes the ramp 
a little troubles some to walk on, but you are not going to walk on it anyway. ) 

By setting up the strip so that it is inclined to the table top, you have a model 
of a real ramp on which you can make some measurements. You will also be 
supplied with a breadboard, a dowel post, a clothespin clamp, a ruler, a pro- 
tractor, and a dowel pin. 



Your teacher will set up a sample apparatus to show you how to build 
your Own, ^ Use the straight ramp first. Everyone in the class should have his 
ramp inclined at a different angle, ranging from a gentle slope of perhaps 10° 
to a steep slope of perhaps 75® or so. Measure the angle of your ramp with a 
protractor (to the nearest degree is close enough) and enter the value in the box 
just under the title of Table I of the data sheet. 



Now take a pencil and make a mark at the upper edge of the ramp exactly 
at the point where the upper edge crosses the face of the breadboard. Make a 
about 8 or 10 other marks along the length of the ramp between the first mark 
and the highest free point of the ramp. It doesn*t matter exactly where you 
choose to place these marks: try to space them out to cover the whole free 
length of the ramp, but do not put them at carefully measured positions. 
Mentally number these marks from number 1 at the bottom of the ramp (where 
it crosses the face of the breadboard) consecutively upward along the ramp. 
Write these numbers in the first column of Table I. You are now ready to 

m^e your measurements. Check the ramp angle by protractor to make sure 
it hasn't moved. 



o 



me. 
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Measure the height above the face of the breadboard of each mark on the 
ramp, Mark number 1 was made right at the point where the ramp crosses the 
breadboard, so its height is obviously zero. This is already recorded for you in 
the second column of Table I. Measure the heights of each of the other points in 
order. You can do this with a ruler, placing it sc that the zero mark of the ruler 
IS right at the ramp mark and allowing the riiler to hang downward from there. 
You must make sure that the ruler is perpendicular to the breadboard at the point 
where they cross. The square corner of a file card (or anything similar) will 
help assure that you get them perpendicular. The height is given by the point on 
the ruler where it crosses the face of the breadboard. Read it to the nearest 
0, 01 cm and enter the readings immediately in column 2 of the Table. Do this 
for each mark you made on the ramp. 





















I 

I 

f 





Now uncl£!imp the ramp and measure the "distance along the ramp" of each 
mark. To do thisj notice that the "bottom of the ramp" was the point where 
it crossed the breadboard^, mark number 1. Its distance from the bottom of 
course is jsero, and this Value is already entered for you in column three of 
the table. The "distance along the ramp" of any other mark is its distance 
from mark number 1, Measure each of these distances to 0. 01 cm and record 
them in the third column. You are now finished with the measia: ements for the 
straight ramp. Check Uie angle once again with the protractor to make sure 
the ramp hasn’t moved. 

Repeat the entire procedure for the curved ramp. This time it is not 
necessary to measure the angle of the ramp, but repeat all other measurements 
exactly as for the straight ramp. Record the measurements in Table II. To 
measure "distances along the ramp" this time, you may find it convenient to 
lay a narrow strip of paper along the ramp so that the paper bends with the 
ramp, mark the paper where the ramp marks are, and then straighten the 
paper strip and measure the marks on it. 

Finally, calculate "(height above ground) divided by (distance along ramp)" 
for each line of the two tables. You will notice that the first line of each table 
requires tint you divide zero by zero. Leave this division unperformed for 
the time being. 

Before completing this experiment (that is, the second work sheet), you 
will have a classroom discussion. 



On the second work sheet, make a graph by plotting "distances along the 
ramp" in the horizontal direction and "height above ground" on the vertical 
axis. Marks for each cm of distance are already marked on the axes for you. 
Do this first for the data of Table I, drawing a tiny circle around each plotted 
point. Then, lightly in pencil, draw the best line you can through the plotted 
points. On the same axes, do the same for the crooked ramp, data of Table II. 



In the first box at the bottom of work sheet #2, enter the value calculated ‘ 
from H = kD where D = 15. 00 cm and k is the average ratio from Table I. In the 
second box, record the value of H when D = 15. 00 cm as determined from the 
graph for the straight ramp, after it is redrawn. 
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Experiment 10 
Data Sheet #1 

Table I 



Height and Distance along a Straight Ramp 



Angle between ramp and "ground*' 




Mark 

# 


Height above 
ground, cm 


Distance aiong 
ramp, cm 


Ratio := 

Distance 


1 


0. 00 


0. 00 




2 








3 
















































_J 








1 


i 





Average Ratio 



Table II 



I 





Height and Distance along a Crooked Ramp 



Marl 

# 


Height above 
ground, cm 


Distance along 
ramp, cm 


Ratio = Ji£i£iiL 
Distance 


1 

X 


n nn 

s/ » w 


n nn 

W * V V/ 




2 








3 
































































Average Ratio 
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Esqseriment 10 
Work sheet #2 



Figure 1 



15 



Height and Distance along a Ramp, 



10_ 



Height 

in 

cm 



J 



i^j) 



o 

EKIC 



0 



-‘ 1 ! L 



L- I I 



10 



i- 



\ I 



Distance along ramp, cm 



15 



20 



above 



Plot the data from both tables of the preceding data sheet on the graph 
* La.bel the two lines one "straight ramp" and one "crooked ramp, " 



For the straight ramp: 



Calculated value of H for D = 15, 00 cm - 
Graphical value of H for D = 15,00 cm - 



cm 



cm 
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Experiment 11 
Hooke's Law 



We have several times referred to the functional relationship that we would 
expect to exist between the weight that is hung on a vertical spring and the 
amount by which the length of the spring increases. In this experiment you 
will examine the nature of this functional relationship. Be sure you understand 
exactly what it is that we are going to examine. If you hang up a spring and then 
hang a weight on its lower end, the length will increase. How much will it 
increase? V/ells that depends upon how much weight you attach. The more 
weight you attach, the more the spring will extend. There is a functional 
relationship between "extension of spring" and "weight attached. " The exten- 
sion of the spring is a function of the weight that is added; that is, we will 
think of the added weight as the independent variable and the increase in length 
of the spring as the dependent variable, because the increase in length depends 
on the weight added. (We mean by "increase in length", not the actual length of 

the spring, but how much the actual length exceeds the length when no weight 
is attached. ) ® 



Procedure. You will be supplied with a dowel— post, dowel— pin, bread- 
board, 20 ball bearings, a piece of scotch tape, a ruler, and a spring. Set 
up the breadboard, post, pin, and ruler like the model your teacher has already 
set up. Use small pieces of scotch tape to attach the ruler (zero end at the top) 
to the vertical post, but be sure the ruler is securely held in place. Hang one 
end-hook of the spring over the dowel-pin, attach a two-inch length of scotch 
tape to the lower hook so that the open sticky surface hangs downward. Be sure 
the tape is securely attached. Record the number of your spring at the top 
left of Table I, where it says "Spring No. " 



Now sight horizontally across the top of the upper hook to the ruler, and 
take a reading of the position of the upper hook as shown by the ruler. Make 
all readings of the ruler to the nearest 0. 01 cm. Record this just below "Spring 
No. " in Table I where it says "Pos'n of upper hook. " Then sight horizontally 
across the bottom of the lower nook to the ruler and read its position as shown 
by ^^e ruler. Record this reading on the first line of the table where the entries 
"O" balls and "O. OO" grams have already been made. Now carefully attach 
a ball bearing to the scotch tape, let the spring come to rest, and read again 
the position of the bottomof the lower hook. Record this reading on the second 
line of the table opposite "1" ball. Now take about ten more readings by 
attaching successively more balls to the tape and each time reading the position 
of the bottom of the lower hool^ the last reading with 20 balls. Each time, 
record in the first column the total number of balls sticking to the tape, and in 
the third column the position of the bottom of the lower hook. 



In making readings on the ruler of the position of the hook, it is very 

important that you sight horizontally across the hook to the ruler. Do you see 
why? 
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After you have completed your readings on this spring, turn it in to your 
teacher and obtain a second, stiffer spring. Repeat the whole experiment with 
the second spring, recording the readings in Table II. 

Now fill in the second column of the table, the v/eights successively 
hung on the spring. The ball bearings are all alike in weight. Your teacher 
will tell you this weight, which you should record in the upper left box of ee>ch 
table. You now can calculate the load hung on the spring by multiplying the 
weight of one ball by the number of balls attached. Record these loads in the 
third column of the table. 

Next calculate the length of the spring for each load you applied. You have 
the ruler -position of the top of the upper hook and of the bottom of the lower 
hook. How would you calciilate the length of the spring from these data? Notice 
that the position of the upper hook never changes, so it need be read only once. 
Record your calculated values of '* Length of Spring" in the fourth column. 

Next calculate the spring extension for each load. To do this, remember 
what is meant by "extension, " The extension of the spring is the amount by ■ 
which the length of the spring under load exceeds the length under no load. The 
first entry in column four, is the unloaded length. Other entries in column four 
are the loaded lengths. Do you see how to calculate the extension now for each di 
different load? Do so. The extension for zero load of cou'»*se is zero, and this 
value is already 'entered for you. 

Next, calculate the ratio, "Extension/ Load", for each line of the table. 

Make all these calculations for both tables. 

Finally make a graph of extension (vertically) against load (horizontally) 
for both springs. This gre oh is on the second worksheet. 
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Experiment 11 

Data.- Sheet i 

i 



Weight of 

on^e ball 
= grams 


Spring No. [ 


^ Position of upper hook prn 


1 

Q1 OT1 


No. ,oJ 
Balls 


i Weight 
g 


Position of 
lower hook, cn 


Length of 
Spring, cm 


Extenaionl 

cm 


Load 

g/cm 


0 


0. 00 


1 






















































1 
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1 

1 












L j 

1 














i 














t 












II 

II 










? 


li 

n ^ 









ft 























- 33 - 




Experiment 1 1 
Work Sheet #2 






y 



Spring Extension vs. Weight Load 




20 



^ |x Weight, grams 
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Experiment 12 

Weight as a Function of Length 
for Uniform Sticks 

In this experiment, we v/ill investigate the nature of the function connoc- 
ting the weight of an aluminum rod of fixed diameter but varying length with 
the weight of the rod. The two variables between which we are seeking a 
functional relationship are the weight of the rod and its length. 

Procedure: Set up the breadboard with dowel post, pin, and ruler 
exactly as in Experiment 11. Use the same spring that you used before, and 
record its spring constant in the space provided near the bottom of the data 
sheet. You will be furnished with a short piece of thread and a set of aluminum 
rods all of the same diameter (0. 635 cm). Fashion a sling out of the thread so 
that the rods may be hung one at a time from the end of the spring. 

Make a reading the bottom of the lower hook (nearest 0. 01 cm) with no 
load hanging on the spring, and record this reading in the space provided near 
the bottom of the data sheet. Then hang one of the aluminum rods on the spring, 
allow it to come to rest, and read again the position of the hook. Make all 
readings to the nearest 0. 01 cm. Record this reading in the third column of 
Table I of the data sheet. Then measure the length of the rod, also to the 
nearest 0. 01 cm, and record this reading in the second column of the table. 
Record the number of the rod in the first column. Repeat these measurements 
for at least 8 rods of the same diameter. 

You now have the position of the bottom of the spring when it is uncxtended 
(in the box at the bottom left of the data sheet) and the position when it is 
extended (third column). How can you calculate the extensions? Do so, and 
enter them in the fourth column of the table. Using the spring constant you 
can now calculate the weights that must have caused these extensions. Calcu- 
late these weights and enter them in the fifth column. Then calculate the 
ratio of weight divided by length and write the calculated ratios in the lart 
column. 

When you have completed all measurements on the rods 0. 635 cm in 
diameter, obtain another set measuring 0. 318 cm in diameter and repeat the 
whole experiment with them, recording your data in Table II. 




o 
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Experiment 12 J 

Data Sheet #1 

Table I i 



Lengths and Weights of Some Aluminum Rods 
(0. 635 cm diameter) 



Rod 

No. 


Length 

cm 


Bottom of 
Spring, cm 


Extension 

cm 


Weight 

grams 


Weight 

Length , 

g/cm 

























































































i 


i 


1 







Table II 






(0. 318 cm diameter) 



Rod 

No. 


Length 

cm 


Bottom of 
Spring, cm 


Extension 

cm 


Weight 

grams 


W eight 

Length 
g/ cm 






















































































1 

















Unextended Position 
of Spring End 



cm 



Spring Constant 



cm/ g 
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Experiment 12 
Work Sheet #2 
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Weight vs. Length for Aluminum 
Rods of Different Diameters 



j) 



Weight 

g 




Length, cm 
















i 

/ 
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Experiment 13 

\ 

Weight as a Function of Diameter 
for Cylinders of Fixed Length 

The purpose of this experiment is to investigate the fimctional relation- 
ship between the weight of an aluminum cylinder of fixed length and its dia- 
meter. You will determine the weight of each one of a set of cylinders all 
having a length of 2. 54 cm but of different diameters, and then seek a func- 
tional relationship between weight and diameter. 

Procedure: Set up the apparatus exactly as in Experiment 12. Be sure 

you ase a spring whose constant is known, recording the value of the constant 
in the appropriate place on the data sheet. Prepare a sling of thread that 
will allow you to hang each cylinder individually. Read the position of the 
bottom of the hook when no load hangs on the spring, and record the reading 
on the data sheet. 

You will be supplied with a set of aluminum cylinders, all 2. 54 cm long, 
but of varying diameters . Measure the diameter of each cylinder (use the 
caliper method) to 0. 01 cm and also the point to which it extends the spring 
when hung upon it. Record both data in the proper columns of Table I. Do 
this for at least 8 cylinders, being sure that they are all different in diameter. 

After you have completed your measurements, compute the ratio of 
weight/diameter for each line of Table I, entering the ratios in the second- 
last column of the table. Leave the last two columns blank for the time being. 

Now make a graph of weight versus diameter at the bottom of the data 
sheet, plotting diameter horizontally and weight vertically. 
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Experiment 13 
Data Sheet 



Table I 

Weights and Diameters for Some Aluminum Cylinders 













Experiment 14 



Weight as a Function of Diameter 
for Aluminum Spheres 

In this experiment you will try to find a functional relationship between 
the weight of an aluminum sphere and its diameter. Be sure you see exactly 
what the two variables are, between which we are seeking a functional relation. 

Procedure; The set up is exactly like that in Experiment 13 except 
that you will probably find it more od nvenient to hang the spheres from the 
spring by using scotch tape instead of a sling made from thread. Ent"^r on 
the data sheet the spring constant for yo\:^r calibrated spring and the initial 
unloaded position of the bottom of the spring. 



You will be provided with a set of 8 aluminum spheres of different 
diameters. Take one of these spheres and weigh it by hanging it from the 
bottom of /our spring and reading the position of the bottom of the hook. Enter 
this reading in the second column of Table I on the data sheet. Then use the 
caliper method to determine the diameter of the ball, recording this measure- 
ment to the nearest 0. 01 cm in column one of the table. Repeat the measure^ 
ment for all 8 of the spheres provided. Calculate the weight of each ball by 
computing first the extension (column 3) and then the weight (column 4) in the 
usual way. Next compute the ratio of weight/ diameter and enter these values 

in column 5. Plot weight vs. diameter on the graph at the bottomof the data 
sheet. 



Now, before doing anything more with the data from this experiment, 
will have some classroom discussion. 



we 



Experiment 14 
Data Sheet 
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Table I 

Weight vs. Diameter for Aluminum Spheres 







4 
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Experiment 15 



Density of Aluminum 



You know from your own experience that larger things are generally 
heavier than smaller things. Not always, of course. A small piece of lead, 
may be heavier than quite a large balloon, for instance. But if the two things 
under comparison are made of the same material, the ststement is generally 
true that the larger the object, the more it weighs. You would predict that 
the weight of a piece of iron is an increasing function of its size. 



But what do we mean by "size"? Is a niece of iron wire 10 cm long and 
a hair s thinkness in diameter bigger than a Dali of iron 9 cm in diameter? 

Is the lump of br&ss in a solid ball 3 inches in diameter smaller than that in 
a thin hollow brass ball 4 inches in diameter? Is a matchbox measuring 
2 cm by 5 cm by 3 cm bigger or smaller than a cube measuring 3 cm each way? 
Is a size 8 shoe bigger than a size 7 hat? You notice that we use the word 
I'size" rather imprecisely in our ordinary speech., But we cannot afford such 
imprecision when we begin dealing with the numerical aspects of quantity. 



We must use words so that none of the questions the preceding para- 
graph is arguable. We will do this by avoiding the wc . ’size" altogether and 
use the word "volume" in its place. If you consider e m of the above questions 
as dealing with volumes, each of them has a very definite answer (though of 
course you may not offhand know the answer). 



The purpose of this experiment is to investigate the nature of the function 
involved when you say "The weight of a lump of alurninu.n is an increasing func- 
tion of the vplume of the lump. 



n 



Procjedure: The set up for this experiment is exactly like that for 



Experiment 14. Again, you will probably find it more convenient to use scotch 
tape than a sling of thread. - Record the spring constant and the initial reading 
of the unextended spring in their proper places. 



You will be furnished eight small blocks of aluminum of various shapes 
and sizes. Each will be either a rectangular block or a circular cylinder. You 
are to determine the weight and volume of each piece. 



To find the volume of a rectangular block, measure the length, width, 
and height, each to 0. 01 cm. Record the number of the block in the first 
column of Table I of the datci sheet and in the second column record the shape 
and dimensions like this: 



Rectangular Block 



1. 76 X 3. 41 X 1. 32 cm 






■ 
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For the cylindrical blocks, you must measure the height of the cylinder and 
the diameter, hdeasure the latter by the caliper method, length and diameter 
both to 0* 01 cm. Record the numbers of the block in the first column and a 
description of its shape and size in the second column like this: 



Cylinder 

Diameter = 2. 41 cm 
Height = 3. 66 cm 



\fter you have measured and recorded the dimensions of you first block, 
stick it to the scotch tape hanging from your spring, allow the spring to come 
to rest, and measure the position of the bottom of the lower hook. Record this 
measurement in the fourth column of the data table. 

Repeat these measurements for eight different blocks, about half rectang- 
ular and half cylindrical. 

Now compute the volumes of your blocks. For a rectangular block, the 
volume is the product of length times width times height. For a cylindrical 
block, the volume is 1/4 xTT x diameter x diameter x height. In what units are 
these volumes and how many significant figures are you entitled to? Record the 
volume s in the third column. 

Compute the weight of each block from the spring extension and spring 
constant in the usual way, and enter the computed weights in the sixth column 
of the table. Com.pute the ratio of weight/volume and record the ratios in the 
last column. When you are finished make a graph of weight versus volume on 
the second work sheet. ' ' , 








wmm 
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Experiment 15 
Data Sheet #1 







Table I 



V/eights and Sizes of Some Aluminum. Blocks 




Unextended Position of Spring End: 


cm 


Spring constant = 


1 ■ 1 

1 . 1 

I cm/g! 



o 
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Experiment 15 
Graph Sheet #2 



Weight vs. Volume for Aluminum 



' V. 






Weight 

grams 




Volume, cc 



U 
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Experiment 16 

Th.e Densities of V arious Solids 

In this eiqperiment, you will obtain data from which you will be able to 
compute the density of each of several materials othe r than aluminum. The 
purpose of Experiment 15 was to establish that weight is proportional to volume, 
and to do so it was necessary to measure a relatively large number of blocks to 
establish that the ratio of weight/volume is constant. Having done this once 
(for aluminum) there is little point in making so many measurements again just 
to find one density. Hence, to save time and effort in the present experiment, 
you will make measurements on only two blocks of each material. 

Procedure; The setup is identical with that of Experiment 15. Make the 
measurements in the same way and record them in the same way on the data 
sheet. 



With me exception! Up to this point you have been using the spring con- 
stant in cm/gm and dividing the extension (cm) by the constant (cm/gm) to get 
the weight (gm). (Can you still show that dividing cm by cm/gm gives gm? ) 

You know that dividing by a number is the same as multiplying by its reciprocal. 
Most people find it easier to multiply than divide. Has it occurs' =^d to you that 
you can make the work a little easier by using the spring constant in gm/cm, and 
then multiply the extension by the new constant to get the weight/; The new 
spring constant in gm/ cm is, of course, the reciprocal of the old one in cm/gm. 
You will have to divide the old constant into 1 (How many significant figures 
in this 1?), but after that one division, all the rest will be multiplying. 



You -will be furnished with two blocks each of wood, plastic, brass, steel, 
and lead. Be very careful of the blocks (especially the lead ones) so that the 
edges remain sharp and easily measured -- mashed edges cannot be measured 
accurately. The name of each material is already entered in the first column; 
be sure you put the data for each measurement on a line opposite the appropri- 
ate name. Calculate the densities for each line and put .in the last column 
the average of the two measureinents you made for each material. 

Make graphs of wei /it vs. volume for all five materials. Put all five 
curves on the same graph on the second work sheet. You have three points to 
outline the curve for each material: the two measured points plus the origin. 

Is this enough, or more than enough, to show where the straight line for that 
material lies ? 
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Experiment 16 
Data. Sheet jtl 



Table I. 



I 




Densities of Various Solids* 




Unextended position of Spring End 


cm 


Coring Constant 


gZcm. 
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Esqperiment 16 
Graph Sheet #2 



Weight vs. Volume for Various Solids 







20 



15 



Weight 

grams 

10 



5 




5 10 15 

Volume, cc 

Plot the points and draw graphs, one for each of the materials whose 
densities you measured. Label each curve with the name of the material it 
represents. 






















Experiment 17 

Identifi ation of Unknown Solids by Density j 

j 

This experiment tries to show you how a knowledge of the properties of j 

materials makes it possible for you to identify an unknown material. The idea 
is not new to you: you recognize glass from iron, water from salt, waxed 
paper from aliiminum foil, and hamburger from pickles by an automatic recog- 1 
nition of the differences in their properties. If you were given some granulated 
sugar and some granulated iron, you could tell the difference right away by the 
color. Suppose you had sugar and salt; color doesn't help you decide, but 
taste will. Suppose you had granulated sand and sugar, and you were afraid to 
decide which v/as which by tasting. How could you safely decide? Suppose you 
had sand and granulated marble, neither of which will dissolve in water? This 
is leas easy, but it happens that marble will dissolve in vinegar but sand w5.ll 
not. One could go on like this testing property after property until some prop- 
erty was found where the two disagreed. This experiment will use density only. 

You will be furnished with 7 blocks of material; one of each of the 
materials used in Experiment 16 and one that is none of these. They are all 
painted black, however, so that it may not be easy to tell them apart at sight. 
Determine the density of each block by the same procedure u used in 
Experiment 16. One determination for each is enough. Before you do this, 
you should use a little educated guesswork to try to decide. Which ones feel 
cold to the touch? Gan you tell anything fromthe surface appearance? What 
about the heft? Do NOT attempt to scratch any of them: not only is this cheating, ' 
but it would also damage some of the blocks! 



Make up you own data sheet on the next page. Include in it the number 
of the block and the material you judge it to be after measuring its density. 

Also be sure to record the no-lcad spring extension and the spring constant 
in gm/cm. Your teacher will identify the materials for you after you have made 
yoxiT' own decision. 




I 
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Experiment 17 
Data Sheet 
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Exr eriment 18 

The Densities of Some Liquids 



To calculate the density of a material, you need have simply the weight 
and the volum of a sample of the material. When the sample is in the form of 
a simple geometric solid, it is a simple matter to measure its dimensions, and 
compute its volume, then weigh it, then compute the ratio, weight/volume. 

With liquids, however, it is less simple to make the necessary measurements. 
For one thing, you have to have the liquid in some kind of container when you 
weigh it, and then you are bothered by the weight of the container. For another 
thing, it is difficult to measure the dimensions of a piece of liquid, because 
the sample won’t hold still for you while you measure it. In this eiiperiment, 
nevertheless, you will determine the densities of several liquids. 

Procedure: Set up a calibrated spring and post again as a weighing 
instrument. You will be furnished a plastic vial with cap. Tie a short piece 
of thread in the form of a sling (similar to the handle of a bucket) securely to 
the vial so that it m^ay be hung thereb-jrfrom the bottom of the spring. Be sure 
the thread is tied low enough below the rim so the .cap can be fitted to the vial, 
but not so low that the vial may tip over when it hangs by the sling. Hang the 
vial on the lower hook of the spring, cap it, let the spring come to rest, and 
carefully measure the position of the bottom of the spring, to the nearest 0. 01 
cm. Enter this reading on the data sheet as "Une.xtended position of spring. " 
Also enter the spring constant in g/cm in the proper place. 

We will measure volumes of liquid by using an instrumert called a pipette. 
A pipette is simply a hollow cylinder (that is, a straight tube) whose inside dia- 
meter is accurately uniform. When the tube holds a liquid, then, the liquid 
itself is in the form of cylinder, bounded on its curved outside by the inside 
wall of the tube, at one end by the bottom of the tube, and at the upper end 

by the free surface of the liquid. 
(Do you picture this cylinder in your mind? ) If you knew the inside diameter of 
the tube and the length of the column of liquid, you could then calculate the 
volume of the liquid. If this volume came to, say, 9. 76 cc, you could then 
put a mark on the tube saying "whenever the pipette is filled to this level, the 
volume of liquid it contains is 9. 76 cc. " Actually you can buy pipettes that are 
already calibrated this way, gr«„duated as a ruler is graduated, showing not 
lengths, but volumes of liquid contained. A pipette is filled to any desired 
level in the same way that a drinking straw is filled, and is kept from emptying 
itself by pressing a finger against its upper end. Your teacher may prefer, 
for sanitary reasons, to do the pipetting for you. 
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Now pipette into th.e '/ial hanging on your spring an accurately measured 
of water somewhere in the neighborhood of 15 cc. Many beginners are 
tempted, in this kind of operation, to go to great trouble to adjust the contents 
of the pipette to exactly 15. 00 cc. This is a foolish waste of time. Any volume 
of water somewhere near 15 cc (say anywhere from 13 to 17 cc) is as good as 
any other. The point is that you may use any volume of water you happen to 
get in the pipette, but whatever volume you use must be measured accurately. 
Read the volume of water to the nearest 0. 01 cc, and record it on the first 
line of your data sheet, column one. £.Your teacher may prefer to have you 
bring your vial to a central place to receive a sample of water. If so, carefully 
detach the thread bail from tlie spring, leaving the thread on the vial, have 
the water placed in it, and then hang it again from the spring.l 

To prevent evaporation of the liquid once its volume has been measured, 
keep the cap on the vial at all times except when you are actually adding or 
removing liquid. Allow the spring to come to rest and read the position of the 
bottom of the hook once more. Record this reading in column two of the data 
sheet. Empty the vial and dry it, obtain another sample of water, and repeat 

the experiment. Enter volume and spring position again in the table, the new 
data on the second line. 



Now repeat this experiment using alcohol instead of water. After you have 
finished with your first sample of alcohol, however, do not throw it away as you* 
did the water. Pour it into the bottle for waste alcohol as designated by your 
teacher. Make two separate measurements of volume and spring position on two 
different samples of alcohol, recording your observations in the first two 
columns, last two lines of Table I. Repeat with benzene and carbon tetrachloride. 
For carbon tetrachloride, use about 10 cc samples. (Carbon tetrachloride slowly 
attacks the plastic of the pipettes and the vials. Do not let them stand in con- 
tact more than a few minutes at a time. Alcohol, benzene, and water are with- 
out effect. ) 



For ail eight lines of the table, calculate columns 3 and 4 in the usual 
way. Then compute the density (column 5) by dividing weight by volume. Record 
the computed densities (three decimal places for each) in column 5. The two 
measured densities for water should agree closely, and also the two for each 
of the other liquids. Average the two values for water and enter the average 
in the last column. Do the same for each of the other liquids. 

NOTE: 

There is no special danger involved in the use of these liquids, 
but they are all poisonous (except water) if you drink them. 

Getting them on the hands is not harmful, but you should avoid 
doing so anyway. Alcohol and be.izene are inflammable; there 
should be no flames in the room where this experiment is done. 

It is harmless to smell the liquids, but avoid deliberate breathing 
of the vapors, especially benzene and carbon tetrachloride. 
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Experiment 18 
Data Sheet 



Table I 

Densities of Several Diquids 



Substance 


Voliome 

cc 


Spring 

Position 


Extension 

cm 


Weight 

g 


Density 

g/cc 


Average 

Density 


Water 












Water 

g/cc 












Alcohol 












Alcohol 
cr/ cc 












Benzene * 
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Benzene 
fi/ cc 












Carbon- 

Tetrachlor- 

ide 

— ■ ■■ 












Carbon 

Tet. 

g/cC- 



















No-load Soring Extension 


cm 


Spring Constant 


g/cm 
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Experiment 19 



Densities of Alcohol -Water Mixtures 



The densit/ of water is greater than that of alcohol, and the two liquids 
readily mix together. If you make a mixture of the two, the mixture v/ill be 
neither alcohol nor water, and probably would then have the density of neither. 

If you take a very large amount of alcohol and add to it only a drop of water, how 
would you e:q>ect the density of the mixture to compare to the density of pure 
alcohol? If you add a drop of alcohol to a very large amount of water, how would 
you expect the density of the mixture to compare to that of pure water? How are 
your answers illustrative of the principle of continuity? 

If you start with a glass of water and add alcohol to it drop by drop, what 
does the principle of continuity say about how the density of the mixture changes 
from one drop to the next. If you keep on adding alcohol until you have a tank- 
car full of mixture, you would end up with practically pure alcohol wouldn't you.? 
You would therefore have made a series of mixtures ranging all the wav from 
pure water (density = 1. 00 g/cc) to pure alcohol (density - 0. 79 g/cc). 
would the principle of continuity say about the densities of these mixtures? 



What 



The purpose of this experiment is to investigate how the density of an 
alcohol-water mixture changes with composition. We are looking for a 
functional relationship between density (the dependent variable) and composition 
(the independent variable). This raises and important question; density is of 
course a numerical quantity, but is composition? Put it this way: How much 
of this sample of alcohol is alcohol? All of it, you say; 100. per cent of it; 
not half of it, not three-fourths of it, not 99/100 of it, but 1 of it. In consideHng 
mixtures of alcohol and water, we would say that pure alcohol had a "frar?’c:i" 
of alcohol equal to 1. Pure water would have a fraction of alcohol equal to 0. If 
I mixed 10 grams of alcohol with 10 grams of water, the fraction of alcohol would 
be 0, 50v If I mixed 7 grams of alcohol with 3 grams of water, I would have 
10 grams of mixture of which 7 grams or 7/10 is alcohol. The fraction of 
alcohol is 0. 70. If I mix W grams of water and A grams of alcohol, how many 
grams total? What fraction is alcohol? 



We will use 'fraction of alcohol" as a quantity representing the composi- 
tion, and you should understand why this fraction is given by A/ (A + W). 



P JT O C GClUvx 0 1 



This w'lll be a cooperative experiment. The class will be 






divided into small teams so that there are nine teams. Each team will 
determine the density of one mixture, so that the whole class will determine the 
densities of nine different mixtures. Each team should set up a weighing appara- 
tus as with the preceding experiments, using a calibtated spring. The team will 
be furnished frivo vials, one of which should be slung from the string by a thread 
bail as before.. Read the position of the spring with the capped vial hanging in 
place, and record the reading as "No-load position of spring" in Table II. Also 
record the spring constant in g/cc there. 



,er|c, 
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Leave the vial hanging on the spring, and take the other vial and cap to 

your teacher and have a sample of water pipetted into it. Record the volume 

of water, measured to 0. 01 cc, in the first column of the table. Then have a 

sample of alcohol pipetted into the same vial (right in with the water already 

there) and record this volume in the third column of the table. Cap the vial 

right away. Each team will get a different combination of - water and alcohol 
as lollows: 



Team 



1 

2 

3 



Approximate Volume of 
Alcohol Water 



18 cc 
16 
14 



c cc 
4 

A 



4 

5 

6 

7 

8 

9 



12 

10 

.8 

6 

4 

2 



10 

12 

14 



1 £. 
A KJ 



18 



As before, the volumes measured should be approximately those in the table 
but need not be exactly these Whatever they are, however, they must be 
measured precisely to the nearest 0. 01 cc. Notice tint volumes of more than 

A require two fillings, and therefore two readings, of the pipette. 

Add the two readings together for the total. 

to capped vial around for a minute or two, gently but thorougWv. 

V / ^'°^Pl®tely. DO NOT SHAKE the vial, for you must 

f under the cap. Then detach the threaded vial, with thread, 

rom e spring and take both vials to your teacher. Yout* will use the 

pipette now to remove about 17 or 18 cc of the mixture from the first vi<U and 
rans er it to the threaded one. This of course will have to be done in two 

reachngs of the pipette. Read each filling to 0. 01 cc and add the two 
togemer to get the volume of mixture now in the threaded vial. Record this 

volume in the eighth column of the table under "cc of Mixture. " Can the 
threaded vial. ^ 
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Discard the remaining liquid in the plain vial and hang the capped threaded vial 
back on the spring. Allow the spring to come to rest and read the position of the 
bottom of the hook. Record this reading in the third line of Table II, Calcu- 
late the extension of the spring from the two readings recorded in this table and 
enter it on the fourth line. Then, using the spring constc.nt already recorded in 
the table, calculate the weight of the mixture. Enter this value in the last line of 
Table II and also in the second last column of Table I. Notice that your own 
work will fill ohly the first line of Table I. 

You now know the volume of mixture (column 8) and its weight (column 9). 
Compute the density of your mixture and record its value in the last column, 
first line. You are now finished with your part of the experiment. When every- 
one has finished, your teacher will assemble the data of all teams. Copy the 
data from other teams on succeeding lines of the table, making suve you don't 
repeat your own. 

Finally o make, a graph on which you plot density (vertically) versus 
’’fraction of alcohol" {horizontally). The two columns of the table headed by 
arrows ( ^ ) show which to plot. The data of Table II give you nine points for 
the graph. You can got two more (zero and one fractions of alcohol) from the 
results of Experiment 18. Be sure to include these two points on your graph. 
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E3q>eriment 19 
Data Sheet #1 






1 



Table I 

Densities of V/'ater -Alcohol Mixtures 



1 i 



Amt, Water 


Amt. Alcohol 


g 

Total 


Fraction of 


cc of 
Mixture 


Wt. 

g 


Density 

g/cc 


cc 


g 


cc 


g 


Ale 


Wat 


1 


I 
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Table n 



.^TTi*ri rt 

-• <a^ Ob wwv 



Spring Constant 


g/cm 


No load position of spring 


cm 


Loaded position of spring 


cm 


Extension of spring 


cm 


Weight of sample 


g 
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Experiment 19 
Graph Sheet #2 



Density vs. Composition for 
Mixtures of Alcohol and V/ater 



Density 

g/cc 







0. 85 



0 . 80 __ 



0 . 2 



0.4 

Composition 



0.8 



1.0 



An Example 




Weight of 10 cc of water 
V/eight of lO cc of alcohol 
Total Weight 
Composition 

Density of this compositon 
from graph 

Volume corresponding to 
total weight 




.g 

.g 



g 



g/ cc 
cc 
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Experiment 20 

Density vs. Concentration for Sugar Solutions 



You probably have a feeling that the density of a solution of sugar would 
increase as you dissolved more and more sugar in it. The purpose of this 
experiment is to look for a functional dependence between the density of a 
sugar solution and the concentration of the solution. We will think of the 
concentration as the independent variable and density as the dependent. Also, 
we will express the concentration of the sugar solutions in "grams of sugar 
per cc oi solution". Be sure you see both that this is = conceiitraiion and 
also what is meant by "grams of sugar per cc of solutiour " 




Procedure; This experiment also will be a team effort. Each nerson in 

— ^ I — X 

the class will make up one sugar solution and determine its concentration and 
its density. Everyone will make a solution of a different concentration, so that 
the whole class together will have a complete set of data from a solution of 
very lowconcentration to one of very high concentration. 



Set up a weighing apparatus with the spring arrangement you have used 
so often now, with a vial hanging from the spring with a thread. Record the 
spring constant on the first line of Table I. Take a reading of the bottom of 
the spring as usual (with the capped vial attached), and record it on the first line 
of the left-hand portion of Table I. 



Detach the vial (with thread bail) and take it to your teacher to obtain a 
sample of sugar. The sugar can be conveniently measured with a "spoon" made 
by cutting long notches near the end of a Popsicle stick in such a way as to 
produce a spade -end about 1/2" long. Such a measure will hold about 1/3 
gram of granulated sugar when used as a spoon. The exact amount it holds 
is unimportant because you are going to weight the sample accurately anyway. 
The first person to get his sample will receive 30 measures, the next 29, 
and so on down to 1. If the number of persons in the class is not exactly thirty, 
it is quite all right if some numbers are duplicated or if some numbers are 
missing. The samples should, however, span the range from 1 to about 30. 



When you have received your sugar, cap the vial and take it immediately 
to your weighing machine and weigh it by hanging the vial from the spring and 
reading the position of the bottom of the spring. Record this reading in 
Table I, left-hand side, as "No load position, " Then detach the vial and take 
it back to your teacher to obtain a measured sample of about 10 cc of water, 
added directly to the sugar in the vial. Again, the exact amount of water is 
unimportant but must be read accurately to 0. 01 cc. The amount should be 
between 9. 5 and 10 cc. Record the volume received in Table I. 



Now cap the vial again and gently swirl the water and sugar around imtil 
the sugar is completely dissolved. Uncap the vial and look at the contents 
from time to time to find out whether the sugar is completely dissolved. It must 
be completely dissolved before proceeding with the experiment. The larger 
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amounts of sugar dissolve only slowly (perhaps 10 minutes or more of constant 
swirling); this is why the larger amounts were given out first. Do not shake the 
vial, because some of the material will then become trapped between cap and 
vial. Meantime, attach the second vial, capped, to the spring and read again 
the spring position. Record this reading at "No load position" in the right- 
hand column of Table I. 



When the sugar has completely dissolved, tkke both vials to your teacher, 
and pipette out of the vial that contains the solution, about 10 cc of solution. 

Read the volume to the nearest 0. 01 cc and then drain the contents of the pipstts 
into the other empty vial= Record the volume of solution in the right-hand 
column of Table I. Cap the vial containing the solution you jus t pipetted into it, I 
and leave the other cap and vial with ynnr teachOi. Take the vial with pipetted 
soiuUon back to your weighing machine, hang the vial on the spring, aiead the 
spring position, and record this position in the right-hand column You are now 
finished obtaining all the data you need. Clean and put away your apparatus and 
get ready to do some calculating. 

Calculating f^rom your Data : The calculations in this experiment are more 

involved than you are accustomed to, and perhaps you should be guided through 
them. The following paragraphs will explain how you can calculate the concen- 
tration and the density of the solution you made. Please notice that this is an 
explanation. It would be possible to tell you what to do, you could dutifully go 

ahead and do it, get it entirely right and have learned nothing. But that's 

not the way we do things here. ' Notice that each step follows logica ly one 
after another. You make the calculations in the way explained below, not 
because somebody says this is the way to do it; you do it this way because logic 
says this is the way to do it. Keep your mind open and try to understand why 
each step is taken. It would be a good idea to read the whole thing once before 
you start calculating, just so you can see the flow of the whole idea. Ready? 



Remember that you want to calculate the concentration and density of the 
solution. Keep this in mind, because you have to know where you are going 
before the directions for getting there make any sense. 





We'll start with the concentration of your solution. First, what do 
you mean by concentration? If you don't know eFxactly what it means, don't 
you think you should go back and look it up; how can you expect to understand 
how to calculate concentration when you don't even know what it is? ! Refer 
back to the end of the introductory paragraph of this experiment. Now you 
know' that the concentration of your solution means the number of grams of 
sugar per cc of solution.' How can you get this? You made up the solution 
by taking some sugar and dissolving it in water. You then can get the concen- 
tration of the solution by dividing the weight of the sugar you used by the 
volume of solution produced. You can easily get the weight of sugar you used: 
You have the no load spring position and the spring position with the sugar 
added; from these you can get the spring extension; and then, knowing the 
^ring constant, you can get the weight of sugar. Do this, using the left-hand 
part of Table I to record your data. Now you have the weight of sugar in your 
solution, but --- 
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You also need the volume of the same portion of solution that contains 
that weight. You cannot get the concentration by dividing the weight of sugar 
contained in one portion of solution by the volume of some other pairtion. The 
weight of sugar contained in the solution you prepared -- not just part of it. 
Moreover, the volume of the solution is not merely ftie volume of water used to 
make it, because the sugar, even when it's dissolved, takes up some room, 
too. One way to get the volume of the total solution would be to transfer it 
totally to a pipette, but this would be difficult to do v/ithout leaving behind some 
droplets -- or at least some wetness -- in the vial. There is another -- indirect 
-- way to find this total volume. 



Y^ou can find the total weight of the solution, can't you? The total weight 
is simply the sum of the weights of the sugar and of the water that you combined 
to make the solution. You just calcuilated the weight of sugar in the paragraph 
above„ OK,, add the weight of water to it. But wait a moment; you didn't weigh 
the water! But you did measure its volume; can you get the weight if you 
know the volume? Of course; all you need isflie density of water, which is the 
same toda-y as it was when you did Experiment 18. Look up the density of water 
from Experiment 18 and then calculate the weight of watfer added, (You could 
have weighed the water --or obtained the total weight of water and sugar 
together -- directly by weighing them with your spring. ) Enter the weight of 
water in the last line of the left-hand portion of Table I. Then add the weight 
of water to the weight of sugar and enter the sum as "weight of solution" on the 
first line of the centered bottom portion of the table. 



But to calculate the concentration of the solution, you need its volume, 
not its weight. How can you find the volume from the weight? For this calcu- 
lation you need the dfinsity of the solution. Do you know the density of the 
solution? No, not ye:; but you have the necessary data from which you can 
calculate the density. These data are in the right-hand portion of Table I, 






To calculate the dsmsity of the solution, you need the weight and the volume o| 
of some sample of the solution. To find the density, is it necessary to work 
with the whole solution? No; because you remember that the density of a fixed 
material is always the same regardless of the size of the sample. Hence we 
can find the density of the total solution by working with any siz.e portion of it 
we please. This is what saves us, for then it is not necessary to be sure to 
transfer the whole sample to the pipette without, leaving any wetness behind. 

We can go ahead and make up the solution out of carefully measured compo- 
nents, and then find the density of a convenient portion of it without worrying 
about complete transfer, and still be assured that we have the density of the 
w'liole solution. Of course, it is best to use as large a portion of the solution 
as you can conveniently get to make the measurements for the same reason 
as was discussed on page 98 . 



From the two spring positions recorded in the right-hand part of Table I, 
you can calculate the weight of your sample of solution. Do this, and enter both 
"extension' cind "weight of sample" in the table. Knowing the volume, you can 
calculate the density. Do so. This will be the last entry on the right-hand side 
of the table. 
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Now you know the density of the solution. Since you have already found 
the weight of solution (first line of the bottom portion of the table), the density 
and weight together will allow you to calculate the volume. Do so, and enter 
the result in the second last line of the table. 

To get the concentration of the solution; you need the weight of the sugar 
contained in a Icnown volume of solution. But you knov/ the total weight of 
sugar used and you xxvjw also know tne total volume of solution '^ou mc.de 
even though you never mcasuired it directly. Calculate the concentration and 
enter it in the last line of the table. 

Now you are finished! 

That wasn't so hard, was it? It was long, of course, but it wasn't hard. 
Have you ever looked at a piece of chain and pictured clearly how it holds 
together? It isn't very hard to see how a chain works -- how each link encircles 
its neighboring links in such a way as to produce a whole train of hold-together 
links. Would you say that a long chain of 100 links is more complicated than 
a short chain of five links? Of course not! The long chain is merely longer -- 
not more complicated. 






The long chain of reasoning that you just went through is long, of cour se; ‘ 
but it is not complicated. You can easily understand every link in the chain. 

Don t be worried about the possibility that you might need help in putting the links 
together. Everybody needs help at first, and you are only beginning your study 
P^y®^cal science. Learn the little things first so that vou understand them. 

The big things will later follow easily. 

The Graph: You have worked out one pair of values, density and concen- 

tration, for one sugar solution. Copy your calciilated values of these two quan- 
tities into Table II, the second line. Others in your class will have worked out 
similar data for other solutions. Your teacher will arrange things so that 
everybody s results will be available to everybody else. Copy everybody 
else s results into Table II, and then you will have a whole set of densities and 
concentrations. Notice that the first line is already entered for youj do you 
understand its meaning? Pure water is really a sugar solution having zero 
concentration, isn't it? 



D 



Now plot the data of Table II on the graph at the bottom of the page. 
Notice that the origin does not appear on this graph. The reason for this is 
simply that putting in the origin would 
space. 



xnake most of the graph merelv blank 
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Exp€‘.riment 20 
Data Sheet i^l 



Table I 



Calculation of Concentration and jjensity 
for One Sample of Sugar Solution 



Spring Constaxit 




g/cm 




Total Solution 




Sample of Solution 




No load Position 


cm 


No load Position 


cm 


Pos’n with sugar 


cm 


Position with Solution 


cm 


Extension 


cm 


Extension 


cm 


Wt. of sugar 


g 


Wt. of Sample 


g 


Voltime of water 


cc 


Vol. of Sample 


cc 


V/t. of water 


g 


Density of Solution 


g/cc 


Wt. of Solution 


g 




Volume of solution 


cc 




Concentration 




fi/cc 
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Experiment 20 
Data & Graph Sheet #2 






Table II 



Concentrations and Densities for Sugar Solutions 




Cone g/ cc 


Dens g/cc 
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Experiment 21 



vy 



Motion luider Constant Velocity (Part 1) 

xhe purpose of this esqjeriment is to look into the interconnection among 
the quantities of time, position, distance, and velocity foi body moving along 
one straight line. To do so, v/e need to get our hands on something that can 
be trusted to move with constant velocity and slowly enough to make satisfactory 
measurements. One way to do this is to use the fact that a body failing under 
gravity through a fluid will eventually reach a constant velocity if it falls far 
enough. A ball not too heavy or large falling thiough a heavy oil reaches this 
velocity after falling only a centimeter or less. That is the way^constant 
velocity will be assured injthis e^cperiment. 

Proce dure: The entire class will perform this experiment together. 

Seven persons are needed at one time to perform the experiment. Your 
teacher will assign duties to a team-of-seven who will carry out the experiment; 
another team to do it again; and so forth. 

The preparations described in this paragraph and the next will be come, 
pleted ahead of time. First, a strip of paper about half an inch wide and 
seven feet long should be obtained: a strip cut from an adding -machine roll 
would do nicely; or an ordinary sheet of paper cut into strips securely scotch- 
taped together will do as well. This should be made into a measuring tape as 
follows. Lay the strip down running from left to right and about one fourth 
of the way from the right-hand end, make a short mark like those cn a ruler. 
Label this mark zero. Then lay off to ^1^ of this mark a series of other 
rvder-marks ten cm apart. Label them in order from zero to the left, 10, 20, 

3, etc. up to 150. Label them in plack pencil, the black signifying plus. Then 
lay off a similar series to the right, labeled from zero ^ the right in order, 

10 up to 50. These should be labeled in red pencil, the red signifying minus. 

You now have a centimeter measuring tape marked and — from zero, the 

zero not being in the middle. On this tape, plus is on the left and minus on 
the right. 



Secon4 a long glass tube about 2 cm in diameter and 120 cm long is 
securely stoppered at one end, and securely held vertical (stoppered end down) 
by tying it with thread to a dowel post set in a breadboard. Thii is filled 
within a few centimeters of the top with a heavy mineral oil like, say, Nujol. 

This should be allowed to stand overnight in order to come to a uniform temper- 
ature. 



You are ready to start. Arrange the tape-measure vertically along the 
outside of the tube so the -40 cm mark (red) is about 5 centimeters below the 
liquid level in the tube, scotch tape the upper end securely, stretch the 
measuring tape vertically downward along the tube, and scotchtape it again 
near the bottom. Never mind the excess measuring tape at the bottom; it will 
be too long and some "unused" tape will just lie there unused. Leave it there. 
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Now we need a team of seven. Their jobs are: | 

i 

2 Timers 2 Recorders 2 Readers Dropper 

I^e dropper has a supply of plastic beads. He stands holding a bead ' 

in his fingers over the top of the tube. 1 

The timers stand where they can read a clock with a second hand and 
keep their eye on the clock. I 

^®<2orders stand near the timers (one recorder paired with each i 

timer) witti pcjncil and paper. The papers have previously prepared tables of 
five columns and about 8 lines. One recorder has the even multiples of 10 
entered in the first column: -40,-20, 0, +20, and so on down to | 

the last mark on the tape. The other recorder has the odd multiples: -30, 

-10, +10, +30, cuid so on. The recorders are designated odd and even. The 
tables may be on scratch paper. The recorders hold pencil in hand and keep I 

their eyes on the paper, listening each to his own timer. 

The readers stand one on each side of the oiMilled tube, in a position 
where they can clearly see both the paper measuring tape and a badl falling 
<^wn through the liquid at the same time. One reader is teamed with one 
timer-recorder pair and the other with the other. The two readers should j 

have readily disidnguishable voices so the timer and recorder can tell without i 
looking which reader is speaking. It might help, for instance if one reader is j 

a girl and the oth^ a boy. It is the readers' job to watch the ball as it falls J 

through the oil. They must keep their eyes on the ball. One reader is I 

designated odd and the other even, and are so teamed with the corresponding I 

recorders. I 



Here is the performance; everybody ready? One of the timers watches 
for the approach of the second hand to the 12 (that is, zero) on the clock. He 
announces 10 seconds to go, then counts down 5, 4, 3, 2, 1, GO, calling GO 
when the second hand is at 12. At GO, the dropper drops a ball into the oil, 
releasing it just under the surface. (Of course he gets his fingers oily, but 
he has nothing else to do anyway. ) The readers watch the ball descend! 

When the ball comes exactly opposite^ the -40 mark on the tape, the even 
reader calls out in a staccoto voice "Four". The even timer, eyes always on 
the clocks reads the position of the second hand on the clock at the moment 
he hears Four , The hand will be moving, of course, and he must very 
qmckly make up his mind where the hand was at the moment he hears the 
signal. He estimates the time to the nearest 0. 1 second. Without . taking his 
eyes off the clock, he announces the reading miietly to his recorder who 
records the reading in the second column of ms table, on the line where "-40" 
appears in the first column. 
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Meantime the odd reader, eyes always on the ball, watches for the 
moment when the ball comes exactly opposite the -30 mark* At this moment 
he calls "Three" in a staccato voice, and the odd timer, eyes always on the 
clock, reads the position of the aecond hand at the moment he hears the 
signal. He makes this time reading, like all the rest, to the nearest 0. 1 sec- 
ond, and announces it immediately and (quietly to his recorder, who records 
the reading in the second column of his table on the line where the first coU^mn 
says "-30". 





Meantime the even team, it is to be hoped, has recovered from its -40 
task. The even reader continues to watch the ball. When it comes exactly to 
-20, he calls "Two" and the even timer reads the clock and announces the time 
to his recorder, who records the time in the second column opposite "-20". r . 
By this time the odd team will have recovered from its sf30 activity and makes 
a reading for -10. Then the even team at zero, odd at "MO, and so on until s 

the ball falls to die bottom. The only persons in the entire class permitted to j 

talk are the readers and timers. This is very important. j 

The whole team should make several practice runs so they can work 
together as a team. They then make three rims for the record. The recorders 
will then have three readings of the time for each multiple -of -ten position of the 
ball. They should average each set of three readings to get a "best" time for each 
position. The two lists of averages are then blended into one sequence of aver- 
aged times when the ball was at -40, -30, -20, and so on up to +80 or whatever 
the bottom reading turns out to be. These data are entered in the first two 
columns of Table I on the data sheet. | 

% 

The team now retires to a well-deserved rest. Their places are taken 
by another team with assignments exactly as before. First, the measuring 
tape is detached and moved upward so the zero mark (instead of -40)is about I 
5 cm below the liquid level. Secur j it in place. The recorders make their data | 
columns with the first column reading 0, 20, 40, etc. , to the bottom reading f 
of the tape for the even recorder; and 10, 30, 50, etc. for the odd. Repeat 
the entire performance as before and enter the averaged and blended data in 
the tliird and fourth columns of the data sheet. Second team is now finished. 

Another set of runs should now be made with a new team. Detach the tape 
and reattach it with the +40 (black) mark about 5 cm below the liquid level. 
Recorders prepare the first column of the data sheet with +40 (even) or +50 
(odd) as the first entry. The final averaged and blended data are entered in 
the last two colunms of the data sheet. 

Finally, make plots (time horizontally and position vertically) of all I 

three sets of data on the same graph on the second graph sheet. The positions I 

(in cm) are already marked on the vertical axis, but you will have to supply I 

your own time scale. Plot positive (black) distances above the zero and I 

negative (red) bexow. (This is opposite to the physical direction of fall. ) I 

Leave the "calculated velocities" blank for now, M 
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Experiment 21 I 

Data Sheet #i | 

■"I 



Table I 

Position vs. Time in Uniform Motion 



First Run 


' — ~r ‘ 

Second Run 


Third Run 


Position 

cm 


Time 

sec 


Position 

cm 


Time 

sec 


Position 

cm 


Time 

sec 


-40i0 




0.0 




40.0 




-30.0 




10.0 c 
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1st Run 



2nd Run 



3rd Run 








Calcxilated velocities 
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Position vs. Time in Uniform Motion 



+1-50 .r- 



+100 



+50 



i) 



-50 




Time, 



seconds 
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Experiment 22 



Motion under Constant Velocity (Part II) 



:m 

L 



You will remember that Experiment 22 was carried out by dropping balls 
of the same size and same material through the same column of oil. Your \ 

intuition would tell you that the balls would all fall with the same velocity. ! 

This in fact is true -- they ^ all fall with the same velocity. j 



We now wish to compare the functional relationship between position and ^ 
time for bodies falling with different velocities. You would probably guess S 

that if you dropped a bigger ball through the liquid, it would fall with a differ- 
velocity. This also is true, and this is how we will obtain different moving 
bodies, each with a different, but constant, velocity. 

/ 

Procedure: The setup and procedure, including team assignments, are 
identical with those of Experiment 21, except that the droppers will use balls I 
of different sizes from those in the preceding e^^eriment. Adjust the measuring 'i 
tape so that the zero-mark is about 5 centimeters below the liquid level and : 

leave it there for the entire e^qieriment. ? 

The first team repeats its performance in Experiment 21 with the tape 
m the position noted in the preceding paragraph, except that the dropper uses 
balls a little bit larger than those in Experiment 21. The team again makes 
three runs for the record. The data are averaged and blended as before, o.rjd v 
the readings recorded in Table II. The first column of Table II lists the tr.po- 
positLons beginning with 0. 0 cm and increasing by tens to the bottom of ihz 
tube. Since the tape will not be moved during this experiment, this coli^inn will { 
serve for all the trials. The averaged times -of-pas sing for the 10- cm marks 
are to be recorded in the third column; leave the second column blank for ;:ow. 

The second team repeats the performance of the first team, leaving the 
tape unchanged, but using balls a bit larger still. The data are treated in the ■ 
same way and the times -of-pas sing are recorded in the fourth column of Table IT.f 

If tine permits, a third team should make still another series of runs 
using a set of balls still larger. These data, if taken, should be recorded in 
the fifth column. 



Now fill in the second column of Table II. These data are the times-of- j 
passing the 10-cm marks for the balls used in Experiment 21. Simply copy ^ 

the data fromthe fourth column of Table I (Experiment 21), since there is no I 

point in doing that experiment over again. 

Then make plots (time horizontally and position vertically) of. the data in. j 
Table II. All distances are positive this time. Plot the points all on one graph | 
on the second work sheet. The data copied from Experiment 21 are also to be I 
plotted on this graph, and of course will merely be a copy of what you plotted \ 

before. Use a ruler to draw the three (or four, if the third team performed) j 

straight-line curves. As usual draw the lines so you leave about as many points I 
on one side of the line as on the other.. 
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Experiment 22 
Data Sheet #1 



Position vs. Time in Uniform Motion 

Table 11 
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iiixperlitient 22 

Graph Sheet #2 



Position vs. Time in Uniform Motion 
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Experiment Z3 

Motion under Constant Acceleration 



The purpose of this Experiment is to investigate the motilon of a body 
iiii a jsimpie case of accelerated motion. We will use a ball rolling down 
a;:ianclined ramp as an example of accelerated motion. 

There is a trouble with this experiment of which you should be forewarned, 
[f the ball rolls too slowly, then friction takes charge and the motion quickly 
bcjcomes constant-velocity motion like the ball slowly falling through oil. If 
itk.e ball rolls rapidly, its motion is truly uniformly acclerated, but then the 
iSicrtion is so fast that it is difficult to measure. In truth, the slowest movement 
that can safely be used to avoid the effect of friction is still too fast to get 
(Ecixellent results. This experiment therefore is an example of something one 
oiten meets in experimental physical science; you make measurements 
wliich you recognize as being of low precision, yet treat the data in such a 
v/5:iy as to average out the errors as well as you can. This experiment, it 
might be added, can be carried out with high precision, but the equipment 
required to do it would be prohibitively complicated. Perhaps after you 
hcive completed the experiment you will be able to suggest more complicated 
measures that might be taken to secure better precision. 

Procedure; A 12 -foot long 2x4 wooden plank will be provided. It has 
a l/2«inch wide and 1/2-inch deep groove cut along its entire length in one of the 
narrow (''two inch") faces. The board should be as free of warpage as possible, 
aird tlie dadoed groove should have clean edges fairly j^ee of splintered -out 
sections. The edges of the groove will provide the track for a steel bearing- 
ball to run along o 



.Lay tlie board out on the floor, grooved edge up. Prop up one end of the 
beard to make an inclined ramp for the ball to roll down. A stack of books 
aibout 25 cm high under one end will make the ramp steep enough to give uni- 
foirmly accelerated motion, yet not so steep as to make the speed of the ball 
iiiiipossibly fast for measurement. ' 



you mil also need an electric clock having a sweep second hand, or a 
srt<:>pwatch« If you use an electric clock, look at the scale marks on the dial. 
Cfii. many clocks, made to be viewed from a distance, the minute (or second) 
miirks are thick lines as wide as the space between them. Imagine how diffi- 
cult it would be to read a ruler on which the centimeter "lines" were half a 
centimeter wide* If your clock is made like this, it may be necessary to 
modify it by pasting a make -shift scale made of a narrow arc of paper over 
ait least a part of the clock scale, and making thin pencil marks at the centers 
of the dial's own thick ones. If this is necessary, your teacher will have 
done it ahead of time. 













A steel bearing ball about 2 cm in diameter will iilso be provided. Make 
a pencil mark across the grooved face of the board about 2 cm from the upper 
end. and label it "O'*, then use a meter stick and a pencil to make further 
marks across the grooved face of the board, every 40 cm from the mark at the 
upper end. Label these marks 40, 80, etc. down to 360 cm. The "O" mark 
is the origin, and we will again take downward as the positive direction. 

This is a team performance, and it is probably better to do the entire 
experiment with one team given 10 minutes or so to rehearse than to use 
several teams each of which will have to spend an equal time in practice* 

The team consists of: 



One starter, two timers, two markers, and one retriever. 



The starter stations himself at the upper end of the board. He places 
the ball In the groove and holds it there lightly with his finger, with the 
leading edge of the ball opposite the starting mark onthe board. When No. 1 
timer calls "Go", his sole job is to release the ball,. NO pushing; simply 
lift the finger and let the ball start slowly by ilSelf. 



The two timers st-. ad where they can clearly see the clock, ^hey 
must be able to get within normal reading distance of the clock; say, about 
one foot. No. 1 timer stands immediately in frnnt of the clockface with No. 2 
close by his side. They both keep their eyes on the clock. No, 1 timer 
watcLeh the second-hand, and when it approaches a part of the dial-scale 
he can easily read, hexKafcas the starter: "Get ready. .. GO", calling "go" 

at the instant the second-hand passes a convenient scale -makring. He stays 
there with eyes always on the moving secondhand, waiting for No. 1 marker 
to call "Mark, " When he hears the signal, "Mark", he makes a reading of the 
second hand, judging the time to the nearest 0. 1 second. He immediately 
moves aside. No' 2 timer, who has never taken his eyes off the second hand, 
immediately moves in front of the clock face and waits for NO. 2 marker 
to call "Mark", At this signal, he too reads the position of the secnnd-hand 
to the nearest 0. 1 second. 



It requires quick eyes and quick decision to judge the position of the 
moving second hand this way. It is not otherwise difficult, but the timers 
must be able to make up their minds quickly. After both readings have been 
made, the two timers announce their readings to the class. Ha^^ the class will 
act as recorders for No. 1 timer and the other half for No. 2. They note on 
scjca^^jpaper the times announced by the timers. 

The two markers station themselves along the side of the ramp. No. 1 
marker at the 40-cm mark and No. 2 marker at the 240- cm mark. Markers 
keep their eyes mostly on theseomarks. When they hear the word "Go", 
they watch their marks carefully, wsating for the arrival of the ball. At 
the instant when the ball hits the 40-cm mark, marker No. 1 calls iVMark", 
the signal that timer No. 1 above was waiting for. He does not disturb the 
ball in any way -- merely announces its arrival at the 40-cm mark. Meantime, 
marker No. 2 awaits the arrival of the ball at the 240 -cm mark, announcing 
its arrival there by calling "Mark" also. This is the signal that timer No. 2 
above was waiting for. The ball continues its way down the ramp where it 
is caught by the retriever who carries it back to the starter* 
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The experiment is repeated at least five times, so that five readings of 
the times of passage to the 40 -cm and 240 -cm marks are obtained. The 
members of the class doing the recording should now average the five time 
readings they recorded and some member of each recording group should 
go to the blackboard and enter the average time for passage at 4<3 cm and 
at 240 cm in a table like Table I on the data sheet. The averages shohld be 
two decimal places, though the last figure will be very unreliable, 

A peculiarity of repetitive experimental measurement will arise with the 
timers. It is called "experimental prejudice" and is extremely difficult to 
avoid, even by skilled veteran scientists. It is simply this. If a timer reads 
the first time as "1. 7 seconds", he will find it very difficult to forget the 
fact. On repeating the measurement on the second roll, the call of "mark" 
may occur when the clock hand actually is at 1. 8 or 1. 8 seconds. But the 
timer, remembering that he judged it as 1.7 the first time will find it 
extremely difficult to resist caUing it 1.7 again, simply because he read it 
that way the first time and feels that the second time ought to give the same 
read].ng as the first. Try to make each reading uninfluenced by preceding 
ones., You will find it hard to do. 

The reverse of the effect mentioned in the preceding paragraph is just 
as liliely to occur and just as bad. A timer may read the first time as 1. 7 
seconds. The second reading may also be 1. 7 seconds. But the timer, 
remembering that his first reading was 1. 7, may resist calling the second 
one 1. 7 also because he thinks he is being influerxced by the first when he 
really is not. The best thing is to keep in mind that the clock has no memory, 
and the timer who reads it should have no memory either. 

After five readings of passage at 40 cm and 240 cm are taken, the markers 
should move downhill to the 80 -cm and 280-cm marks and the team repeats 
the whole performance, taking 5 readings of each again. Then repeat with the 
markers at 120-cm and 320-cm (five readings); then 160-cm and 360-cm 
(five readings); then marker No. 2 and timer No. 2 retire, and marker No. 1 
calls "mark", for passage of the 200-cm mark. The data are displayed on the 
blackboard and the entire class then copies the complete table as the first 
two columns of Table I on the first data sheet. 

"iou should now make a graph in the upper space of the second work 
sheet, plotting position (the dependent variable) vertically and time (the 
indepimdent variable) horizontally. Beave the other graph frameiifldidltlata 
colunms blank for now. 
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Experiment 23 
Graph Sheet #2 

Position vs. Time for Constant Acceleration 



Position 

cm 




300 



2oO 



too 




Tim^, Seconds 






V eiocity, 
cm/sec 



j'y 



Velocity vs. Time for Constant Acceleration 
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Time, Seconds 
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Experiment 24 



Tamgent to a Curve 



This experiment will give you a little experience with the notion of 
'^tangent to a curve at a point. " You will use the curve of p vs t obtained in 
Experiment 23. You will obtain the tangents in two different ways, and at 
the same time find a simple relationship between p and t that you may not 
previously have suspected. 

Recall that you obtained, in Experiment 23, the times, t, that it took 
a ball to pass various positions, p, as it rolled downhill. You have these 
data in Table I of that experiment. Refer back to this table and look at the 
first and third columns. The first column gives the series of positions at 
which you measured the times of passage, and the third column gives the 
smoothed values of the times. 



Procedure: Make another graph of p vs t on the first work sheet for this 
experiment. Do this by plotting horizontally the times (third column of Table 
X in Experiment 23) and vertically the positions (first column) for the ball 
rolling downhill. Your graph will of course merely be a duplicate of your 
first graph in Experiment 23, but somewhat larger. Draw in the curve 
connecting the pdotted points. Do this with the best care you can take. The 
curve must be smooth (no wiggles) and cleanly drawn. Have your teacher 
approve your drawing before you go ahead. Now erase the plotted points 
and fill in again the gaps in the curve created by erasing. 



Make a small penciled dot on the curve at a value of p equal to 140 cm. 
We will refer tO' this point as P, You are going to d.:aw a tangent to the 
curve at this point. Before doing so, hov/ever, you should play around a 
little. Take your ruler and lay it across the curve like a secant, cutting 
Uie curve at P and some other point farther to the right. We will call this 

other point Q, but do not bother to mark it or label it. Notice the slope of the 
secant ruler. 



Now use your left hand to keep the ruler with its edge passing through 
P, and rotate the ruler slowly clockvdse around P and notice how the other 
point, Q, moves slowly to the left and downward along the curve. Notice 
at the same time how the slope of the secant-ruler constantly changes as Q 
moves toward the fixed point, P. Lay the secant-ruler across the curve so 
Q lies to the left of P and repeat, this time rotating the ruler counterclock- 

mse around P, Again notice how the slope chancres as Q moves closer and 
closer to P. 



You now see that the second intersection, Q, may lies either to the 
right or to the left of P, depending on how much the ruler is tiUed. You 
can also see that the ruler may be moved so that Q comes as close to P as 
you please. Csm you arrange the secant -ruler that it passes through P 
only, through no other point on the curve, yet aoes not cross over the curve? 
This, of course, is the position of the secant-ruler when Q has been moved 
80 close to P thal Q lies right on top of P. Think of the curve as the rasied 
curved curbing around a street corner and the ruler as a long board; you are 

in the street and moving the long board horizontally up to the curb so that it 
d“8t touches. 
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When you think you have the right idea, adjust the ruler so that it is 
tangent to the curve at P and actually draw the tangent with a pencil using 
the ruler as a straight-edge guide. Be sure the pencil line goes through 
the point P, Waggle the ruler back and forth a little before you draw the 
line to be sure you have it just right. Draw the tangent long enough so that 
at least 15 cm of it lies inside the frame-lines of the graph. Your drawing 
will look something like this*: 




Choose any two definite points, say A and B, that Ue - on the tangent line 
and are at least 15 cm apart. Then draw the horizontal line AC and the ver- 
tical line Jii.. ue sure Au and BC are trjuly parallel to the axes of the graph. 
You will now have to measure AC and BC. But there is a catch involved in 
measuring them; do you see what it is? 

You must remember that AC represent At. It therefore represent some 
number of seconds , and is not to be measured in length units like dcm. Its 
“length" must be measured in seconds, using the same scale that wsis iissd to 
plot the graph. You therefoi 3 have to measure the length of using the 
t-scal^ at the bottom of the graph as a ruler. One way to do this is to take 
a sheet of paper and lay its edge along the line AC, and mark the edge of 
the paper with one tick exactly at A and another exactly at C. Then move the 
paper so that the edge lies along the t-scale (bottom frame line) of the graph, 
with the left hand tick at the origin. Read the position of the right-hand tick 
against the t-scale just as you would any other ruler. This reading is the 
value of ^t, in seconds, which should be recorded in the fourth column of 
Table I of the present experiment. Measure BC in the same way, but use 
the vYtical p-scale (left frame line) as thi ruler this time. This is ap and 
gxtvrujiU uc AcCvx’ueu in the fifth cclumn of the table. 
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The point P above was marked at p = 140 cm. You should now repeat 
the whole performance for other points P of the curve. Do at least three 
others; measure Ap and At for tangents at p = 60, 220, cind 300 cm first, 
and then others if you have time. If you do others, choose p's listed in the 
first column of the table. 

Columns four and five of this table now give you Ap euid A t for taingents 
to your p vs t curve at several different points on the curve. Calculate 
Ap/At and record the ratios in the sixth column. Also, complete the first 
three columes of the table. The first column, already filled in, gives a 
series of positions of a ball roiling downhill. The second column gives the 
times at which the ball passed these positions. You are to obtain these 
times by r eading them from your graph -- values of t at p = 20, 60, 100, . . ., 
340 cm. The third column is the average velocity, V, that you previously 
calculated for a small interval surrounding p - 20, 60, etc. cm. Copy these 
values from Table I of Experiment 23. 

You should now have a classroom discussion before proceeding with the 
rest of this experiment. 
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Experiment 24 
Work sheet #1 










Tangents to Curve p vs* t 
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Experiment 24 
Data Sheet #2 

Table I ! 

>; 

I 

Velocities under Uniformly Accelerated Motion 



From Expt, 23 


From tangent slopes 


From derivative 


Pos'n, p 
cm 


Time, t 
sec 


V 

cm/sec 


cm 


sec 


V 

cm/'a^ 


t2 

sec2 


p/t^ 

cm/sec^ 


V 

cm/ sec 


0 


0 


0 


0 


any 

thing 


0 


0 






20 








1 











60 








1 "■ 








i 


100 

i 


















1 

140 
















» 

f 


180 


















220 


















260 


















300 






1 
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k = average p/t^ 
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